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PREFACE 



-♦♦- 



In this treatise, the author has attempted to bring together 
all the well-known theorems and examples connected with 
Harmonics, Anharmonics, Involution, Projection (including 
Homology), and Eeciprocation. In order to avoid the 
difficulty of framing a general geometrical theory of Ima- 
ginary Points and Lines, the Principle of Continuity is 
appealed to. The properties of Circular Points and Circular 
Lines are then discussed, and applied to the theory of the 
Foci of Conies. 

The examples at the ends of the articles are intended 
to be solved by the help of the article to which they are 
appended. Among these examples will be found many 
interesting theorems which were not considered important 
enough to be included in the text. At the end of the book 
there is, besides, a large number of Miscellaneous Examples. 
Of these, the first part is taken mainly from examination 
papers of the University of Oxford. Scattered throughout 
the book will be found examples taken from that admirable 
collection of problems called Mathematical Qtiestions and 
Solutions from the * Educational Times,^ For permission to 
make use of these, I am Indebted to the kindness of the able 
editor, Mr. W. J. C. Miller, B.A., Registrar of the General 
Medical Council. 



vi Preface. 

The book has been read both ia MS. and in proof by my 
old pupil, Mr. A. E. Jolliffe, B.A., Fellow of Corpus Christi 
College, and formerly Scholar of Balliol College, Oxford, 
whose valuable suggestions I have made free use of. To 
him I am also indebted for the second part of the Miscella- 
neous Examples. I am glad of this opportunity of ac- 
knowledging my great obligations to my former tutor, the 
late Professor H. J. S. Smith. My first lessons in Pure 
Geometry were learnt from his lectures ; and many of the 
proofs in this book are derived from the same source. 

I have assumed that the reader has passed through the 
ordinary curriculum in Geometry before attempting to read 
the present subject ; viz. Euclid, some Appendix to Euclid, 
and Geometrical Conies. 

I have not found it convenient to keep rigidly to any 
single notation. But, ordinarily, points have been denoted 
by J., ^, C>..., lines by a, 6, c,..., and planes and conies by 
a, ^, y,.... 

The following abbreviations have been used — 

A straight line has been called a lin^^ and a curved line 
has been called a (wrve. 

The point of intersection of two lines has been called the 
meet of the lines. 

The line joining two points has been called the jom of the 
points. 

The meet of the lines AB and CD has been denoted by 
^AB ; CD). 

To avoid the frequent use of the phrase * with respect to ' 
or * with regard to,' the word ' for ' has been substituted. 

The abbreviation ^ r. h.' has sometimes been used for 
'rectangular hyperbola.' 

The single word * director ' has been used to include the 
' director circle ' of a central conic and the ' directrix ' of 
a parabola. 



Preface. vii 

The angle between the lines a and h has been denoted by 
Z ab and the sine of this angle by sin (jib. 

The length of the perpendicular from the point A on the 
line & has been denoted by {A^ V). 

I have ventured to use the word * mate ' to mean * the 
point (or line) corresponding/ I have avoided using the 
word ' conjugate ' except in its legitimate sense in connection 
with the theory of polars. 

I shall be glad to receive, from any of my readers, correc- 
tions, or suggestions for the improvement of the book ; 
interesting theorems and examples which are not already 
included will also be welcomed. 

J. W. EUSSELL. 

February y 1893. 
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CHAPTER I. 

FORMULAE CONNECTTNa SEGMENTS OP THE SAME LINE. 

1. One of the differences between Modern Greometry and 
the Geometry of Euclid is that a length in Modem Geometry 
has a sign as well as a magnitude. Lengths measured on a 
line in one direction are considered positive and those 
measured in the opposite direction are considered negative. 
Thus if AB, ie. the segment extending from A to J?, be 
considered positive, then BA, i.e. the segment extending 
from B to Aj must be considered negative. Also AB and 
BA differ only in sign. Hence we obtain the first formula, 
viz. AB = -BA. 

Notice that by allowing lengths to have a sign as well 
as a magnitude, we are enabled to utilise the formulae 
of Algebra in geometrical investigations. In making use of 
^Algebra it is generally best to reduce all the segments we 
employ to the same origin. This is done in the following 

"vray. o a b 

Take any segment AB on a line and also any origin 0. 

Then AB = OB— OA. This is obviously true in the above 

figure, and it is true for any figure. For 

OB-OA = OB-\-AO = AO + OB = AB; 

for AO-\-OB means that the point travels from AU> and 

-tla&x from to B, and thus the point has gone from A to B. 

B 



2 Formulae connecting Segments [ch. 

The fundamental formulae then are 
(i) AB^^BA\ (2) AB^OB-OA. 

In the above discuasion the lengths have been taken on a 
line. But this is not necessary; the lengths might have 
been taken on any curve. 

It is generally convenient to use an abridged form of the 
formula AB = OB—OA, viz. AB = h—a, where a = OA 
and 6 = OB. 

2, A, By C, D are any foiw collmear points ; show that 
AB.CD+AC.JDB+AD.BG^o. 

Take A as origin, then CD = AD — AO = d—Cy and so on. 
Hence 
AB.CI)-{-AC.I)B + AD.BC=h{d-c)^c{l)-d) + d{c-h) 

£jX. 1. A, Bf C, D, are any five pwrUs in a plane; show ihat 
AOB . COD + AOC. BOB + AOD . BOG = o, 
where AOB denotes the area of the triangle AOB, 

Let a line meet OA, OB, OC^ OD in A\ ^, C% 2/. Then 

PitAOB ^i.OA.OBsin AOB, 
Hence the given relation is true if 

2 [Bin AOB. ^in COD} -= o, 

i. e. if S {sin A^OB^. sin C^OD^ } = o. 

But p . A'W = OA'. OBf sin A'OB^, where p is the perpendicular from O 

on A'BfCfD^, Hence the given relation is true if 

A'Bf, (fD^ + MCf. jyW + A'Df. BfCf = o. . 

SjX. 2. If OA, OB, OC, OD he any four lines meeting in a point, show thai 
sin AOB . sin COD + sin AOC . sin DOB + sin AOD , sin BOO « o, 

'Ex. 3. Show also ihat 

cos AOB . sin COD + cos AOC, sin DOB + cos AOD . sin BOC « o, 
and 

cos AOB . cos COD— COB AOC , cos DOB -6in AOD . sin BOC = o. 

For Ex. a is true for OA' where A'OA is a right angle, and also for 
OA' and OD' where A'OA and D^OD are right angles. 

Ex. 4. From Ex. a deduce Ptolemy*s Theorem connecting fowr points ot^ a 
circle. 

Take also on the circle. Then ^B = a . 22 . sin AOB, 

Ex. 6. SJtow also that the reJaiion of Ex. a holds if eo/ch an^e involved be 
mulUplied by the same guaniiiy. 

For AOB ^ rOB-rOA, if OV be the initial line. Now take 
VOB'^ h.rOB, VOC= h,rOC, and so on. Then A'OB'^ h , AOB, &c. ; 
and the theorem is true for A'OB', &c. 



I.] of the same Line. 3 

Ex. 6. If Ay B,C he Uie angles qf a triangle and A^, B^j Cf be the angles 
which the sides BC, CA^ AB make with any line^ then 

sin A . sin A^ + sin B . sin B^ + sin C, sin C «= o. 

Draw parallels through any point. 

Ex. 7. OLj OMj ON are any three lines through and PL, PM, PN make 
equal angles with OL, OMy ON in the same toay, show that 

PL.sinMON+PM. sinNOL + PN. sin LOM = o. 

3. A, B, C are any three colUnear points, and P is any other 
point ; show that 

PA\ BG+PE". CA+PC\ AB+BC. GA,AB= o. 
Drop the perpendicular PO from P on ABC. 
Then PA\BC={OA^-hOP') BC={a'+p^){C'-h). 
Hence 2(PA^5(7)=2a*(c-6)+jp^2(c-?))=2a«(c-6) 

= c?c—c?h-{-l)^a—h^e-\-f?h—<?a-= —{c — h)(a—c){h'-a) 

= -BC.CA.AB. 

Sz. 1. If A, B, C be three cdUinear points and a, b, c be the tangents from 
A, B, Cto a given circle, then 

a\BC+b\CA + c\ AB + BC. CA,AB = o. 

Sx. 2, XfPbe any point on tJie base AB of the triangle ABC, then 
AP. CB^-BP. CA''=^ AB . {CP^-AP. BF), 

£x. 3. If A,B, C, Dbe four points on a circle and P any point whoitever, 
show &mt 

A BCD . AP*- A CBA .BF^+A DAB . CP" - A ABC . DF^ = o, 
disregarding signs. 

Let AC, BD meet in inside the circle. 
Then A BCD acBD.CO and BO,OD = CO. OA. 

Ex. 4. IfVA, VB, rc, YD be any four lines through V, then 
sin BVD . sin CVD sin CVD . sin AVD sin AVD . Bin BVD _ 
sin^F^.sinCKil "*" sin CVB. sin AVB "*" sin AVC. sin BVC " ^' 

Draw a parallel to VD. 

XiX. 6. If A, B, Cbe the angles qfa triangle and A', B^, (f the angles which 
the sides BC, CA, AB make with any line, then 

sin B^. sin C sin C/. sin A^ sin A\ sinB^ _ 
sinJB.sinC sinC.sin^ sin^.sinB 
Draw parallels through any point. 

Ex. 6. If OA, OB, OC be any three lines through and PA, PB, PC be the 
three perpendiculars from any point P on OA, OB, OC, then 

2 {PB . PC sin BOC} = -PC^ sinBOC. sin COA . sin AOB. 

Ex. 7. Through the vertices A,B, Ccfa triangle are dravm the paraXlels AX, 
BY, CZ to meet the sides BC, CA, AB in X, Y, Z, show that 

BX.CX CY.A Y AZ.BZ 

/ 



4 Formulae connecting Segments [ch. 

4. Sx. 1. XfO, A, Bhe any three cdUnear points, Uten 

OA* + OEl'^ ASe^ + a. OA . 05. 

SiX. 2. JJ frwn any povrU P there he draton the perpendicular PQ on the 
UmAB, then 

PA'-PJB^'^ AS* + a.AB.BQ. 

XSx. 8. XT ABODE • . . Jrr be any nuffiber of coUinear points, show thai 

AB + BC+CD+ ,..+Jnr+TA « o. 

Ex. 4. XT X denote the ratio OA : OB and V the ratio OA* : OB^, OABA'Bf 
being coUinear points, show that 

Bi/ . X. X' + A^B . \ + B*A , y + AA'= o. 

SiX. 5. I/O, A, By C, Dbe anyfivepoinis on a Une, then 
AC .BC ^ /OB _ 0D\ /OB^ ^ 0C\ 
15'*' BD"^ \AB ~ ad) ■*" \AB " AC/' 

Ex. 6. ^A, B, C, D, 0, & be any six points on a Une, and if 

OA'.aA = o, OBiO^B^ fi, OC'.ac^ y, OD-.O^D^ 8, 

show that :££££_ 7-~« 7-/8 

ad'*' BD~ 8-o'^«-i8' 

Ex. 7. If VA, VB, rc, VD, VO be any five lines meeting in a point, 
shoiw thai 

sin AVC sin BVC ^ / sin OVB _ sin OFJA ^ / sin OF .g _ sin QFC \ 
sin ^FD "^ sin BFD "*" Vsin ^FJB sin AVd) "^ Vsin ^FB sin AVc) ' 

Ex. 8. If VA, VB, VC, VD be any four lines meeting in a point, show that 
via AVC sin .BFC cot AVB-^ eot AVD 
sinXFZ) "*■ sinBFi) ~ cot ^FB-cot ^FO * 
Let VX be the initial line and in Ex. 7 take VO 90° behind VA, 
Then sin OFB = sin {XVB-XVO) = sin (XFB-XF^ +90°) 
«= sin (90° + -4 FB) = cos AVB; and so on. 

Ex. 9. If VA, VB, VC, VD, VO, VO^ be any six lines meeting in a point, 
and ifa= sin OVA -r sin O^VA, and so on^ show that 

sin AVC sin BVC _ y-a y—fi 
ain AVD '*' Bin BVD ~ 8^ ■*" «-)8 ' 

Ex. 10. If VA, VB, VC, VD, VO be any five lines meeting in a point, 

show thai 

sin AVC Bin BVC _ tan QF^ -tan OVC tan 0FJ5-tan OVC 
BinAVD "*" sinSFD ~ tan OF^-tan OVD "*" tan OVB -- tan OVD ' 

In Ex. 9 take VO and VO* at right angles. 

Ex. 11. Three lines OAA', OBB*, OCC* are cut by tux> lines ABC, A*Bf(f, 
show thai OA AB _ OA' A*B* 

oc'^'bc ^W^W^ 

^ AA',BC BW.CA CCf.AB 
"""^ "oJ'^-'-QB^ + ^O^'"^- 

Ex. 12. If the polygon abed , ..be inscribed in the polygon ABCD^ . ., so 
that a is on AB, b on BC, and so on, and be any point in the plane, then the 
continued product ofsucft. ratios as 

sin A a/sin aOB-i-A a/a B is unity. 
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Ex. 18. If D, E, F he any three points m the sides BC, CA, AB qf 
a triangte, show thai 

DB.EC.FA sin DAB . sin BBC, sin FCA 
DC, EA.FB~ sin DACsin EBA . sin FCB' 

Ex. 14. Jf the sides DEy EF, FD qf one tricmgle pass through the vertices 
Cf A, B of another triangle, show that 

AF.BD.CE _ sinJUa. sin DB^. sin jgCB 
FB.DCEA " an FAB. ain DBC, Bin EC a' 

5. If Che the middle point of AB, then whenever origin he 
chosen, we have 0C=\ {OA + OB). 
For OC^OAJtAC=OA + \AB=OA-^\{qB-OA) 

As we have used general formulae throughout this proof, 
the formula holds for every relative position of the points 
0, A and B. 

Ex. \.]fChe Vie middle point of AB, and he any point on the line ACB, 
show that 

(i) OA.OB = OC^^AO^ ; 
(ii) OA^ + OBf = CA^ + CB^ + a. OC ; 
(iii) OA^-OB^ =-a.AB,CO. 

Ex. 2. XfAA% BB^, CG^ he cdlinear segments whose middle points are a, 0, y, 
and if P he a variable point en the line, show thai 

PA.PA^fiy + PB.PB^.ya + PC.PC^.afi is amstant 

Take as origin. Then a. ^7 = a. O7— a. 0/8 « c + c' — 6— y. Twice 
the giyen expression is 

(a—p) {af—p) (c + (/ — & — &')+ ... + ..., 

which is equal to aa' (c + t/ — 6 — &')+,.. + ... . 

Ex. 8. JfPhethe middle point of the segment AAf and Q he the middle point 
of the segment BBf {^on the same line as AA^), show that 

a,PQ^ AB^ + A'B « AB + A^B^ 

and Q.PQ.AA^=^ AB.AB^^A^B.A^B^, 

Ex. 4. Jf AlX , AY = BX .BY and A and B do not coincide, show that 
AB and XY have the same bisector. 

Ex. 6. If m the line AB the point he taken such that a.OA^h .OB ^ o, 
a and h heing any numbers, positive or negative, then, being also on AB, 

a. OA +6. OB = (0 + 6). OG 

and a.0A^ + b.0E^'^a,OA^ + b.GB* + {a + h).GC^. 

Ex. 6. If on the line ABCD ... a point G be taken such that 

GA + GB + GC+ . ... = o, 
and O be any other point on the line, then, 
OA +05 + OC + . . . = n.OG 

0^» + OJB«+0(?+ ... = GA^ + GB' + GC^-t-... +n.GO', 
n being the nuniber of the points ABCD .... 
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XjX. 7. If QABC . . . and G/A'W(f, . . 5c iwmfe so situaied on the same line 
that GA + aB+GC+ . . . = o, and also Q^A^ + Gf'B' + &(f + . . . = o, <Acn 

where n is the number qf the points ABC . . . and also of the points A'WCf, . . . 

T5x. 8. If there he n of the points ABC. . . and n^ (if the points A'BfCf, . . , 
then 

n.n\GQ^ = X {AA' + AB^ + AC^ + , . .). 

6. The following is an interesting application of Algebra 
to Geometry. 

If A, B, G, D, P, Q he a/ny six coUinear points, then 

ARAQ BP.BQ CP.CQ DP.DQ _ 

AB.ACAB ■*■ BCBB.BA "^ CB.CA.CB "^ BA.DB.BG "" ^' 

Put X for A, and reduce the resulting equation to any 
origin, after getting rid of the denominators. We shall have 
an equation of the second order in x to determine X. 

Put x=^h, ie. X = B, and we get an identity. 

Hence x=^h is one solution of this equation. 

Similarly a; = c, and x = d are solutions. 

Hence the equation of the second order has three solu- 
tions ; and hence is an identity. 

If A, By C, P, Q he any five coUinear points, then 

AP.AQ BP.BQ CP.CQ _ 
AB.AC'^ BC.BA'^ CA.CB"^' 

Multiply the identity just proved by AD throughout and 
let D be at infinity. 

Then AB^AB-^tBD, .'. AD/BB = AB/BD+i. 

But when D is at infinity AB/BD = o. 

Hence AB/BD = i. Similarly AD/ CD = i. 

So DP/DB = I and DQ/DC = i. 

Hence we obtain the result enunciated. 

If A, B, C, D, Phe any five colUnear points, then 

AP BP __p^_ J>P _ 

AB.ACAD ■*■ BCBB.BA "^ CD.CA.CB "*■ DA.DB.DC" °' 

In the first identity take Q at infinity, then since 

BQ/AQ^i, CQ/AQ=i, DQ/AQ^i, 

the required result follows. 
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XSz. 1. SkuMO thai the first result is true for n points A, B,, ,. and (n—a) 
points P, Q, . . . . 

£x. 2. Show that the second result is true for n points A, By, . , and (n~ i) 
points P, Q 

Ex. 3. Show that the third result is true for n points Aj B,,. . and (n— a — m) 
points P, Q, . . . , where m may 5e o, i, a, 3, . . . (n— a). 

'Ex. 4. Enunciate the theorems obtained from Ex. a and Ex, 3 by taking the 
points P, Qj .. . all coincident; and show that the theorems stQl hold when P is 
outside the line, provided the index qf AP is even. 

Use AP^ = Ap^ +pl^j and the Binomial Theorem. 

Menelaus's Theorem. 

7. If any transversal meet the sides BC, CAy AB of a triangle 
in D, E, F; then 

AF.BD.CE^ -FB.DC.EA. 




The transversal must cut all the sides externally, or two 
sides internally and one externally ; for as a point proceeds 
along the transversal from infinity, at a point where the trans- 
versal cuts a side internally, the point enters the triangle 
and at the point where the point leaves the triangle, the trans- 
versal must cut another side internally. Hence of the ratios 
AF : FB, BD : DO, CE : EA, one is negative and the other 
two are either both positive or both negative. Hence the 
sign of the formula is correct. 

To prove that the formula is numerically correct, drop the 
perpendiculars p, q, r from A, B, C on the transversal. 
Then AF/FB =p/q, and BD/JDC = g/r, and GE/EA = r/p. 
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Hence, multiplying, we see that the formula is true 
numerically. 

Conversely, if three points 2), E, F, taken on the sides BCy 
CAy AB of a triangle, satisfy the relation 

AF.BD.CE= "FB.DC.EA, 
then D, JB, F are collinear. 

For, if not, let DE cut AB in F". Then since D, E, F' 
are collinear, we have 

AF\ BB. CE = -F'B. BC. EA. 
But by hypothesis we have 

AF.BD.CE= -FB.nC.EA. 
Dividing we get AF': VB ::AF:FB; hence 
AF' + F'B : AF-\- FB i : AF'i AF, 
ie. AF^= AFy i.e. F^ coincides with F, Hence 2>, E, F are 
collinear. 

XSx. L S?iow that ihe above rdaMon is equivalent to 

sinACF, sinBAD.sin CBE = —sin FCB,sinDAC, BinEBA. 
For AFiFB ^ AACF : A FCB 

= iACCFsinACF-.^FC. CB sin FCB. 

XiZ. 2. The tangents to a circle at <Ae vertices qf an inscribed triangle meet the 
opposite sides in ooUinear pqfnts. 

"Ex. 3. A line meets BC, CA, AB in D, E, F. P, Q, R bisect EF, FD, DE, 
AP, BQy CR meet BC, CA, AB in X, F, Z. ShxM that JT, F, Z are coUinear, 
For BXiCXiiBA AnFAP : CA sin PAE iiBA.EA iCA.FA. 

XiX. 4. A line meets BC, CA, AB in X, Y, Z, and is any point; show that 
sin BOX . sin COY . sin AOZ = sin COX, sin AOY. sin BOZ, 

IiX. 6. Tf any transnersoL cut the sides AB, BC, CD, DE, . . . qfany polygon 
in ihe points a, b, c, d, .. ., show that ihe continued prodiict of the ratios 

Aa/Ba, Bb/Cb, Cc/Dc, Dd/Ed, ... is unity. 

Let AC cut the transversal in y, AD in d, and so on, 
then Aa/Ba x Bb/Cb x Cy/Ay = i 
and Ay/Cy x Cc/Dc xDH/AB = i, and so on. 
Multiplying up and cancelling, we get the theorem. 

TjX. 6. A transversal meets ihe sides of a polygon ABCD .. ,ina, fi, y, , . , 
and meets any lines through ihe vertices A, B, Cf... in a, b,c,,..; show that 
the continued product of such rcttios as 

sin a Bh/sin bBff-i-a b/b j3 is uniiy, 
XSz. 1. If &n the four lines AB, BC, CD, DA there be taken four potrUa 
a, b, c,dsuchthat Aa.Bb. Cc.Dd == aB .bC.cD .dA, 
show thai alb and cd meet on AC and ad and be meet on BD. 
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Apply Menelaus's Theorem to ABB. and ad and to BCB and he ; 
multiply, and divide by the given relation ; and we see that ad and be 
meet BD in the same point ; similarly for AC* 

IiZ. 8. If ad and be meet on BD, then ah and cd meel on AC, and the abate 
reiUxtion holds, 

"SmK. 9. IfAB and CD meet in E and AD and BC in F, and if Edh cut AD 
in d and BC in h, and \fFac cui AB in a and CD in c, tftm 

Aa.Bb,Cc»Dd == aB.hC.cD.dA, 

Use the theorem sin A/a.n B = a/h. 

Sx. 10. Bettoeen ABCDy abed there holds also the following relation 
sino&^.sinbcC BincdD. sin da ^ = ein. B he . Bin C cd .fan D da . ain A ah. 

SiX. 11. If the lines ABf BC, CD, DA, which are not in the same plane, he 
met by any plane m a, h, c, d ; then the reUxtion ^f Ex, 7 holds ; and if this 
relation hold, the four points are in one plane. 

For the planes ABD, CBD, abed meet in a point, i. e. ad and he 
meet on BD. 

XSx. 12. If the sides of the triangle ABC which is inscribed in a circle he cut 
by any transversal in D, E, F, show thai the product of the tangents from D, E, F 
to the circle is numerically equal to AF. BD . CE, 

!Bx. 13. Construct geometrically the ratio a/h-i-c/d, 

Sx. 14. The bisectors of the supplements of the angles qf a triangle meet 
the opposite sides in coUinear points. 

Sx. 16. The bisectors of tioo angles of a triangle and the bisector qf the sup^ 
plement of the ^ird angle meet the opposi^ sides in eoUinear points. 

Ceva's Theorem. 

8. If the lines joining cmy point to the vertices Af By C of a 
triangle meet the opposite sides in I), E, F; then 

AF. BD.CE = FB.DC. EA. 









Sb ^'witj Ike jpfh <A Hi« feiip|i«llt ^ka point in which 
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JLD, "BEj CF meet must be either inside the triangle, in which 
case each of the ratios AFiFB and BD : DC and CE : EA 
is positive, or as at 0, or Oj, in which cases two of the ratios 
are negative and one positive. Hence the sign of the 
formula is correct. 

To prove the formula numerically, we have 

AF: FB : : AAGFiAFCB : : l^AOFiAFOB 
LAGF-AAOF:t:^FCB-AFOB 
AAOC:ABOa 
SimHarly BD:JDC::A BOA lAAOC 
and CE:EA::ACOB:AAOB. 

Hence, multiplying, we see that the formula is true 
numerically. 

Conversely, if three points D, E, F, taken on the sides BC, 
CA, AB of a tricmgle, satisfy the relation 

AF.BD.GE^FB.BC.EA, 

then ADj BE, CF are concurrent 

For, if not, let AB, BE cut in ; and let CO cut AB in 
F\ Then since AD, BE, CF' are concurrent, we have 

AF\ BD. CE = F'B.DC. EA. 

But by hypothesis we have 

AF. BD. CE = FB.DC. EA. 

Dividing, we get AF': F'B : : AF : FB. Hence F and F' 
coincide, i.e. AD, BE, CF are concurrent. 

SjX. 1. In the figure, stum iih(xt 

OB OE OF 
— + — + — = I. 
AD BE CF 

Ex. 2. AO meets BC in JD, BO meets CA in E, CO meets AB in F. GH is 
egucd and paraUel to BC and passes through A. BC meets QO in L and HO in 
K. Similarly segments like KL are formed on CA and AB, Show that the pro' 
duct qf these segments is ^^ ^^ ^^ 

Ex. 3. ShMD thai the necessary and sufficient condition that Aa, Bb, Cc should 
meet in a point is 

sin aAB . sin hBC. tdncCA = sin CA a . sin ABb, sinBCc. 

£x. 4e.Ifthe lines Aa, Bb, Cc, JDd, . . . draum through the vertices of a plane 
polygon ABCD ... in ^ same plane meet in a point, then the continued product of 
such ratios as sin a AB : sin AB b is unity. 
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Sx. b. If the lines joining a fixed point to the opposite vertices of a polygon 
of an odd number qf sides meet the sides AB, BC, CD, DE, ... in the points 
a, bfCf d, . . .f show thai the conHni^ed product of such ratios as Aa/aB is unity. 

For Aa/aB ^ AO.aO sin AOa/aO. BO sin aOB. 

Sx. 6. The lines joining the centres of the escribed circles of a triangle to the 
middle points of t?ie corresponding sides qf the triangle are concurrent. 

Ex. 7. AO meets BC in P, BO meets CA in Q, CO meets AB in R ; PU meets 
QR in X, QU meets RP in Y, RU meets PQ in Z ; show that AX, BT, CZ are 
coneurreni. 

SfZ. 8. Through the vertices of a triangle are drawn paraUeHs to the reflexions 
of t?ie opposite sides in any line ; show thai these parallels meet in a point 

For the angle between the reflexions of two lines is equal to the 
angle between the lines. 

Sx. 9. A^, Bf, (/ are the reflexions of A, B, C in a given line through 0. 
0A% OB^y OC meet BC, CA, AB in D, E, JP. Show thai D, E, F are coUinear. 

For BD:DC::BO sin BOA^ : CO sin A^OC, 

Ex. 10. A cirde meets BC in D, 2/, CA in E, E\ and AB in F, F'. 
Show thai if AD, BE, CF meet in a point, so do AD^, BEf, CF\ 

Ex. 11. A line meets BC, CA, AB in P, Q, R and AO, BO, CO in 
Xy Y, Z, being any point. S?ioui that 

QX. RY.PZ = RX.PY. QZ. 

Ex. 12. AA% BBf, C(f meet in a point, show that the meets qfBC, B'C^, of 
CA, CfA' and of AB, A'B^ are coUinear ; and conversely, if the meets are 
coUinear, the joins are concurrent (See also lY. ii.) 

Let p, pf be the perpendiculars from A on A'B^, A'Cf and q, ^ those 
from B on WCf, BfA' and r, r^ those from C on C^A^, CfBf, Then 

sin BfA'A : sin AA'0 \\p\pf and pf \r\\AY\CY, 

if^Cmeet^'crinT. __ . . 

Ex. 18. Thefjbmfrom th^^^^f a^^^^ th e^uitsj f ^nffj^* f^f»^ 
touting iHe^^^fof th eMHanalefirf^^SonaSrSSI 

V 



CHAPTEE 11. 

HABMOKIC BANGES AND PENCILS. 

1. A range or row is a set of points on the same line, 
called the a>xis or Ixise of the range. 

A pencil is a set of lines, called rays, passing through the 
same point, called the vertex or centre of the pencil. 

If ^, Bj A\ S^ are coUinear points such that 

AB : BA'i : AB": A'B" 
or (which is the same thing) such that 

ABIBA'^ -AB^/B^A\ 
then {ABA'B^ is called a harmonic range. A, A' and B, 
B^ are called harmonic pairs of points ; and A, A' are said to 
correspond and B, B' are said to correspond. Also A is said 
to be the fourth harmonic of A^ (and A' of A) for B and J^; 
so J? is said to be the fourth harmonic of B^ (and B^ of B) 
for A and A\ Also AA^ and BB^ are called harmonic 
segments and are said to divide one another harmonically. 
The briefest and clearest way of stating the harmonic rela- 
tion is to say that {AA\ BB^ is harmonic. The relation 
may be stated in words thus — each pair of harmonic points 
divides the segment joining the other pair in the same ratio 
internally and externally. 

J/ B A' & 

For BA : ^S'= -BA'x AB'. 



:. 1. The centres qf similitude of itco cirdes divide the segment joining the 
centres of the circles hamumicdOy, 

"Ex.. 2. The internal and external bisectors of the vertical angle of a triangle 
cut the base harmomcaUy^ 
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8. (BC, X-TO, (C^, ry), (XB, ZZ') art harmmic ranges ; 8A019 
Vuxt if AX, BY, CZ are concurrent, then X'TZ^ are coHinearj and (hat if 
X'TZ' are coainear, then AX, BY, CZ are concurrent. 

Use the theorems of Ceya and Menelaus. 



2. If(AJiy BIBT) he harmonic, then 

2 __ I I 21 I 



211 211 



A' A A'B ^ A'B" B'S^B^A^ B'A' 
Taking any one of these formulae, say 



I 



A'A A'B ^ A'Bf 

choose A' as origin in the defining relation 

AB.BA'x.AB^.A'B^ 

and use abridged notation. Then AB .A'B^=BA\AB^ 
gives us 

(6-a)&'=(-&)(6'~a) or hlZ-ab'^-hV-ab ^ o, 

211 
or 2W= a'b-\-aV or - =t + t/* 

a 

Conversely, if cmy one of these relations is true, then 
{AA', BBf) is harmonic. 

For retracing our steps we see that 

ABiBA'.iABf.A'B'. 

Ex. L Xf^ bisect BB", then AB.AJSt^ AA'.Afi. 

Ex. 2. AD, BE, CF are the perpendiculars on BC, CA, AB, and {BC. DP\ 
{CA, EQ) and (AB, FR) are harmonic ; show that PQR is the radical axis of the 
circum-cirde and the nine-point circle of ABC, 

Ex. 8. If {AAf, BB^) he harmonic, and P be any point on the line AB^, 
show that 

FA' PB Py 

^' AA' ^ AB^ AB"' 
Put P4'« PA + AA', &C. 
Ex. ^ JfEF divide both A A' and BW harmonicaUy, then 

AB,BfE.EA'^-MBf .BE,EA, 
For we have i/EA-i/EB « i/EBf-^i/EA\ 

If we call AA' the harmonic mean between AB and ABf and so on, 
Ex. I shows lis that the O. M. between two lengths is equal to t?ie 0, M. between 
the A. M, and the H. M, 

For Afi is the A. M. between AB and ABf, 
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3. If {AA\ BB^ he harmonic, then aA^= aB. aB^; and 
conversely, if aA^= aB.aB', then {AA\ BBT) is harmonic, 
a being the middle point of AA\ 

For taking a as the origin in the defining relation 

ABxBA'xiAB^xA'B^, 
we have (6-a) (&'-aO = (a'-5) (6'-a). 

But a'= —a, hence (5— a)(fe'+a) = (-a— &)(&'— a), 
i.e. W-\- la— ah'- a^ + aV—a*-¥hh'—ha = o, 
ie. hV-= c^, ie. aA^= aB. aB\ 
The converse follows by retracing our steps. 

!Bx. 1. Show that the middle point of either qftwo harmonic segments is outside 
the other segment. 

TffVg- 2. Tfte chord qf contact of tangents from A to any circle cuts the diameter 
BB^ through A in the fourth harmonic of A with respect to BBf, 
' For OB^=OI^ = OA . 0-4' by similar triangles, P being one of the 
points of contact and the centre. 

Ex. 3. Dedibce a constntdionfor the fourth harmonic qf A' with respect to BB^ 
when A* is behceen B and Bf, 

Ex. 4. Bedibce the connexion between the A, M., G. M.y and H. M, of AB 
and ABf. 

Ex. 5. Bedvuce thefwmvUa i2/AA^= i/AB-{-i/AB^. 
We have AO.AA^= AF^=- AB.AB^, 
Hence the result follows from a. AG = AB + AB^, 

Ex. 6. Do Ex. 4 and Ex. 5, interchanging A and A\ 

Ex. 7. Show that if {AA% BB^) he harmonic and a bisect AA' and /3 hisect 

BB'ythen ^ ^^ (V2^± ^I^)'. 

'EolS.AIsoA^iA'&'.i^A'.^A' 

For fiA :iS^'« /S^^ ifiA.fiA''^ fiA^ifiB^. 

Ex. 9. Oiven two segments AB, CD upon the same line, construct a segment 
XY which slmU divide both AB and CD harmonicaUy, 

Take any point P not on the given line. Through ABP and CDP 
construct circles cutting again in Q. Let PQ cut ABCD in 0. From 
draw tangents to the circles. With as centre and any one of these 
tangents as radius, describe a circle. This circle will cut the given line 
in the required points X and Y. For 

0^= or»= OP. oq^oA.oB^ oc.od, 

4. To fmd the relation hetween four harmonic points and a 
fifth point on the same line. 

Let {AA^, BB') be harmonic, and take the fifth point P 
as origin. Then by definition AB/BA'=^ -AB'/B'A'. 
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But AB = PB-PA = &-a, &c. Hence 

or 2 oa' H- 2 66'= (a + aO {h + 6'), 

la 2.P^.P4'+2.PB.PB'=(P^+PA0(^^+-PB0- 
Conversely, if this relation hold, (AA\ BB") is harmonic. 
For reasoning backwards we deduce the relation 

AB/BA'= -ABTIB^A'. 

If (AA', BB^) he harmonic, and a bisect AA' and fi bisect 
BB", then PA . PA' + PB. PB'== 2 . Pa.P^. 

For PA-{-PA'= 2. Pa and PB-k-PB^— 2 . P/3. 

Note that every relation of the second order connecting 
harmonic points must be identical with the relation of this 
article. Hence the following relations can be proved. 

Ex. 2. AB.ABf + A'B . A'Bf = A'AK 
Ex. 3. A^A^-^B^B^^ {AB^A'Bfy = 4. a/3*. 
Ex.4. PA.A^B' + PA\AB + PB.B^A + PB'.BA^=o. 
Ex. 5. AB^'=^ a.oB. A0. 
Ex. e. BA : BA^ ::$B: A'fi, 
XBx. 7. P4.P4'-P^ + a.aB.Pi3. 
Ex. S.IfP and Q be arbitrary points, then 

PA.QB^.A'B + PA\QB.AB' + PB.QA.B'A^ + PB^.QA\BA = o. 
Take P as origin and put QB' =y-x, &c. 

Ex. 9. PB . PB". AM + PA\ A^0 + A^F^. fiA = o. 

This is a relation of the third order, which vanishes when A 
coincides with A^. Hence we guess that it is the product of (a — o') 
into the harmonic relation. 

5. If B, B^ divide AA^ in the same ratio internally and 
externally, then by definition (AA^, BB^) is a harmonic 
range. Now suppose this ratio is one of equality, then B 
becomes the internal bisector of the segment AA\ ie. £ is 
the middle point of AA^', also B^ becomes the external 
bisector of the segment AA\ Le. a point such that 
AB^= A'B\ BT being outside AA\ But 

ABflA'Bf^ {AA'-\-A'B')/A'B'= AA'/A'B'+ 1 ; 
and this can only be i when AA^=^ o or A'B^= 00. Hence, 
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assuming that A and A' do not coincide, we must have 
-i.'^= 00 , ie. 1B> must he at infinity. Also if ^ is at 
infinity, then Aff/A'^=^ i as above. Hence Aff= A'B^y 
i.e. Iff at infinity bisects A A' externally. Hence the two 
theorems — 

The point at infinity on any line bisects externally every 
segment on this line* 

Every segment is divided harmonicaUy by its middle point and 
the point at infinity on the line, or, in other words, by its internal 
and external bisectors. 

6. If any two points of a harmonic range coincide, then a 
third point coincides with them and the fourth may be anywhere 
on the line. 

Suppose AA' coincide. Then B lying between A and A' 
must coincide with them. So for BS^. 

Suppose AB coincide. Then AB = o ; hence, from the 
defining relation AB . A'B^=^ BA\ AB^, we conclude that 
5-4.'= o or AB^=^ o, i.e. ABA' coincide or ABB^, So for 
AB^, A'B, A'B'. 

Again, if ABA' coincide, then AB = o and BA'=: o ; 
hence the relation AB,A'B^=^ BA\ ABf is satisfied wherever 
JB' is. So for BA'B!, &c. 

7. A pencil of four concurrent rays is called a harmonic 
pencil if every transversal cuts it in a harmonic range. 

Harmonic pencils exist for — 

If a pencil be obtained by joining any point to the points of a 
harmonic range, then every transversal ctUs this pencil in a har- 
monic range. 

Let {AA^, BBf) be a harmonic range and V any point. 
Join F to AA'BBf, and let any transversal cut the joining 
lines in aa'bV, 

Then ab : 6a'= A aVb : A bVa' 

= Fa. 76 sin aF6:F6. Fa' sin fe7a'. 

„ ab ab' _ sin aF6 sin aW 

Hence ^^y-;- ^;^ 6Fa'"^ sin 6'Fa'' 
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Now aYV=^ A VB^; but for the transversal a)3' we should 
have a F^'= 1 8o°-u4 FJ5'. 

So in all cases aVh^ is either equal to or supplemental to 
AVB^; hence in all cases sin aVV= sin JLF^, So for the 
other angles. 




db aV _ smArB sin^F^ 

°^ ha^'^b'a'^smBVA' ' Bin B'VA' 

AB AB" . . .. 
= ^j7"^ WjT^ ^ similar reasomng 

= — I by definition. 

Hence ab/ha^-r- <ib^/Va'= — i ; hence {aa', hi/) is a har- 
monic range. 

We denote the pencil subtended by ABAC'S at F by 
V(ABA'B!) ; and we may briefly state the above theorem 
thus — if (^AA\ BBf) is a harmonic range, then YijLA'^ BBT) 
is a harmonic pencil (or more briefly still — is harmonic). 

Sx. \. If B bisect AA' and m be draion pardUel to AA% then the pencil 
V (-4-4', BCi) is harmonic. 

For (AA\ B Ci) is harmonic, A being the point at infinity on AA\ 

3BiX. 2. i/* a transoersal he drawn parallel to the ray VB of the harmonic 
pencil V (AA^, BB^) meeting the other rays in dl/a% then 1/ bisects aa\ 

For b is at infinity. 

c 



1 8 Harmonic Ranges and Pencils. [ch. 

SiX. '3. The internal and eoctemdl bisectors of an angle form vjith the rays 
of t?ie angle a harmonic pe^icil. 

Draw a parallel to one of the bisectors ; or use Eu. VI. 3 and A. 

Ex. 4. If a pair of corresponding rays of a harmonic pencil he perpendicular j 
they are the bisectors of the angles between the other pair of rays. 

Ex. 3. J^V (AA% BB^) be harmonic, prove thai 

2 cot AVA' = cot AVB + cot AVB". 
Take a transversal perpendicular to VA, 

"Ex, 6. Also if Va bisect the angle AVA^, then 

tan'oFui = tanoFJB.tanaF^. 
Take a transversal perpendicular to Va. 

Ex. 7. a sin AVB^. sin BVA^ ^ cismAVB . sin A'VB' 

^sinAVA^RUiBYB^. 

_, o sinPF4' sinPFB sin PFB' 

Ex. 8. 2. s=s + 

sin A VM sin AVB sin ^ FjB' 

where VP is an arbitrary line through V. 

Also deduce Ex. 5. 

8. The polar of a point for two lines BA and BG is the 
fourth harmonic of BO for BA and BG. 

The pole of a line LM for two points A^ B \a the fourth 
harmonic of the meet of LM and AB for A and B. 

If throutgh there he drawn the transversal OPQ cutting BA 
in F and BG in Q, then the locus of i2, the fourth harmonic of 
for P and Q, is the polar of for BA and BG. 

For the pencil B {OPBQ) is harmonic. 

If the two lines BAy BG be parallel, Le. if 5 be at infinity, 
the theory still holds, if we consider B to be the limit of a 
finite point. 

To construct the polar of for X2-4, 12 C where 12 is at 
infinity, draw any transversal OPQ meeting 12 J. in P and 
Q.G in Q, and take B so that {OPQB) is harmonic, and 
through B draw a parallel Q.B to 12^ and 12 C ; then 12i2 is 
the polar of for the parallels 12-4, 120. 

Ex. 1. The polars of any point for t?ie three pairs of sides of a triangle meet 
the (Opposite sides in three coUinear points. 

Let AOf BO, CO meet the opposite sides in P, Q, R, and let the polars 
of meet these sides in P', Qf, R\ 

Then BP/PC = -BF/P^Cj and so on 

Now use the theorems of Menelaus and Ceva. 

Ex. 2. T?ie poles of any line for the pairs qf vertices qfa triangle connect con-- 
currenUy vHth the opposite vertices. 
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"EoL. 3. ThsT^es of any line for the pairs of points BC and CA are coUinear 
toiih the meet of the line and AB. 

Ex. 4. The polars of Ofor BA, BC and for CB, CA meet on AO. 

9. Through a given point is drawn a line meeting two fixed 
lines in P and Q, and on OPQ is taken the point B such that 
i/OB = 1/OP+ i/OQ ; find the locus ofB, 

Take the polar w of for the two given lines, and let OPQ 
meet this line in JS. Then we know that 

2/OB = 1/OP+ i/OQ. 
Now draw pai'allel to n and 
half-way between and n the 
line nf cutting OPQ in Bf» 
Then OJB'= OB/2, 

ie. 2 /OB = I /OR. 
Hence i/Oi?'= 1/OP+ 1/0(2 ; 
hence n' is the required locus. 

Ex. ].. A transversal through the fixed point meets fixed lines inA,B,C,,.. 
and on OA is taken a point P such that i/OP = i/OA + 1/OB+1/OC+ . . . ; 
find the locus of P. 

Replace i/OA + i/OB by i/Oi, and so on. 

"Ex. 2. A transversaX through the fixed point meets fixed lines in Aj BjC,.,, ; 
find the direction of the transversal when Z i/OA is (i) a maximum (ii) a 
minimum. 

Perpendicular and parallel to the locus of P. 

Ex. 3. A transversal through the fixed point meets fixed lines in AyB^C, .. , 
and on OA is taken a point P such thai i/OP = a/OA + b/OB + c/OC+ . . . , 
tD?iere a, &, c, . . . are any multipliers ; find the locus of P. AlsofindUie direction 
of the transversal when X a/OA is (i) a max., (ii) a min. 

Whatever a, 6, c, . . . are, we can, by taking the integer k large enough, 
make ka, kb^ kc,... all integers. Hence 

k/OP = a^/OA + y/OB + if/OC + . . . 

where k^ o', ?/,</,... are all integers. Now by Ex. i find the locus of 
Q such that i/OQ = ^^/OA + ... a' times) + {i/OB-{-, . . V times) + . . . 
and draw a parallel through P to the locus of Q such that OP ^^ k, OQ, 
This parallel is the required locus. 

10. A complete quadrilateral is formed by four lines called 
the sides which meet in six points called the vertices of the 
quadrilateral. These six points can be joined by three other 
lines called the diagonal^. The diagonals are also called the 
harmonic lines of the quadrilateral and the harmonic lines form 
the sides of the harmonic triangle. These names are derived 

c 2 
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from the following property — called iht Jiarmonic prqperttf of 
a complete quadrUcUerdl. 

Each diagonal of a complete quadrilateral is divided har- 
monically by the other two diagonals. 

Let the four sides 
of the complete 
quadrilateral meet 
in the three pairs 
of opposite vertices 
AA\ BB", CO'. 
Then AA',BB',CC\ 
or /3y, yoy afi are the 
harmonic linea We 
have to show that the ranges (AA^, fiy), {BB^, ya\ (CC\ afi) 
are harmonic. 

To prove that {AA^, fiy) is harmonic consider the triangle 
whose vertices are AA^ and any other of the vertices, say 
AA'G. Since ByB! are collinear, we have 

CB.A'y.AB^^CB^.Ay.A'B. 
Also since AB^ A'B^, C^ are concurrent, we have 

CB.A'fi.AR = "CB". Afi. A'B. 
Dividing we get A'y/Ay= —A^fi/Afi; hence {AA^, Py) 
is harmonic. Similarly (BB", ya) and (CC, a/3) are har- 
monic. 

11. Using a ruler only, construct the fourth harmonic of a 
given point for two given points. 

To construct the fourth harmonic of y for B and B'. On 
any line through y take two points A and A\ Let A^B, 
AB" cut in C and AB, A'Bf in C\ Then CC cuts BBf in 
the required point a. For BB^ is a diagonal of the complete 
quadrilateral formed by AB^ ABf^ A^B, A'B^"^ hence 
(5^, ya) is harmonic 

Ex. 1. -40, 50, CO Tneet BC, CA, AB in P, Q, R ; QR, RP, PQ meet BC, 
CAy AB in X, T, Z. Show that (BC, PX), (C4, QT), {AB, RZ) are kamumic 
ranges f and thai XYZ are coUinear, 

Ex. 2, J^a transversal meet BC, CA, AB in X^ T, Z, and the join qf A to 
fhe meet of BY and CZ cut BG in P; show tfiat {BC, PX) is harmonic, and that 
the three lines formed like AP are concurretU. 
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12. A compkU quadrangle is formed by four points called 
the vertices which are joined by six lines called the sides of 
the quadrangle. These six lines meet in three other points 
called the harmonic points of the quadrangle ; and the har- 
monic points are the vertices of the harmonic triangle. Some 
writers give the name diagonal-points to the harmonic 
pointa 

The following is the harmonic property of a complete 
quadrangle. 

The angle at each harmonic point is divided harmonicoMg by 
the joins to the other harmonic points. 

Let ABCB be the v^^h^:,^^. 

four points form- \^^^^^^^^^^^^!^^^^-^* — 7^ ^— 

ing the quadrangle. . \ ^^^><4^ — '^^ 

Then U, F, TT are ^\^''''^^^^^^^^^// 

the harmonic points ^ \ // 

of the quadrangle; \ // 

and we have to show \ \^ 

that the pencils ^ 

TJ(JiI), YW\ Y(,BA, WTJ\ TF(C2), TJY^ 
are harmonic. 

To show that the pencil TF(CZ>, TTV) is harmonic, it is 
sufficient to show that the range (XJtf, Z7F) is harmonic, L 
being the meet of -4 C and TJY, and M of BB and TJY. Con- 
sider the triangle formed by TJY and any vertex, say TJYC. 
Then because BDM are collinear, we have 

CB.YM. UB = CB. UM.YB. 
Also because UB, YB, CL are concurrent, we have 

CB.YL.Zn)= -CB.UL.YB. 
Hence dividing we get YM / UM = — YL/ TTL. Hence 
{UYy LM) is harmonic, i. e. W(CB, TJY) is harmonic. 
Similarly U(AB, YW) and Y{BA, WTJ) are harmonic. 

13. TJsing a ruler only, construct the fourth harmonic of a 
given line for two givers lines. 

To construct the fourth harmonic of YT7 for YA and YB. 
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Through any point TJ on YTJ draw any two lines TAB and 
FDC, cutting 7^ in ^ and J9, and YBinB and (7. Then if 
^Cand BB meet in TT, FW is the required line. For Z7, 
F, W are the harmonic points of the quadrangle -4, JB, C, 2>. 
Hence F(5J., TFCT) is harmonic. 



1. Through one of the harmonic points of a complete quadrangle is drawn 
the line parallel to the join of the other tioo harmonic points ; show that two qf the 
segments cut off between opposite sides (^ the quadrangle are bisected at the 
harmonic poirU, 

SiZ. 2. Through F, one of the harmonic points of a quadrangle, is draum a line 
pardUd to one side arid meeting the opposite side in P and the join qfthe other 
harmonic poir^ in Q, show that VP = PQ, 

Sz. 3. In the figure qf the quadrUaterdl in § lo^ show that Aa, A^a, B0, 
B^fij Cy, (fyform the six sides of a quadrangle. 

We have to show that the six lines pass three by three through four 
points. Consider aA. fiB^, y(f. Since A^B^(/ are coUinear and {^y, AA^) 
is harmonic, aA, /8B', y& are concurrent. Similarly cut, fiB, yC are 
concurrent, also aA% dB, yCf, and also aA'y fiBf, yC, 

Sx. 4. In the figure of the quadrangle in § 12, the sides of the triangle UVW 
meet Ihe sides in six new points which are the vertices of a quadrilateroL 



CHAPTER in. 

4 

HAEMONIO PEOPERTIKS OP A CIBCLE. 

1. Every line meets a circle in twopointSy real, coincident or 
imaginary. 

For take any line I cutting a circle in the points A and B. 
Novr move I parallel to itself away from the centre of the 
circle. Then A and B approach, and ultimately coincide 
when I touches the circle. But when I moves still further 
from the centre, the points A and B become invisible ; yet, 
for the sake of continuity, we say that they still exist, but 
are invisible or imaginary. (See also XXVII.) 

2. From every point can he droAJon to a circle two tangents, 
redly coincident or im>aginary. 

For take any point T outside the circle, and let TP and 
TQ be the tangents from T to the circle. Now let T 
approach the centre of the circle along OT. Then TP and 
TQ approach, and ultimately coincide when T reaches the 
circumference. But when T moves still further towards 0, 
the tangents TP and TQ become invisible ; yet, for the sake 
of continuity, we say that they still exist, but are invisible 
or im^aginary. (See also XXVII.) 

3. Two points which divide any diameter of a circle har- 
monically are said to be int)erse points for this circle. 

If be the centre and r the radius of the circle, then 
inverse points B, B' must lie on the same radius of the circle 
and be such that OB.OB'= r*. 



/•- 
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£x. 1. Th& inverse of any point at infinity for a circle is the centre of 
the circle ; and conversely^ the inverse of Vie centre is any point at infinity, 

SiX. 2. Every tuH> points and their inverses for a circle lie on a circle. 

XiX. 8. • Qiven a pair qf inverse points for a circle, the circle must he one 
of a certain system of coaxed circles, 

V SiZ. 4. If four points {AA\ BB^) he harmonic, so are (he four inverse points 
{aa'j hi/) for any circle, 

r" r* r^,AB 

For Oa-—, ^6 - - ; ^^ a6« -^^^-^. 

JSx. 6. XT BB^ ^ o> PO'^if ^f inverse points on the diameter AA^ of a circle, and 
ifPhe any point on the circle ; (hen PA, PA' hisect the angle BPBf, and (he ratio 
PB : PBf is independent of (he position qfP, 

£x. 6. Also if perpendiculars to AA' at AA' BBf meet any tangent to the 
cirde in oaf W^ show that Oa and Oa' hisect the angle hOl/, heing the centre, 
and that (he ratio ObiObf is independent of (he position qfthe tangent, 

4. Two circles are said to be orthogonal when the tangents 
to the circles at each point of intersection are at right angles. 

Sx. 1. Xf two circles are orthogonal oit one qf (heir meets, they are orthogonal 
at (he other. 



2. ]^ (he orthogonal circles a and $ whose centres are A and B meet in P, 
show (hat AP touches fi and BP touches a. 

ISx. 8. The radii of two circles are a and h and (he distance hetween their 
centres is d ; s?iow that the necessary and sufficient condition that the circles should 
he orthogonal is o* + 6*= 8". 

5. Evert^ circle which passes through a pair of points inverse 
for a circle is orthogonal to this circle ; and conversely, every circle 
orthogonal to a circle cuts every diameter of this circle in a pair 
of inverse points. 

First, let the circle y 
pass through the inverse 
points BB' of the circle 
a>. Let P be one of the 
meets of on and y. Then 
OB . 0B'= 01^. Hence 
OP touches y. Hence 
OPG is a right angle. 
Hence CP touches a>. 
Hence the tangents OP and CP are at right angles, i.e. the 
two circles are orthogonaL 

Second, let the two circles a> and y be orthogonaL 
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Through the centre of (o draw the diameter AA' cutting y 
in B^. Then since the circles are orthogonal, O'PQ is a 
right angle ; hence O'P touches y. Hence OB . 0-B'= OF*^* 
Hence B and B^ are inverse points for a>. 

TFfT. \,Ifa cirde a divide one diameter of the circle $ harmonicaUy, U divides 
every diameter of0 harmonuxdly. 

XiX. 2, On the diagonals of a complete quadrilateral cts diameters are draton 
three circles ; show thai each qf these ciUs orthogonally the circle about the harmonic 
triangle, 

lEx, 3. Through ttoo given poirUs draw a circle to cut a given segment 
harmonicaUy. 

The circle cuts the circle on the segment as diameter orthogonally. 

6. A line cuts two circles in the points PP^ and QQ^y so that 
{PP\ QQf) is harmonic ; show that the product of the perpen- 
diculars from the centres of the circles on the line is constant 

Let A be the centre 
and a the radius of one 
circle, and B and b 
those of the other 
circle. Let AX = p 
and BT=q be the per- 
pendiculars from^ and 
B on the line. Then 
X bisects PP', Y bi- 
sects QQ', and since {PP^, QQ^) is harmonic, we have 

XP^^XQ.XQ". 

Draw BN perpendicular to AX. Denote AB by b. 

Now 2pq-p^ + q^''(p-qy= a^-PX^+V-QY^-AlP 

For 
XT'-PX^-QY^^ (XY+QY) {XY-QY)-XP^ 

Hence pq is constant. 

"Er. "L Jf a line cut two orthogonal circles hamwnicaUy, it must pass 
through one of the centres. 

For p = o or q = o, 

Sz. 2, ^a line I cut one circle in the points PP' and another cirde in the 
points QQ^y which are such that (PP^, Q(/) is harmonic ; show that the envelap§ 
of I is a conic whose /od are the centres of the circles. Show also that if the 
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drd^ meet in C and D, the envelope tquches the four tangents of the cirdes 
at C and D. 

Since pq is constant, the first follows by Geometrical Conies. Also 
if I become the tangent at C, then PP^ and Q coincide at C; hence 
{PP^, Q(/) is harmonic. 

!Ez. 3. The locus of the middle points of PP^ and Q</ is the coaxal circle 
whose centre bisects AB. 

For the locus of X and Y is the auxiliary circle. Also each meet of 
the circles is on the locus ; for the tangent to either circle at a meet 
is divided harmonically. 

£x. 4. IfRhe any point on a circle, A and B fixed points on a diameter and 
equidistant from the centre, the envelope of a line which cuts harmonicaUy the two 
cirdes with A, B as centres and AR^ BR as radii is independent of the position of 
R on the circle. 

Its foci are A and B. Also 

iib^= AR^ + BR^-AB^^a Oi2^ + 2 OA^-^ 0A\ 
Hence 6" = OH^ — OA^, which is constant. 

7. Through a 'point U is drawn a variable chord PF' of a 
circle and on PP' is taken the point B such that (UR, PP') is 
harmonic ; to show that the locus of It is a line. 

Take the centre of 
the given circle o). Let 
OTJ cut 0) in AA\ From 
any position of B drop a 
perpendicular BU' to 
UO, On BUa,a diameter 
describe the circle fi pas- 
sing through U\ Now 
since {BU, PP") is har- 
monic, PP' are inverse points for ^3. Hence co and ^ are 
orthogonal. Hence UU^ are inverse for o). Hence Z7' is a 
fixed point. Hence the locus of i2 is a fixed line, viz. the 
perpendicular to 0^ through the inverse of U iov the given 
circle. 

The locus of i? is called the polar of U for the circle. We 
may briefly define the polar of a point for a circle as the 
locus of the fourth harmonics of the point for the circle. 
Also if BU' is given, Z7is called its pole for the circle, and 
U and BU^ are said to he poU and polar for the circle. 

8. IfUhe outside the circle, the polar of TJ for the circle is 
the chord of contact of tangents from U to the circle. 
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For take the chord ?7PP' very near the tangent XJT, 
Then when V^' coincide, JR, being between them, coincides 
with them ; Le. one posi- 
tion of i2 is at T, So 
another position of B, is 
atT'. Hence TT' is the 
polar. 

The polar of the centre 
of the circle is the line at 
infinity, (See IV. 3.) 

For if U coincide with 
0, then PF' is bisected at TJ, Hence II is at infinity. 

The pole of the line at infinity for a circle is the centre of the 
circle. 

For if i^ be always at infinity, PP' is always bisected at 
U, i.e. Z7is the centre of the circle. 

The polar of a point on the circle is the tangent at the point. 

For suppose Uto approach A, then since OU.OU^= 0A\ 
we see that Z7' also approaches A, Hence when CT is at -4, 
U^ is at -4 ; and the polar of U, being the perpendicular to 
OU through U', is the tangent at U, 

Similarly, the pole of a tangent to a circle is the point of 
contact, 

9. Salmon's theo- 
rem. — If P and Q he 
any ttco points and if 
PM he the perpendicular 
from P on the polar of Q 
for any circle, a/nd if 
QN he the perpendicular 
from Q on the polar ofP 
for the same circle, then 
OP/PM = OQ/QN, 
being the centre of the 
circle. 

From P drop PX perpendicular to OQ and from Q drop 
Qr perpendicular to OP, Then P' being the inverse point 
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of P, and Q^ the inverse point of Q, we have 

Also since the angles at X and Y are right, we have 

OY.OlP^OX.Oq, 
. \ OF/Oq= OQf/OP'- OX/OY^iOQ^" OX)'^(pP'-OY) 

-XQf/YP'^PM/QN. 
Hence OF/FM = OQ/QN. 

We may enunciate this theorem more briefly thus — If j?, 
q he thepolars ofFy Q/or a circle whose centre is 0, then 

OP/(P, q) = 0<i/(Q, p). 

X^ ^ a, by p be the pdlara of the points A, B, P for a cirde whose 
centre is 0, siww that 

(fig) . (AiP) (0^) (B,a) 
(P, 6)""(B,1))"(0,6)"(^,6)' 

For OA . (0, o) « OB. (0, 6) - r». 

10. JJ/" ^^ polar of F pass iJirough Q, then the polar of Q 

passes through P. 

If the polar of P pass, 
through Q, then, P' being 
the inverse of P, F^Q is per- 
pendicular to OF, Take Q' 
the inverse of Q. Then 
OP. OP' =0^.0(2'. 
Hence FF'QQf are concyclic. 
Hence OQiF=OF'Q is a 
right angle. Hence P^ is 
the polar of Q, ie. the polar 
of Q passes through P. 

The points P and Q are called conjtigate points for the circle. 
We may define two conjugate points for a circle to be such 
that the polar of each for the circle passes through the other. 
Note that if FQ cut the circle in real points BB\ then, 
since the polar of P passes through Q, we see that {FQ, RE^) 
is harmonic ; and hence the polar of Q passes through P. 

The pole of the join of F and Q is the meet of the polars of 
FandQ. 
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For if the polars of P and Q meet in 22, then, since the 
polars of P and Q pass through J?, therefore the polar of i? 
passes through P and Q. 

IL On every line there is an infinite number of pairs of con- 
jugate points for a given circle ; ami each of these pairs is har- 
monic with the pair of points in which the line meets the circle. 

On the line take any point P, and let the polar of P meet 
the line in F\ Then P and P' are conjugate points ; for the 
polar of P passes through P'. Also if PP' meet the circle in 
J2JB', then {PP^y BR) is harmonic ; f or P' is on the polar 
of P. 

Conversely, every two points which are harmonic with a pair 
of points on a circle are conjugate for the circle, 

12. If the line p contain the pole of the line q, then q con- 
tains the pole of p. 

Let P be the pole of p and Q of q. We are given that p 
contains Q, ie. that the polar of P passes through Q. Hence 
the polar of Q passes through P, Le. q passes through P, ie. 
q contains the pole of p. 

The lines p and q are called conjtigate lines for the circle. 
We may define two conjugate lines for a circle to be such 
that each contains the pole of the other. 

Through every point can he drawn an infinite number of pairs 
of lines which are conjugate 
for the circle, and each of 
these is harmonic with the 
pair of tangents from the 
point 

For take any line p 
through the given point 
U and join U to the pole 
Pofjp. Then p And UP 
are conjugate lines, for 
UP contains the pole of jp. 

Draw the tangents UT and UT' from Z7, and let the polar 
TT' of ZJmeet pmP'. TT meets PP in P since CTis on the 
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polar of P. Now the range (PP', TT') is harmonic, for P' 
is on the polar of P ; hence the pencil U(PF', TT') is har- 
monic, i.e. the conjugate lines p and UF are harmonic with 
the tangents from U, 

Conversely, every pair of lines which are harmonic with the 
pair of tangents from a point to a circle are conjugate for the 
circle. 

For let UQ and UQ' be harmonic with the tangents UT^ 
UT from U. Let UQ and UQ' cut the polar TT ofUinP 
and P\ Since U{QQf, TT') is harmonic, hence (PF\ TT) 
is harmonic. Hence UP' is the polar of P ; for the polar of 
P passes through P' since {J^P\ TT') is harmonic, and passes 
through U since P is on the polar of U, Hence since the 
pole of UP' lies on UP, we see that UP and UP' are conju- 
gate lines. 

Ex. 1. Find the hcus qf all the points conjugate to a given point-, 

Sx. 2. AH the lines conjugate to a given line are concurrent. 

XiZ. 3. When two points are conjugate, so are their polars ; and when two 
lines are conjugate, so are their poles. 

£z. 4. A point can be found conjugate to each of two given points; and a line 
can he found conjugate to each oftioo give?i lines. 

Sz. 5. V ^^ <^^<^ A ^^ orthogonal to the circle fi, then the ends of any 
diameter of a are (x>njugatefor fi. 

Ex. 6. The drde on the segment PQ joining any pair of cor^jugate points 
for a circle as diameter is orthogonal to the given circle. 

For PO cuts the new circle in the inverse of P. 

Ex. 7. IfB^<f be the polar of A, (/A' qfB and A^B^ qfC; then BC is the 
polar of A', CA of B^ and AB of (f, 

Ex. 8. Reciprocal triangles are homologous. 

That is, if A is the pole of Bfif, B of (fA% C of A^B^, then AA', BB\ 
OCf meet in a point. This follows from 

sin BAA' : sin AUG : : (A', cf) : {A% b^) 

and OA' : {A\ cf);',0(f i {(f, a'). (See also XIV. 3.) 

Ex. Q.IfP artd Q he a pair of conjugate points for a circle to which they cart 
exiemalj then 

(i) PQi^ is equal to the sum of the squares of the tangents from P arhd Q ; 

(ii) PQ is twice the tangent from the middle point ofPQ; 

(iii) PU. UQ is equal to the square of the tangent from U, U being the foot qf 
the perpendicular from the centre of the circle on PQ; 

(iv) the circle on PQ as diameter is orthogonal to the given drde. 
Take C the middle point of PQ and B the pole of PQ. 
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Then -K^ meets OF perpendicularly in r, say. Hence 

Pg' = OI^->tO(^-iiOY .OF ^Ol^-itOOt'-^^r' (i) 

= aC0^ + aCQ*-2»'" (ii) 
and per. ug « I7i2. UO = l70"-r* (iii). 

(iv) follows at once from (ii), or because the circle on PQ as 
diameter passes through F. 

TSx.. 10. If and N are the projections of a point P on a circle on two perpen- 
dicuiar diameters^ Q is the pole o/MN/or the circle^ and U and V are the prqjecHons 
qfQ onthe diameters. Show t?wt UV touches the circle. 

XJV is the polar of P. 

13. Pairs of conjugate lines at the centre of a circle are 
called pairs of conjugate diameters of the circle. 

Every pair of conjugate diameters of a circle is orthogonal. 

Take any diameter AA' of a circle whose centre is 0. The 
diameter conjugate to AA' is the line through conjugate 
to AA\ i.e. is the join of to the pole of AA\ But the 
tangents at j1 and A' meet at infinity in Xl, say. Hence 0X2 
is the conjugate diameter ; hence the diameter conjugate to 
A A' is parallel to the tangent at A, i.e. is perpendicular to 
AA\ 

£x. 1. The pole of a diameter is the point at infinity on any line perpendicular 
to the diameter ; and the polar of any point A a^ infinity is Vie diameter perpen- 
dicuiar to any line through CI. 

SiX. 2. Any two points at ir^nity which subtend a right angle at (he centre are 
corrugate. 

14. A triangle is said to be self-conjugate for a circle when 
every two vertices and every two sides are conjugate for the 
circle. 

Such a triangle is clearly such that each side is the polar 
of the opposite vertex. Hence the other names — self-recipro* 
cal or self-polar. 

Self-conjugate triangles exist. 

For on the polar of any point A take any point B. Then 
the polar of B passes through A and meets the polar of A in 
C say. Then ABC is a self-conjugate triangle. For BC is 
the polar of A, CA is the polar of B ; hence (7, the meet of 
SC and CA, is the pole of AB, Hence AB are conjugate 
points, and BGy AC are conjugate lines. So for other pairs. 
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XSz. Thi friangle formed by ihe line at infinity and any iwo perpendicylar 
diameters of a circle is self 'conjugate for the cirde. 

15. There is only one circle for which a given triangle is self- 
conjugate; and this is real only when the triangle is obtuse- 
angled. 

Suppose the triangle ABC is self-conjugate for the circle 
whose centre is 0. Then since A is the pole of BG, it fol- 
lows that OA is perpendicular to BG; so OB is perpendicular 
to GA, and OG to AB, Hence is the orthocentre of ABG. 
Let OA meet BG in A', OB meet GA in B' and OG meet 
AB in G\ Then the square of the radius of the circle must 
be equal to OA . OA' and to OB . OB' and to OG. OG"; and 
this is possible if is the orthocentre, for then these pro- 
ducts are equaL 

Now describe a circle (called the polar circle of the triangle) 
with the orthocentre as centre and with radius p, such that 
p^=OA. 0A'=^ OB.OB'^^OG. OG'. Then the triangle ABC 
is self-conjugate for this circle. For BG, being drawn through 
the inverse point A' of A perpendicular to OA, is the polar 
oi A; so for GA and AB. 

Also this circle is imaginary if the triangle is acute-angled ; 
for then is inside the triangle and hence />* (= OA . OA') is 
negative. 

Sx. 1. Describe a circle to cut the three sides qf a given triangle hamionicaUy. 
When is this circle real ? 

Sx. 2. In any triangle the circles on the sides as diameters are orthogonal to 
the polar cirde, 

Ex. 3. If any three points X, F, Z he taken on the sides BC, CA^ AB 
of a triangle, the circles on AX, BY, CZ as diameters are orthogonal to the polar 
circle, 

Ex. 4. The cirde on each of the diagonals of a quadrilateral as diameter 
is orthogonal to the polar circle of each qf thefowr triangles formed by the sides 
of the quadrilateral, 

Ex. 6. Hence the two sets of circles are coaxal. Hence the middle 
points of the three diagonals of a quadrilateral are coUinear; and the four ortho- 
centres qf the four triangles formed "by the sides of a quadrilateral are coUinear, 

Ex. 6. Every drde cutting tujo qfthe cirdes on the three diagonals of a quadri' 
lateral orthogonally, cuts the third also orthogonally. 

For it cuts two circles of a coaxal system orthogonally. 
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16. Th^ Mrmonic triangle of a quadrangle mscrihed in a 
circle is self-conjugate for the circle. 

Let UVW be the harmonic triangle of the quadrangle 
ABCD inscribed in a circle. Then UVW is self-conjugate 
for the circle. 



Let JJV meet AC rn L and BB in M. Then since 
Y{WU, BA) is harmonic, hence (Wi, AG) and (TOf, BD) 
are harmonic. Hence L and M lie on the polar of W, i.e. 
UV is the polar of TF. Similarly YW is the polar of CT, 
and WU of Y. 

17. With the ruler only, to construct the polar of a given point 
for a given circle. 

To construct the polar of Y for the given circle, draw 
through Y any two chords AD and BC of the circle. Let 
BAj CD meet in U, and AG, BB meet in W. Then by the 
above theorem WTJ is the polar of Y. 



Through U one of the harmonic points qf a quadrangle inscribed in 
a circle is draum a chord cutting the circle in aa^j and the pairs of opposite sides 
in ht/, ctfi shxm that \f one of the segments aa^j Wf cxf is bisected <xt U, the others 
are also bisected at U. 

"Let the IransYersal cut the opposite side of the harmonic triangle in 
^y then UJl diyides each segment harmonically. 

18. The three diagonals of a qmdrilaterdL circumscribing a 
circle form a triangle self-conjfugate for the circle. 

Let the three diagonals AA', BB', GC^ of the quadrilateral 
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BA^ Affy B^A\ A'B circumscribing the circle form the tri- 
angle a^y. Then afty (the harmonic triangle of the quadri- 
lateral) is self-conju- 
gate for the circle. 

Since (^y, AA^) is 
harmonic, hence C(/3y, 
AA') 2,n^ e {^y, AA') 
are harmonic, i.e. Cy 
is the fourth harmonic 
of a/3 for the tangents 
from G, and Cy is the 
fourth harmonic of a/3 
for the tangents from 
C". Hence aji is con- 
jugate to Cy and to 
Cy, i.e. the pole of a/3 lies on Cy and on Cy* Hence y is 
the pole of a/3. Similarly a is the pole of /3y, and /3 of ya. 

19. With the ruler only, to construct the pole of a given line 
for a given circle. 

This may be done by the above theorem ; but better by 
finding by § 1 7 the meet of the polars of two points on the 
given line. 

Sx. The two lines joining Uw opposite meets of common tangents of two 
circles which are not centres of similitude cut the line of centres in the limiting 
points. 

For these points are two vertices of a self-conjugate triangle 
with respect to both circles. 

20. The harmonic triangle of a quadrUateral circumscribed 
to a circle coincides with the harmonic triangle of the inscribed 
quadrangle formed by the points of contact. 

In the figure of § 18, let B'A, AB, BA', A'B" touch the 
circle in a, b, c, d. Comparing with the figure of § 16, we 
see that we have to prove that ac and bd meet in y, that ha 
and cd meet in a, and that cb and da meet in /3. Now ba is 
the polar of A and cd is the polar of A^] hence ba and cd 
meet in the pole of AA'y i.e. in the pole of /3y, i.e. ba and cd 
pass through a. Similarly ac and bd pass through y, and cb 
and da pass through ft. 
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The theorem is sometimes erroneously stated thus — Of the 
two quadrilaterals formed hy four tangents to a circle and the 
points of contact, the four internal diagonals are concurrent and 
form a harmonic pencU, and the tivo external diagonals are col- 
linear and divide one another harmonically. 

The former part follows from y being a harmonic point of 
the quadrangle. The latter part follows from pa being a 
harmonic line of the quadrilateral. 

!ESx. "L If the whdU figure be symmetrical for AA^ and if the angle ABA' he 
right, show that ac, bd bisect the angles between AA' and BB^, 

By elementary geometiy each of the angles at 7 is 45**. 

Sx. 2. AA' meets ab in P and cd in P', and so on, S?iow that the six points 
PP'QCjfRBf lie three by three on four lines. 
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CHAPTER IV. 



PEOJECTION. 



1. Given a figure </) in one plane tt consisting of points 
A, Bf C, ,.* and lines I, m, n, ..., we can construct another 
figure </)' consisting of corresponding points A'y ^, C,... 
and lines T, m', w', .•• in the following way. Take any 
point V (called the vertex of projection) and any plane i/ 
(called the plane of projection). Then A\ B^, (7, . . and 
Z', m', n^f ... are the points and lines in which the plane 
of projection meets the lines and planes joining the vertex 
of projection to A, B, 0,-.. and Z, w, w,.... Each of the 
figures <i> and <\/ is called the projection of the other ; and 
they are said to be in projection. 

Also each of the points A and A' is said to be the projec- 
tion of the other ; so for the points B and B^j C and C, &c., 
and for the lines I and Z', m and m^, n and n% &c. The line 
in which the planes of the figures </> and <l/ meet may be 
called the axis of projection. 

When the vertex of projection is at infinity we get what 
is called parallel projection ; in this case all the lines AA^^ 
BB^, CC\ ... are parallel. A particular case of parallel pro- 
jection is orthogonal projection. 

The lines AA\ BB', CG\ ... are called the rays of the 
projection ; and projection is sometimes called radial projec-- 
tion to distinguish it from orthogonal projection. 

Figures in projection are also said to be in perspective 
in different planes ; and then the vertex of projection is 
called the centre of perspective, and the axis of projection 
is called the aods of perfective, and each figure is called 
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the perfective or picture of the other. Note that figures 
may also be in perspective in the same plane. (See XXXL) 
Some writers use the term conical projection or cenh^al 
projection or central perspective for radial projection. 

2. The projection of the join of two points Ay B is the join of 
the projections A\ B' of the points A, B. 

The projection of the meet of the two lines I, mis the meet 
of the projections t, m' of the lines Z, w. 

The projection of a/ny point on the axis of projection is the 
point itself 

Every line and its projection meet on the axis of projection. 

The proofs of these four theorems are obvious. 

The projection of a tangent to a curve yata point A is 
the tangent at A' {the projection of A) to the curve / {the pro- 
jection ofy). 

For when the chord AB of y becomes the tangent at J. to 
y\>Y B moving up to A, the chord A'B' of / becomes the 
tangent at ^' to / by 5^ moving up to A\ 

The projection of a meet (ic. a common point) of two curves is 
a meet of the projections of the curves. 

The projection of a common tangent to two curves is a common 
tangent to the projections of the curves. 

The proofs of these theoremis are obvious. 

3. The plane through the vertex of projection parallel to 
the plane of one of two figures in projection meets the plane 
of the other figure in a line called the vanishing line of this 
plane. 

Ea^ch vanishing Une is parallel to the axis of projection. 

For the axis of projection and the vanishing line in the 
plane tt are the noreets of it with i/ and with the plane 
through V parallel to it\ 

Every point at infinity in a plane lies on a single line {called 
the line at infinity). 

Let A be the point at infinity on any line I in the plane ir. 
Through any point V not in the plane draw a plane p 
parallel to the given plane. Then p passes through A ; for 
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p, being parallel to the plane of /, meets I at infinity. 
Similarly p passes through every point at infinity in -tt. 
Also every point of intersection of tt and p is at infinity on 
TT. Hence the points at infinity on -ir are the points of inter- 
section of the two planes ir and p. And as two planes when 
not parallel meet in a line, we may say for the sake of con- 
tinuity that two parallel planes also meet in a line. Hence 
the points at infinity in a plane He on a line. 

The vanishing line in one plane is the projection of the line at 
infinity in the other plane. 

For the plane joining V to the vanishing line is parallel 
to the other plane. 

To project a given line to infinity. 

With any vertex of projection, project on to any plane 
parallel to the plane containing the given line and the 
vertex of projection. Then the projection of the given line 
will be the intersection of these two parallel planes and will 
therefore be entirely at infinity. 

4, The vanishing point of a line is the point in which the 
line meets the vanishing line of its own plane. 

The angle between the projections of any two lines I and >w is 
the angle which the vanishing points of I and m subtend at the 

vertex of projection. 

Let I and m meet in A, and 
let I meet the vanishing line i 
in B and let m meet i in C 
We have to show that the pro- 
jection of the angle BAG is 
equal to BVC, V being the 
vertex of projection. Now the 
plane of projection i/ is paraUel 
to the plane BVC. Also A'B' 
is the meet of the plane A VB and tt'. Hence A'B^ and VB 
(being the meets of the plane A VB with the two paraUel 
planes ir' and BVG) are parallel. Similarly A'C^ and VC 
are parallel. Hence Z BTA'Cf^ Z BVG, 
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AU angles whose bounding lines have the same vanishing points are 
projected into equal angles. 

5. To project any two given angles into angles of given mag- 
nitudes and at the same time any given line to infinity. 

Let the given angles ABC^ DEF meet the line which is to 
be projected to infinity in AC, DF, Then since A, C are 
the vanishing points of the lines BA, BC, hence the angle 
A'B'C is equal to ^ FC ; so Z I/E'F'^ Z DYF. Hence to 
construct V draw on AC k segment of a circle containing an 
angle equal to the given angle A'BfC'j and on DF and on the 
same side of it as before describe a segment of a circle con- 
taining an angle equal to the given angle I/WF\ Let these 
segments meet in F. Eotate F about ACBF ovX of the 
plane of the paper. Then if we project v^ith vertex F on to 
a plane parallel to the plane YACDF, the problem is solved. 
For the line ABCF will go to infinity. Also ABC will be 
projected into an angle equal to A VC, i.e. into an angle of 
the required size. So for BEF. 

The segments may meet in two real points or in one or 
in none. Hence there may be two real solutions of the 
problem or one or none. 



:. In the exceptianal case when the vanishing Une is paraUd to one qf the 
lines o/one of the angles, give a consiruciionfor the vertex of projection. 

Let ^ be at infinity. Through C draw a line making with CF 
the supplement of A'WQf. This will meet the segment on BF in V. 

6. Given a line I and a triangle ABC, to project I to infinity 
a/nd each of the angles Ay B, C into an angle of given size. 

Suppose we have to project A, B, C into angles equal to 
«> ^> y» where of course a + ^ + y= 180°. Let I cut BC, CA, 
AB in P, Qy B. Of the points P, ft R let Q be the pomt 
which lies between the other two. On BQ describe a seg- 
ment of a circle containing an angle equal to a. On QB and 
on the same side of I describe a segment of a circle contain- 
ing an angle equal to y. These two segments meet in Q ; 
hence they meet again in another point, F say. For if the 
supplements of the segments meet in F, then jBFQ + QFP= 
180° — a + 180® — y = 180° + ^> 180°, which is impossible. 
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Now rotate F about I out of the plane of the paper. With 
F as vertex of projection, project on to any plane parallel to 
Y^q ; and let ^'-B'C be the projection of ABC. 

We have to prove that A'— a, B'—fi, G'—y. Through B 
draw a parallel to YB meeting YQ, in X. Then i2KJt=a, 
YXB^y, and XBF=^. Also A'Bf is parallel to YB, BC 
is parallel to YB and therefore to 2?X, and GA' is parallel to 
FQ. Hence the sides of the triangles A'B^Cj and YBX. are 
parallel. Hence the angles are equal ; Le. A'=a, j^=y9y 
C=y. 

7. To project any tricmgle into a triangle with given angles 
a/nd sides a/nd any line to infinity. 

Project as above the given triangle ABC into A'BC^ in 
which LA'^La', LB^LV, LG'^Le', o'6V being the 
triangle into which ABC is to be projected. On YA' take 
a point B such that YB\YA'\ : Vdx BC\ Through B draw 
a plane parallel to A'BC cutting FJ5' in ^ and YG' in J2. 
Then by similar triangles YB : YA'\ : QJS : BG'\ hence 
qB = 6 V. So BB = c V, PQ = a%\ Hence PQJK is super- 
posable to a'Vd and in projection with ABG. 

Hence we can project any triangle into an equilateral triangle 
of any size and any line to infinity, 

SjX. L Project any four given points into the angular points qf a square of given 
size. 

Let ABCD (II. 12) be the given points. Project UV to infinity and 
the angles VAU, LWM into right angles. Then in the projected figure 
AB and CD are parallel, and also AD and BC. Also BAD is a right 
angle and also AWD. Hence the figure is a square. We can change 
its size as before. The construction is always real since the semicircles 
on LM and UV must meet since LM and UV overlap. 

SiX. 2. Project any hoo homologous triangles (see § 11) simuUaneou^y into 
equilateraZ triangles. Is the construction alujays real 9 

Sz. 3. Project any three angles into right angles. 

Let the legs of the angles A and B meet in L and M^ and let LM cut 
the legs of C in DE ; then on LM and DE describe semicircles. 

SjX. 4. If two quadrangles have the same harmonic points, then the eight 
vertices lie on a conic ; as a particular case, if any three of the points are 
coUinear, the eight vertices lie on two lines. 

Project one of the sides UV of the harmonic triangle to infinity, and 
the angles UAV and UL^l^Finto right angles, and the angle LWM into a 
right angle. The quadrangles are now a square and a rectangle with 
parallel sides and the same centre ; hence the vertices by symmetry 
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lie on a conic whose axes are parallel to the sides. If however W is on 
BD, clearly this conic degenerates into the common diagonals ; so if B^ 
is on BA, the conic degenerates into BA and CD, and if .8^ is on BC into 
BC and AT). (See also XTL 7.) 

8. In projecting from one plane to another, there are in each 
plane two points such that every angle at either of them is pro* 
jected into an equal angle. 

Let the given planes be tt and tt^ Draw the planes a and 
/3 bisecting the angles between the planes tt and 7/, Through 
the vertex of projection V draw a line perpendicular to a 
cutting the planes tt and n' in E, E\ and a line through V 
perpendicular to /3 cutting the planes tt and tt' in F, F^, 
Then every angle at E will be projected into an equal angle 
at E^y and every angle at F will be projected into an equal 
angle at F\ 

The figure is a section of the solid figure by a plane through 
V perpendicular to the planes tt and i/. Let this plane 
meet the axis of pro- 

jectioii in JST, and let ' 

the legs of any angle 
at ^ in TT meet the 
axis of projection in 
L, M. Then the 
angle LEM projects 
into the angle 
LE'M. 

But EK-E'K 
by construction and 

Z EKL = Z E'KL = 90°. Hence the figure EKLM is 
superposable to the figure E^KLM. Hence the angle LEM 
is equal to the angle LE^M, i.e. any angle at E is projected 
into an equal angle at E\ So any angle at F is projected 
into an equal angle at F\ 

0. The projection of a harmonic range is a harmonic range. 

For if A'SC'iy be the projection of the harmonic range 
ABCBy then V and the lines AB, A'Bf lie in one plane. 
Hence by IL 7. 

The projection of a harmonic pencil is a harmonic pencil. 
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Draw any line cutting the rays of the harmonic pencil 
U{ABCD) in a, &, c, d. Let U' {A'S^C'I/) be the projection 
of the pencil U{ABCD\ and a', V, c', df the projections of 
a, 5, c, d. Then a being on UA, a' is on CT^J.', and so on ; 
hence TJ' [A/BfO'If) is harmonic, if {aVc'd') is harmonic. 
And {a'Vc'd^ is harmonic, since {abed) is harmonic. 

10. To prove Jyy Projection the harmonic property of a com- 
plete quadra/ngle. 

In the figure of II. 12, suppose we wish to prove that 
V{BA,WU) is harmonic. Project CD to infinity. Then 
VA WB is a parallelogram and U is the point at infinity on 
BA, Let YW cut BA in 0. Then in the new figure 




^o 



Y{BA^ WU) is harmonic, for (BA, OU) is harmonic since 
J?0 = OJ- and JT is at infinity. It foUows that YiBA, WU) 
is harmonic in the given figure. So V{AD^YW) and 
W(CD, UY) can be proved to be harmonic. 

Ex. Pr&ce by Projedmi the harmonic property qfa complete quadrilateral. 

Homologous Triangles. 

11. Two triangles ABC, A'B^O' are said to be homologous 
(or in perspective) when AA% BB\ CC meet in a point 
(called the centre of homology or centre of perspective) and 
also {BC] B^C), {CA ; CA"), {AB; A'B") lie on a Hne (caUed 
the acois of homology or the axis of perspective). 
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If two triangles in the same plane he copolar, they are coaxal ; 
a/nd if coaxal, they are cqpolar. 

(i) Let the two triangles ABC, A'B^C be copolar, i.e. let 
AA', BBf, OCT meet in the point ; then they are coaxal, 
i.e. {BC; B^C), {CA; CA% {AB; A'B") lie on a line. 

Call these three points X, Y, Z, Then we have to show 




that TZ passes through X. Project TZ to infinity. Then 
in the new figure AA\ BB^, C(f meet in a point ; also AB 




is parallel to A'B^ and ACio A^G\ Hence 

OB:OB'::OA:OA'::OC: 0C\ 
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And since OBiOB'iiOC: 00', BC is parallel to VC% i.e. 
Z is at infinity, i.e. X lies on FZ, i.e. XYZ are collinear. 
Hence in the original figure XTZ are collinear, i.e. the tri- 
angles ate coaxal. 

(ii) Let the triangles be coaxal, i e. let (JBO; BfC% 
(CA ; 0'^')> (-^^ ; -4'jB') be collinear ; then they are copolar, 
i.e. AA% BB^, CC^ meet in a point. 

Project XYZ to infinity. Then in the new figure BC is 
parallel to 5'C', CA to C'A\ and AB to A'B^. Let -4 J." and 
J9jr meet in 0. Then 0-8:0^ :: 4^:^'^:: 50: -B'O'; 
and Z OBC = Z 0J?'0'. Hence the triangles OBC and 0^0' 
are similar. Hence LBOC— LB'OC. Hence CC passes 
through 0. Hence AA\ BB^^ CC meet in a point. Hence 
AA\ BB'j CG meet in a. point in the original figure. 

12. If the triangles are not in one plane, the proofs are 
simpler. 

If two tricmgles he copolar, they are coaxal. 

(Use the same figure as before, but remember that now 
the triangles are in different planes.) Since AB, A'B^ lie in 
the plane OAA'BB^, hence AB, A'Bfms^i in a point on the 
meet of the planes ABC, A'B!C\ Similarly (CA ; C'A'\ 
{AB ; A'B') lie on this line, ie. the triangles are coaxal. 

If two trio/ngles he coaxal, they are copolar. 

The three planes BCXB^C, CATC A', ABZA'B" meet in 
a point ; hence their meets AA% BB^, CC pass through this 
point, Le. the triangles are copolar. 

Sz. L Hence {py taking the angle hetu>een the planes evanescent) deduce 
that coaaxU triangles in the same plane are copolar ; and (py a * reductio ad 
aibsurdum* proqf) thai copolar triangles are coaaxH, 

"Ex.. 2. If two triangles ABC, A^JBfif in the same plane he such that AA\ 
BBf, CCf meet in a point ; and if on any line through not in the plane 
he taken iioo points V, V ; shoM) that VA, V*M meet in a point A^', and VBj 
V'Bf in a point B^% and VC, T(f in a point (/' ; and that the three triangles 
ABC, A^BfOf, M'B^'0^ are such that corresponding sides meet in threes at three 
points on the same line, viz, the meet qf the given plane and the plane qfthe 
triangle A^Bf^a'. 

For the triangles AA'A'\ BB'B^' are coaxal (and not in the same 
plane) ; hence they are copolar. 

This gives ns another proof that triangles in the same plane which 
are copolar are also coaxal. 
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Ex. 3. Th& sides BCy B^Cf of two triangles in the same plane meet in Xy and 
CAf (fA^ meet in F, and AB, A^Bf meet in Z; and X, Y, Z are coUinear. The 
lines joining A, B, C to any vertex V not in the plafie ABC cut any plane through 
Z,T,Zbut not thrmgh V in A^^ Bf'^ 0". Shwo that A^A^^y WB", (f(f' meet 
tn a point V «mc/i iha^ AA\ BB^, CCf meet in the point where W cuts the 
plane qf the triangles. 

For Bf'A'' passes through Z. 

This gives us another proof that triangles in the same plane which 
are coaxiekl are also copolar. 

Ex. 4. If three triangles ABC, A'B^Cf, A^'Bf'Cf', which are homologous 
inpairsy he sfuch that BC, B^G^y Bf'Ct^ are concurrent and CA, CtM, (f'A'^ and 
AB, A'Bfy M^Bf^ ; then the three centres qf homology qf the triangles taken 
in pairs are coUinear, 

For the triangles AAfA'^y BBfBf' are copolar and therefore coaxal. 

Ex. 6. If three triangles ABC, A^Bf(fy Af^Bf'Cf' be such that AAfA'^y 
BB^Bf\ CCf(f' are concurrent Unes ; then the axes qf homology of the triangles 
taken in pairs aare concurrent. 

For the triangles whose sides are AJBy A'Bfy A"Bff and AC, A'C^, A"(J' 
are coaxal and therefore copolar. 

Ex. 6. If the points A% BfyC^ lie <m, the lines BCy CA, AB, and if AA', 
BBf, C(f meet in a point, show that the meets qf BC, Bf(f, ofCA, C^A' and of 
AB, A'Bf lie on a line whu^ bisects the lines draum from A, B, C to BC, CA, 
AB parallel to B'C, CA', A'Bf, 

The line is the axis of homology of the two triangles. Let AB, A'Bf 
meet in Z, and BC, BfCf in X Bisect AL (parallel to BfCf) in 0. It is 
sufficient to prove that AZ,BX, LO^^ZB.XL, OA, But LO = OA ; 
and AZ iBZ ^ A(f I C'B ^ LX X XB. 



7. The triangles ABC, A'BfCf are coaxal ; if {BC; Bf(f) be X, 
(CA; CfA') be T, {AB ; A'BT) be Z. {BCT ; BfG)beX', {CA' ; CfA) be T', 
(ABf, A'B) be Z'; then XY'Z', JCY27, X^TZ are lines. 



CHAPTEE V. 

HARMONIC PBOPEETIES OF A CONIC. 

1. We define a conic section or briefly a conic as the pro- 
jection of a circle, or in other words, as the plane section of 
a cone on a circular base. The plane of projection may be 
called the plane of section. 

From the definition of a conic it immediately follows 
that — 

Every line meets a conic in two points, real, coincident, or 
imaginary. 

From every point can he drawn to a conic two tangents, real, 
coincident, or imaginary. 

For these properties are true for a circle, and therefore for 
a conic by projection. 

2. There are three kinds of conies according as the vanish- 
ing line meets the circle, touches the circle, or does not meet 
the circle, or more properly according as the vanishing line 
meets the circle in real, coincident, or imaginary points. 

If the vanishing line meet the circle in two points P and 
Q, then, V being the vertex of projection, the plane of 
section is parallel to the plane VPQ, and therefore cuts the 
cone on both sides of V, Hence we get a conic consisting 
of two detached portions, extending to infinity in opposite 
directions, called a hyperbola. 

If the vanishing line touch the circle, and TT' be the 
tangent, then the plane of section, being parallel to the plane 
FZT' which touches the cone, cuts the cone on one side only 
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of F. Hence we. get a conic consisting of one portion ex- 
tending to infinity, called a parabolfL 

If the vanishing line does not meet the circle, the plane 
of section is parallel to a plane through V which does not 
meet the cone except at the vertex, and therefore cuts the 
cone in a single closed oval ciuve, called an eUipse, 

Since the line at infinity is the projection of the vanishing 
line, it follows that the line at infinity meets a hyperbola in 
two points, touches a parabola and does not meet an ellipse, 
in other words, the line at infinity meets a hyperbola in two real 
points, a parabola in two coincident points, and an ellipse in two 
imaginary points, or, again, a hyperbola has two real points at 
infinity, a parabola two coincident points, and an ellipse two 
imaginary points. 

3. A pair of straight lines is a conic. 

For let the cutting plane be taken through the vertex, so 
as to cut the cone in two lines. Then these lines are a 
section of the cone, ie. a conic. 

But properties of a pair of lines cannot be directly obtained 
by projection from a circle. For let the cutting plane meet 
the circle in the points P and Q. Then the projection of 
every point on the circle except P and Q is at the vertex, 
whilst the projection of P is any point on the line VP and 
the projection of Q is any point on the line VQ. Now if we 
take any point If on one of the lines VP and VQ, its pro- 
jection is P or Q unless Bf is at the vertex and then its pro- 
jection is some point on the rest of the circle. 

To get over this difl&culty we take a section of the cone 
parallel to the section through the vertex. Then however 
near the vertex this plane is, the theorem is true for the 
hyperbolic section ; hence the theorem is true in the limit 
when the section passes through the vertex and the hyper- 
bola becomes a pair of lines. 

4. A pair of points is a conic. 

This follows by Eeciprocation. (See VIII.) For the re- 
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ciprocal of two lines is two points and the reciprocal of a 
conic is a conic. Hence two points is a conic. 

Clearly however we cannot obtain two points by the 
section of a circular cone. 

5. As in the case of the circle we define th& polar of a 
point for a conic as the locus of the fourth harmonics of the 
point for the conic. 

The polar of a point for a conic is a line. 

Through the given point U draw a chord PP^ of the conic 
and on this chord take the point B, such that {PP\ UR) is 
harmonic. We have to show that the locus of 22 is a line. 
Now by hypothesis the conic is the projection of a circle. 
Suppose the range (JPF'j UR) is the projection of {pp% ur) in 
the figure of the circle. Then since (PP', UR) is harmonic, 
so is {pp\ uf). Hence r is on the locus of the fourth har- 
monics of u for the circle ; hence the locus of r is a line. 
Hence by projection the locus of i2 is a line. 

As in the case of the circle, if the line u is the polar of U 
for a conic, then U is defined to be the pole of u for the 
conic ; and U and u are said to be pole a/nd polar for the 
conic. 

We have proved above implicitly that The projection of a 
pole a/nd polar for a circle is a pole and polar for the conic which 
is the projection of the circle. 

The following theorems now follow at once by projection. 

IfFhe outside the conic, the polar of Pis the chord ofconta>ct 
of tangents from P. 

If P he on the conic, the polar of Pis the tangent at P, and 
the pole of a tangent is the point of contact 

Note that a point is said to be inside or outside a conic 
according as the tangents from the point are imaginary or 
real, i.e. according as the polar of the point meets the curve 
in imaginary or real points. When the point is on the 
conic, its polar, viz. the tangent, meets the curve in coincident 
points and the tangents from the point coincide with the 
tangent at the point. 
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:. 1. T(^isa chord of a wnic through the fixed point U, and u is the polar of 
U ; show that (P, w) - * + (Q, «)-'{« constant 

viz. = a, (U, u)~^ by similar triangles. 
Sx. 2. J[f further a he any linsj show that 

(p,tt) (g,«)" •(cr,M)* 

Take the meet of PQ and a as origin. 

Sz. 3. From any point on the line u, tangents p and q are drawn to a conic, 
and U is the pole qfu, and A is any point; show that 

iU,p)^{U,q) '(JI,u) 
Take U on the range UA as origin. 

6. Since a pole and polar project into a pole and polar, 
the whole theory of conjugate points and conjugate lines for 
a conic follows at once by projection from the theory of 
conjugate points and conjugate lines for a circle. Hence all 
the theorems enunciated in III. 10-12 for a circle follow for 
a conic by projection. 

Sx. l.Ifa series of conies be drawn touching two given lines at given points, 
the polar of every point on the c?iord qf contact is the same for aU. 

Let the conies touch TL and TM at L and M, The polar of P on LM 
passes through T the pole of LM and passes through the fourth har- 
monic of P for LM, 

XiX. 2. The pole qf any line through T is the same for aU, 

"Ex.. 8. TP, TQ touch a conic at P and Q, and on PQ is taken the point U such 
that TO bisects the angle PTQy and through U is drawn any chord RUBf of the 
conic ; show that TU also bisects the angle RfBf. 

Draw TO' perpendicular to TO ; then TO* is the polar of C7. Hence 
{ZO, RBf) is harmonic, Z being on TO\ 

XiX. 4u Ais a fixed point, Piaa point on the polar qf Aifor a given conic. 
The tangents from P meet a fixed line in Q, R, ARj PQ meet in Jl; and AQ, 
PR in T. Show that XY is a fixed line. 

Viz. the fourth harmonic of jBJB for BP and BA, B being the meet of 
QR with the polar of A. 

Sx. 6. The polar qf any point taken on either qf two eor^itgate lines for a conic 
meets the lines and the conic in pairs q^ harmonic points.. 

For if P be the point,, its- polar meets the other llQe in the pole 
of the line on which P is. 

Sx. 6. A, By C are three points on a come and CT is the tangent ai C; if 
C (TDy AS) be harmonic, show thai CD passes trough the pole qfAB. 

Ex. 7. TP, TQ touch a conic at P, Q ; the tangent at R meets PQinN,PT in 
L, QT in Ms show that (LM, RN) is harmonic, 

TjUL 8. A and B are two fixed points ; a line through A cuts a fixed conic 

E 



50 Harmonic Properties of a Conic. [ch. 

in C and D, BB cuts the polar of A in F, and BC cuts the polar in E ; skc/u) that 
DE and CF meet in a fixed point. 

Viz. the fourth harmonic of B for A and the meet of AB with the 
polar of A, 

Ex. 9. Through U, the mid-point of a chord AB qf a conic is dravm any 
chord PQ. The tangents at P and Q cut AB in L and M. Prove that AL = BM. 

If R he the pole of PQ, then iJ fl is the polar of U, H being the point 
at infinity upon AB. Hence UL = VM. 

Ex. 10. Tfie tangents TP, TP^ to a conic are cut by the tangent at Q (which is 
pardUd to the chord of contact PP^) in L, If; show that LQ = QL\ 

Ex. 11. Through the point U is drawn the chord PQ of a conic and UY 
is drawn perpendicidar to the polar of U; show that UY bisects the angle PYQ 
or its supplement, 

7. The theory of seLf-conjugate triangles for a conic follows 
at once by projection from a circle, since the theory involves 
only the theory of poles and polars. 

Oftlm three vertices of a self-conjfugate triangle two are outside 
and one inside the conic. 

Let UVW be the vertices of the given triangle. Then if 
U is outside, VW, being the polar of U, cuts the conic. 
Also F, W form a harmonic pair with the meets of VW 
with the conic ; hence F or TT is outside the conic. 

If U is inside, VW does not cut the conic, and hence V 
and W are both outside the conic. 

Ex. 1. Of the three sides of a self-conjugate triangle two meet the conic and 
one does not 

Ex. 2. The joins of n points on a conic meet again in three times as many 
points as there are combinations ofn things taken four together, and qf these meets 
one'third lie imthin and two'thirds urithout the conic, 

Ex. 3. Show that one vertex of a triangle self-conjugate for a given conic 
is arbitrary, that the second vertex may be taken anywhere on the polar of the- 
first, and that the third vertex is then knoum, 

Ex. 4. Shmo that one side may be taken arbitrarily and complete ihs construc- 
tion. 

8. The harmonic jpoints of a quadrangle inscribed in a conic 
form a tria/ngle which is self-conjugate for the conic. 

The harmonic lines of a quadrilateral circumscribed to a conic 
form a triangle which is self-conjugate for the conic. 

If a quadrilateral be circumscribed to a conic, the harmonic 
triangle of this quadrilateral coincides with the harmonic triangle 
of the inscribed quadrangle formed by the points of contact. 



v.] Harmonic Properties of a Conic. 5 1 

For these propositions are true for the circle, and they 
follow for the conic by projection. So also — the quadrcmgU 
construction for the polar of a point applies to a conic. 

Through a given point P draw a pair of tangents to a conic. 

By the quadrangle construction obtain the polar of P for 
the conic, and join P to the points where this polar cuts the 
conic. The joining lines are the tangents from P to the 
conic. 

Ex. 1. Ay By Cy D ttTe four points on a conic ; AB, CD meet in Ey and AC 
BD meet in If, and the tangents at A and D meet in Q ; show that E, 0, H are 
coUinear. 

!EjX. 2. A system qf conies touch AB and AC at B and C. D is a fixed point 
and BD, CD meet one of the amies in P, Q. Show that PQ meets BC in a fixed 
point. 

Viz. tlie pole of AD. 

Sx. 3. Through the fixed point A is draton the variable chord PQofa conic, 
and the chords PUy QV pass through the fixed poini B, Show that UV passes 
through a fixed point. 

Viz. the fourth harmonic of A, for B and the polar of R 

Ex. 4. PF'y Q</ are chords of a conic through C, and A and B are the points 
of contact of tangents from C. Show that a conic which pyuc?ies the four lines PQy 
P^i/y P^Qf Pqf and passes through B, touches BC at B. 

For AB is the polar of C for the new conic. 

Ex. 5. The lines ABy BC, CDy DA touch a conic at ay b, c, d, and AB and 
CD are pardlld. If ac, bd meet at Ey and ADy BC meet at F, show that 
FE bisects AB and CD. 

For if AB and CD meet at Q, then FE and FCl are conjugate lines. 

Ex. 6. Through one of the vertices U of a triangle UVW se{f-conjugate 
for a conic are drawn a pair (if chords of the conic harmonic with UV and UW. 
Show thai the lines joining the ends of these chords aUpass through V or W. 

Through U draw the chord PQ, and join Q to V. 

9. If one point on a conic he 
given and also a triable self- 
conjugate for the conic, tJien 
three other points are hnown. 

Let A be the given point 
and UVW the given self-con- 
jugate triangle. Let TJA cut 
WV in L. Then the other 
point D in which UA cuts the 
conic is known since (UALB) is harmonic. Similarly the 
points C and B where VA and WA cut the conic are known. 

E 2 
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The four points A, B, (7, D form an inscribed quadrangle of 
which ZTVW is the harmonic triangle 

By construction {UALD) is harmonic ; hence W{UAVD) 
is harmonic. Similarly W{UAVG) is harmonic. Hence 
WD and WC coincide, i.e. WD passes through (7. Similarly 
UB passes through G, Hence the pole of UW is the meet 
of AG and BD. But the pole of UW is V. Hence BD 
passes through V. 

IjX. L Show that if one tangent of a conic he given and aZso a setfcor^uga^ 
triangle f then three other tangents are known; and that the four tangents together 
form a circumscribed quadrilateral qf which the given triangle is the harmonic 
triangle. 

IjZ. 2. Xftujo sides qfa triangle inscribed in a conic pass through tujo vertices 
of a triangle selfconjugate for the conic, then the third side tmU pass through 
the third verteoc 

10. Properties peculiar to the parabola follow from the 
fact that the line at infinity touches the parabola. 

The lines TQ, TQ^ touch a parabola at Q, Q^, and TV bisects 
QQf in V and meets the curve in P; show that TP = PV» 





Take the point at infinity on on QQ', Then since o) lies I 
on the polar of T, hence the polar of o) passes through T, 
Since (a)F, QQ') is harmonic, hence the polar of co passes 
through F. Hence TV is the polar of o). Now suppose 
the line at infinity to touch the parabola in 12. Then o) is 



I 
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on the polar of 12, viz. the line at infinity ; hence TY passes 
through i2. Also P and 12 being points on the curve, there- 
fore (TF, P12) is harmonic ; hence TP = ^Y. 

For clearness the figure is drawn of which the above 
figure is the projection. In this case, as in other cases, the 
theorem might have been proved directly by projection. 

Sx. 1. Thb line haJf'ioay hedoeen a point and its poktrfor a parabola touches 
the parabda, 

Sx. 2. The lines joining the middle points of the sides of a iria/ngle se{f' 
conjugate for a parabola touch the parabola, 

XiX. 3. The nine-poini circle of a triangle se^f-coiyugaie for a parabola passes 
through tt^ focus. 

Sx. 4. Throfugh the vertices of a triangle circumscribing a paralx^ are draum 
lines parallel to the opposite sides; show that these lines form a triangle self- 
conjugate for the parabola. 

Being the harmonic triangle of the circumscribing quadrilateral 
formed by the sides of the triangle and the line at infinity. 

IiX. 5. No two tangents of a parabola can be parallel. 

For if possible let them meet at a; on the line at infinity ; then three 
tangents are drawn from ca to the conic, viz. the two tangents and the 
line at infinity. 

11. We define the pole of the line at infinity for a conic 
as the centre of the conic. Hence t?ie centre of a parabola is 
at infinity. For since the line at infinity touches the para- 
bola, the centre is the point of contact and therefore is on 
the line at infinity, Le. is at infinity. The centre of a hyper- 
bola is outside the curve since the polar of the centre cuts 
the hyperbola in real points ; and the centre of an ellipse 
is inside the curve since the polar of the centre cuts the 
ellipse in imaginary pointa The hyperbola and ellipse are 
called central conies. 

The centre of a central conic bisects every chord through it. 

Liet the chord FP' pass through the centre C of a conic ; 
then FC = CF^. For let FF^ meet the line at infinity in w. 
Then since co is on the polar of 0, hence (Ceo, FF') is har- 
monic. Hence FC = CF\ 

A. conic is its own reflexion in its centre. 

For if we join any point P on the conic to the centre C 
and produce PC backwards to P', so that CF'=^FC; then P' 
is another point on the conic. 
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1. AU conies drcumscrihing a paxdHelogram have their centres ai iM 
centre (^ ^he paraUdogram, 

For by the quadrangle construction for a polar, the polar of the in- 
tersection of diagonals is the line at infinity. 

XSx. 2. ABC is a triangle circumscribed to a conic, and the point P of contact 
of BC bisects BC; show that the centre qf the conic is on AP. 
For AP is the polar of the point at infinity upon BC, 

Ex. 3. Q</ is the chord of contact of tangents from Tto a conic, and CT cuts 
Oqf in V and the conic in P; show that CV, CT = CI*. 
For {PP^, TV) is harmonic. 

!Bx. 4. Qiven the centre of a conic and a self-cowijv^ate triangle ABC, 
construct six points on the conic. 

12. ITie locm of the middle points of parallel chords of a 
conic is a line (called a diameter). 

Let QQ^ be one of the parallel chords bisected in V. The 
system of chords parallel to QQf passes through a point (o at 
infinity. Also since (coF, QQ^ is harmonic, V is on the 
polar of on. Hence the locus required is the polar of co. 

All diameters of a central conic pass through the centre. 

All diameters of a parabola are parallel. 

For since a diameter is the polar of a point on the line at 
infinity, it passes through the pole of the line at infinity. 
Hence in a central conic it passes through the centre, and in 
a parabola it passes through a fixed point at infinity, viz. the 
point of contact of the line at infinity. 

Ex. 1. The tangents ai the ends qfa diameter arepardUel to the chords which 
the diameter bisects. 

Being the tangents from ca. 

Ex. 2. A diameter contains the pdes ofaUthe chords it bisects. 
Viz. the poles of lines through o;. 

Ex. S. Jf the tangehts at the ends of a chord are paraUd, the chord is a 
diameter. 

Ex. 4. Two chords qfa conic which bisect one another are diameters. 

13. Conjugate lines at the centre of a conic are called 
conjugate diameters. 

Each of two conjugate diawsters Insects chords parallel to the 
other. 

Let FCP' and JDCIf be conjugate diameters. Then by 
definition the pole of CP is on CD. But CP passes through 
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the centre ; hence the pole of C^ is at infinity. Hence the 

pole of CP is the point o) at infinity on CD. Through cd, ie. 

parallel to Z)2/, draw the 

chord Q^ meeting OP in 

F. Then since :p:P' is 

the polar of co, hence 

(QC Fft)) is harmonic, 

i.e. qy-Tq[. Hence 

l^F' bisects every chord 

parallel to DD'. So 2)1/ 

bisects every chord par- \^ yjj 

allel to ^F\ 




:. 1. A pair qf coiijugaie diameters form toilh the Una at if\finity a setf- 
cov^yugate triangle, 

Sx. 2. Ir^ the hyperbola one and only one qf a pair of oof^jitgate diameters 
cuts the curve in real points, 

"Ex. 8. The polar of a point is peeraUel to t?ie diameter conjugate tb the 
diameter covdaining the point. 

"Ex, 4. Hie tangents at the end of a diameter are pardOel to the cor^jugate 
diameter. 

Sx. 5. Tfie line joining any point to the middle point qf its chord qf eontaet 
passes through the centre. 

"Ex. 6. The sides qf a parallelogram inscribed in a conic are parallel to a pair 
ofconj%igate diameters ; and the diagonals meet at the centre, 

XiX. 7. 7%6 diagonals of a parallelogram circumscribing a conic are corrugate 
diameters ; and the points of contact are the vertices qf a parallelogram wfiose sides 
are parallel to the above diagonals. 

!ESx. 8. A tangent cuts two parallel tangents in P and Q, show thai CP and 
CQ are conjugate diameters. 

For, reflecting the figure in the centre C, this reduces to Ex. 7. 

14. If each diameter of a conic he perpendicular to its con- 
jugaU diameter, the con^ is a circle. 

Take any two points P, Q on the conic. Bisect PQ in V 
and join CV. Then CV is the diameter bisecting chords 
parallel to PQ, i. e. CV and PQ are parallel to conjugate 
diameters. Hence CV and PQ are perpendicular. Also 
PV = VQ. Hence CP = CQ. Hence all radii of the conic 
are equal, ie. the conic is a circla 

15. The asymptotes of a conic are the tangents from the 
centre. They are clearly the joins of the centre to the 
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points at infinity on the conic. In the hyperbola they are 
real and distinct, in the parabola they coincide with the line 
at infinity,' and in the ellipse they are imaginary. The 
asymptotes are harmonic with every pair of conjugate diameters. 
For the tangents from any point are harmonic with any pair 
of conjugate lines through the point. 

Any line cuts off equal lengths between a hyperbola and its 
asymptotes. 

Let a line cut the hy- 
perbola in Q, Q' and its 
asymptotes in B, K) then 

Itq = q^!. 

On BJK take the point 

at infinity o) and bisect 

qq' in F. Then since 

((2Q', Fo)) is harmonic, 

the polar of a> passes 

through F. Since o) is 

at infinity, its polar passes through (7. Hence GY is the 

polar of ft). Hence GY and Co) are conjugate lines. And 

Ci?, GB! are the tangents from 0. Hence GiJBK^ Fft)) is 

harmonic. Hence (J?i^, Fft)) is harmonic. Hence i2F= YK. 

But qY^Yq[. Hence Bq^q'B!. The proof appHes 

whether we take qQ[ to cut the same branch in two points 

or (as in the case of qcC) to cut different branches of the 

hyperbola. 

The intercept made by a/rvy tangent between the asymptotes is 

bisected at the point of contact 

For let q and (^ coincide ; then Bq = QJK'. 

!Ez. 1. Given the asymptotes and (me point on a hyperbola, (xmstrvAi any 
number of points on the curve. 

Sz. 2. Given the asymptotes and one tangent of a hyperbola, construct any 
number of points and tangents of the curi'e, 

Ex. 3. Two qf the diagonals of a quadrilateral formed by two tangents 
of a hyperbola and the asymptotes are paralld to the chord joining the points 
of contact of the tangents. 

Consider the harmonic triangle of the quadrangle formed by the 
points of contact and the points at infinity on the hyperbola. 

Ex. ^Ifa hyperbda be drawn through two opposite vertices of a paraUeHogram 
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with iis ttsymptotes paraUd to the sides, show thai the centre lies on the join of the 
other vertices, 

16. A rectangular hyperbola is defined to be a hyperbola 
whose asymptotes are perpendicular. 

Conjtigate diameters of a rectangular htfperhola are equally 
inclined to the asymjptotes. 

For they form a harmonic pencil with the asymptotes, 
which are perpendicular. 

Sx. The lines joining the ends qf any diameter of a rectangular hyperbola to 
any point on the curoe are equaUy inclined to the asymptotes. 

17. A principal axis of a conic is a diameter which bisects 
chords perpendicular to itself. 

All conies have a pair of principal axes; hut one of the prin- 
cipal axes of a parabola is at infinity. 

Consider first the hyperbola. Then the asymptotes are 
real and distinct. Now the bisectors of the angles between 
the asymptotes are harmonic with the asymptotes and are 
therefore conjugate diameters. But the bisectors are also 
]>erpendicular. Hence they are a pair of conjugate diameters 
at right angles. Each of the bisectors is therefore a prin- 
cipal axis ; for each bisects chords parallel to the other, i.e. 
perpendicular to itself. 

Consider next the parabola. We might say that here the 
asymptotes are coincident with the line at infinity ; and the 
bisectors of the angles between a pair of coincident lines are 
the line with which they coincide and a perpendicular to it. 
Hence the principal axes of a parabola are the line at in- 
finity and another line called the axis of the parabola. 

Or thus — All the diameters of a parabola are parallel. 
Draw chords perpendicular to a diameter, then the diameter 
bisecting these chords is perpendicular to them and is called 
the aoois of the parabola. The other principal axis (like the 
diameter conjugate to any of the other parallel diameters) is 
the line at infinity. 

Consider last the ellipse. Here the asymptotes are ima- 
ginary and this method fails. But it will be proved imder 
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Involution that there is always a pair of conjugate diameters 
of any conic at right angles. Hence the ellipse also has a 
pair of principal axes. (See XIX. 4.) 
An aais cuts the conic at right angles. 

For the tangent at the end of an axis is the limit of a 
bisected chord. 
A central conic is symmetrical for each axis. 

For the principal axis AL bisects 
chords perpendicular to itsel£ 

Let PMP' be such a chord. Then 
P' is clearly the reflexion of P in AIj, 
Le. the conic is symmetrical for AL. 
The same proof shows that 
A parabola is symmetrical for its 
axis, 

'Ex., L The tangent at P meets the axis CA in T and PN is the perpendicular 
on CA ; show that CN.CT 'm CA\ 

For PN is the polar of T, 

XiX. 2. PQ, PR touch a conic aJt Q, i2. PJf is drawn perpendicular to either 
axis, Shoto that PM bisects the angle QMR, 




CHAPTEE VI. 



CABNOTS TKEOBEM. 



1. The sides BCy CA, AB of a triangle cut a conic in the 
points A^A^, B^B.^y C^ Cj, show thai 

AC^.AC^.BA^.BA^. CB^. GB^ 

= AB^ . AB^. BCi.BC^. CA^ . CA^ 

By definition a conio 
is the projection of a 
circle. Let the points 
ABGA^A^... be the pro- 
jections oiA'BfOA^A^ . . . 
in the figure of the circle. 

Now in the circle we 
have 
A'C(. A'Gi. B!A;. BA^. CB,\ CB^ 

= A'B,'. A'B^. B!Gl.B!Gi. CfA(. G'A.; 

for A'G(. A'Gi= A'B(. A'B^\ and so on. 
Let V be the vertex of pro- 
jection. 




Then 



AG^ AAVG^ 



'2 



BG, ABVG^ 
_ AV. G^V. 8Ui AVG ^ 
" BV.G^V. sin BVG^ 

__AV sin^FCa 
"" JBF* sin -BFCj 

and so for each ratio. 
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TT AC^ .AC^ ... _ sin J.FO1. sin-AFCtj-- 

where each segment is replaced by the sine of the corre- 
sponding angle. Also the last expression 

sin JL'Fa/. sin J'FC/... ^ ,^. , J'C/. J'C/ ... 

= smA^VB,\ sinA'F^/... ' ^^ *^ ^^^^^ J'^/. A'^/ ... 

by exactly the same reasoning as before, and this has been 
proved equal to unity. Hence 

AC^. AC^. BA^ . BA^ . CB^ . CB^ 

= AB^ . AB^.BC^ . BC^ . CA^ . GA^. 

SjX. 1. The sides AB, BCy CD, . . . of a polygon meet a conic in A^ Aj, Bi B2, 
Cx Ca, . . • ; show that 

AAi . AA2 . BBi . BB^ . CCi . CC^ • • . ^ BA^ . BA2 « C^H^ • CB^, BCy . DCj . • . 

Elx. 2. jBv taJcing the conic to he a line and the line at infinityy deduce 
Mendaus*s theorem from Camof^s theorem, 

XiX. 3. If a conic touch the sides of the triangle ABC in Ai, Bi, Ci; then 
AAi , BBi, CCi are concurrent. 

For AB^\ CAyK BC^ = AC^, BA^. CB^ ; 

and we cannot have AB^^ . CA^ , BC^ « + -4Ci . BA^ . CBi , for then Ai B^ Ci 
would cut the conic in three points. 

"Ex, 4. If the vertex A in Camofs theorem he on the conic, show thai the ratio 
AC2 : ABi must he replaced hy sin TAG : sin TAB^ AT heing the tangent 
ai A, 

For Bi C2 is ultimately the tangent at A, 

Sz. 6. What does Camofs theorem reduce to when A, B, and C are on 
the curve? 

£lx. 6. Xf through Jioced points A, Bwe draw the chords ABi B2, BA2 Ax of 
a conic meeting in the variable point C, then the ratio 

BAi . BA2 . CBi . CB2 -r ABi . AB2 ,CA^, CA2 is constant, 

XiX. 7. Deduce the corresponding theorem when Bis at infinity, 

XiX. 8. Af Bf C are three points on a conic ; ffie tangents at ABC meet in 
GHK; points DBF are taken on BCy CAy AB such that ADy BE, CF are 
concurrent : s?iow that GDy HEy KF are concurrent. 

For sin DGB/sin DQC = DB/BCi-BG/CG, Now use two forms of 
Geva's theorem. 

£lz. 8. AC touches a conic at Ay AB meets it again in Ciy arui BC meets it in 
A2y Ai ; if the circle of curvature at A meet AB in Cfj show that 

A(f, CAi . CA^ ,BCi,BA ^ AC^ . BA^ , BA2 . CA\ 

Consider the circle of curvature as the limit of the circle through 
Bi B2 C3 . 

XjX. 10. IfAi A2 he paraUel to the tangent at Ay this reduces to 

ACf, BCi . BA = ACi , BAi . BA2 . 

XiX. 11. Deduce the expression a CD^ -V CPfor the centred chord of curvature. 
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Ex. 12. A cmie cuts the sides BCy CA^ AB of a triangle in Pi P. . Qi ^ , 
BiB^s BQ^ and CR^ meet in X, AP^ and CB^ in T, and AP^ and BQi in Z; 
show that AJTf BT, CZ are concurrent. 

2. If, on the sides BG, CA, AB of a tricmgle, the pairs 
of points A^A^, B^B^, C^C^ he taken, such that 

AO,.AG^ . BA^. BA^ . CB, . CB., 

= ABj^ . AB^. BC, . BG^. CA^. GA^, 
then the six points A^, A^y B^, B.2, (7i, G^lie on a conic. 

Through the five points (XXIV. 2) A^, A^, J5„ B^, C, 
draw a conic. If this conic does not pass through Cj, let 
AB cut the conic again in yj* Then we have 
AC^.Ay^.BA^.BA^. CB^.GB^ 

= AB^. AB.i.BGi. By^. GA^.GA^. 
Dividing the given relation by this relation we have 

AGJAy^=::BCJBy^. 
Hence Q and y^ coincide. Hence the six points A^, A2, 
B^j J?2 > ^v ^2 li® ^^ * conic. 

Sx. L If from any two points the vertices of a triangle he projected upon the 
opposite sides, the six projectums lie on a coviic. 

!Bz. 2. The paraXLds through any point to the sides of a triangle meet the 
sides in six points on a conic, 

XSx. 3. 7/ a conic which has tun sides of a triangle as asymptotes touch the 
third side, the point qf corUact bisects the side, 

Sx. 4. A conic can he drawn to touch the three sides of a triangle at their 
middle points. 

3. Newton's theoi^m — If two chords of a conic UPQ, ULM 
he draton in given directions through a variable point U, show 
that the ratio of TIB. UQ to UL . UM is independent of the 
position of U. 

Let U'B'q, V'L'W be an- 
other position of the chords 
WPq, ULM. Then PQ is par- 
aUel to PV and LM to L'M\ 
Let PQ, P'Q' meet at infinity 
in o)', and LM, L'M' at infinity 
in o). Apply Camot's theorem 
to the triangle w'CT'F. Then 

oi'q. a)'p'. Tj'v. TTM'. yq. vp 

=(o'Q. o)'P. VL'. VM\ 17 V. CT'P'. 
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From Q drop the perpendicular QX on Q'o)'. 

Then a)'Q'/a)'$ = (co'X+XQO/^'^ = i +XQ'/a)'Z = i. 

So 0)'^= co'P. Hence 

U'L'. U'M\ VQ.VP:= VL\ YM\ TJ'qt. U'P' 

i. a ZZT'. Vq-^WL'. WM'=: VP. VQ-^VL'. YM' 

In exactly the same way the triangle a)Z7F gives us 

YP. YQ-^Yr. YM'= UP. UQ-^UL. UM. 

Hence UP. UQ^UL. UM= UT\ U'^-^UT. U'M', 
i. e. UP. UQ-i- UL . UM is independent of the position of U. 

Ex. If the iangemJts from T to the conic touch at P and Q, show that 

TP'.TQiiCP' :C(/, 
where CP^, Ctf are the semi-diametersi paraM to TP, TQ, 
Take 17 at T and C successively. 

4. In a parabola ^7^= 4 . SP. PY. 

Besides QYQ' draw a second 

double ordinate qvq^ of the dia- 
meter PY. Now PY meets the 
parabola again at 12, a point 
at infinity. Also by Newton's 
theorem we have 

YP. Ya^ vP.va 

But YQs = vI2. Hence 

YQ . FQ'-T- 7P = i;g . vq^-^vP, 

i. e. QY^ -^ PY is constant. To obtain the value of this 
constant take qq^ through the focus S. Then by Geometrical 
Conies qq'= 4. SP and Pt; = 8P. Hence QY^ — PF = 4 . 8JP, 
Note that the theorem also follows directly from Camot*s 
theorem by using the triangle contained by QY\ Yvy vq. 

5. In an ellipse QY^ : PY. YP' ::GI)^: CP\ 

In the figure of V. 13, we have by Newton's theorem, 
YQ.YQ^:YP.YP'::CI>.CD':CP. GP\ 
i. e. QY^ : PY . YP' iiCB': CP\ 
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6. 7m o hyperbola §F' : PF. FP' xxCIf-: CP\ 
Besides QVO" draw a. 

second double ordinate 
qv^ of the diameter POP'. 
Then by Newton's theo- 
rem TQ.YQ'zTP.rP' 
-.-.vq.v^ -.vP.vP', 
i.e. QY* :PY. TP'iacon- 
stant. 

To obtain the value of this constant, take Y ai, C, and let 
J> be the position of Q. 

Then QY^=CD' and PY.YP'=FG.GP'=CP\ 

Hence QY* \ PY. YP'izCIf: CP^, 

the formula required. 

But this is not the formula given in books on Geometrical 
Conies ; for in the above formula either P or i? is imaginary, 
since, of two conjugate diameters of a hyperbola, one only 
meets the curve in real points. Take P real and D imagin- 
ary. Then Ciy is negative, otherwise D would be real. On 
CD take the point d, such that Cd'= -Clf. Then d is real, 
for Cd' L9 positive. 

Then QV : PY. YP' : : -CH* : CP', 

ia QY^-.PY.P'Y:: Cd^iGP*, 

which is the formula given in books on Geometrical Conies, 
the d here replacing the D of the books. 

We may call CJ) the true and Cd the conventional semi- 
diameter conjugate to CP. 

It is sometimes convenient to employ the symbol Z> for 
the conventional point d when the meaning is clear from the 
context. 

Note that the locus of f2 is the socalled conjugate hyper- 
bola. 

The theorems of § 5 and § 6 may also be obtained directly 
from Camot's theorem by using the triangle contained by 
DC, YC, YQ. 

7. 1/ the diameter conjugate to PCP' meet the curve in 
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the imagmary points D and Iffy cmd if the tangent at P meet an 
asymptote in T, then CD^=—PT^, i. e. PT is equal to the 
conventional CD and parallel to it 

In the figure of § 6 let RQQ' be parallel to the tangent at 
P, and let 12 be the point at infinity on the asymptote CE. 
Then by Newton's theorem BQ . RQ^-r-RQ?= rq . rq'-^ rX2», 
rqq' being parallel to BQQ\ But B£l = rI2. Hence 

BQ.BQ'^rq.rq'. 

Now take B at T, then BQ . BQ' = TPK Again, take r at C, 
then rq . r^- - rg^= - CB^. Hence TP'' = ^CD^=z Cd\ 
Hence TP = Cd, L e. TP represents Cd in magnitude and 
direction. 

Notice that we have incidentally proved the theorem — If 
a chord Q(^ of a hyperbola drawn in a fixed direction cut one 
of the asymptotes in By then BQ . BQ' is constant and the same 
whichever asymptote is taken. 

For BQ. BQ'= TP'= rP'= B'Q.B'Q'. 

It follows that BQ . QB' and BQ'. Q^Bf are constant and 
equal. For BQ'^^QR. 

Also BQ.BQ'=B'Q.B'Q' -Cd\ Cd being parallel to 

bqq!b:. 

Sz. 1. Pd isparaXid io an asymptote. 

For by reflexion in C we get the complete parallelogram IT^ttf, and 
clearly Pd is parallel to fT^. 

Sz. 2. Given in magnitude and position a pair of cofijtigate diameters qf a 
hyperbola, construct the asymptotes. 

!FiX. 3. Through any point Ron an asymptote of a hyperbola is drawn a linjs 
paraMel to the real diameter P^CP cutting the curve in Q(/, show fftat 

RQ.R</ ^-CP'. 

"Ex. ^ If the scone line cut the other asymptote in R'y show that 

QR . gir= (/R. (/Rf= CP^. 

"Ex.. 5. Cfiven a pair qf conjugate diameters of a hyperbola in magnitude and 
position, c(mstruct the axes in magnitude and position. 

Use Ex. a and Ex. 4. 

XjZ. 6. The tangent at Q to a hyperbola meets a diameter CD or Cd {which 
meets the curve in imaginary points) in T, and the paraUel through Q to the 
conjugate diameter CP meets CD in F, sAou? that CV.CT = CU^ = — Cd^. 

For (Di/, TV) is harmonic, and C bisects DD\ Since CV. CT is nega- 
tive, V and T are on opposite sides of C. Of the above harmonic range 
notice that DD' are imaginary points and TV real points. 
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IjX. 7. Gvoen a pair 0/ covfjiigate diameters qfa hjfperbola in position and 
a tangent and its point qf contadf construct the axes in magnitude and position. 

CV.CT= CF^ gives the lengths of the diameters. 

Ex. 8. The polar ofdis d'lf. 

Consider the chords intercepted on dT and dP. 

X ^Bz. 9. Jf through a variable point U a chord PUQ he drawn in a fixed 
direction, and aiso a chord VR parallel to one of the asymptotes in the case of the 
hyperbola, or parallel to the axis in the case of the parahda, then UP . UQ -r UR 
18 constant, 

8. In a rectangular hyperbola^ conjugate diameters are equal 
a/nd equally inclined to the asymptotes. Also diameters which 
are perpendicular are equal. 

Since conjugate diameters are 
harmonic with the asymptotes 
which are perpendicular, they are 
equally inclined to the asymptotes. 
Again CD = PT. But in the r. h. 
TCT' is a right angle and 

TP = PT\ 

Hence CP = PT, hence CP= CD. 
Draw CQ perpendicular to CP. 
Then 

ZBCQ = 90"" -IBCP^IACP^IBCB, since IPCT^IDCT; 
hence CQ is the reflexion of CD in CB. Hence CQ = CD. 
Hence CQ = CP. Similarly CD is equal to the semidiameter 
perpendicular to it. 

Notice that the true formulae are CP^ = — CD^= — CQ^ ; so 
that if a diameter meet a r. h. in real points, the perpendi- 
cular diameter meets the curve in imaginary points. 




The perpendicular diords LM, L'li' qfar,h, meet in. U, show that 

UL.VM==^UL\UMf. 

For UL . UM : xnf. VW as the squares of the parallel diameters, 
i. e. asCi^:-0^. 

9. Tkery recto/ngular hyperbola which circumscribes a triangle 
passes through the orthocentre. 

liet ABC be the triangle and P its orthocentre. Suppose 
a r. h. through ABC cuts the perpendicular AD in Q, Then 
from the r. h. we have DQ.DA =—DB DC. And from 

p 
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Elementary Geometry we have DP . DA — — BB . DC. Hence 
DQ=DP, i.e. Q coincides with P, i. e. the r. h. passes through 
the orthocentre. 

For the converse see XXL 9. 

"Ex, 1. ]fa triangle PQR which is right angled at Qhe inscribed in a r. h., 
the tangent at Q is the perpendicular from Q on PR, 

Sx. 2. If a r. h. circumscribe a triangle^ the triangle formed by the feet 
(f the perpendiculars from the vertices on the opposite sides is seif-cfm^aU 
for the r. h. 

Being the harmonic triangle of ABCP, 



CHAPTER VIL 



FOCI OP A CONIC. 



1. A focus of a conic is a point at which every two conju- 
gate lines are perpendicular. 

A directrix of a conic is the polar of one of the foci The 
polar of a focus is called the corresponding directrix. 

From the definition of a focus it at once follows that every 
two perpendicular lines through a focus are conjugate. 

The theory of the foci of a conic is given in Chapter 
XXVIII. It is there shown that— ' 

Every conic has four foci. 

AU the foci are inside the curve. 

The foci lie, two hy two, on the principal aoces; the pair S^ on 
one axis (called the focal axis) are real, and those FF' on the 
other axis are imaginary ; also SS' are equidistant from the 
centre on opposite sides, and so are FF\ 

One real foctis of a parabola is at infinity on the axis of the 
parabola. 

AU the foci of a circle coincide with the centre. 

Note that the focal axis is the major axis in an ellipse, the 
transverse axis in a hyperbola, and the axis in a parabola. 

Sx. 1. Tangents at the ends of a focal chord meet on the directrix. 

Sz. 2. ^ CT meet the directrix in Z, then SZ is perpendicular to the 
f>olar ofT. 

Being perpendicular to the polar of Z. 

Sx. 3. PSQ is a focal chord qf a conic, UOV is any chord of the conic 
through the middle point of PQ. ParaUels through U, V to PQ meet the 
directrix corresponding to 8 in M, N, Show that PQ bisects the angle MSN, 

Let the polar of (which is parallel to PQ) meet the directrix in R ; 
i^hen SR and SP kre conjugate lines. 

F 2 
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2. Iffrcym cmy point P on a conic, a perpendicular PM he 
drawn to the directrix which corresponds to a focus S, then 

SP-i-PM is constant. 

Take any two points 
P and P' on the conic. 
Let the tangents at P 
and P' meet in T. Let 
PP' meet the correspond- 
ing directrix in K, and 
StmE. FromPandP' 
drop the perpendiculars 
PM and P'M' on the 
directrix. 

Now 8K and ST are 
conjugate lines at the focus ; for the polar of K, which lies on 
PP^ and on the directrix, is TS. Hence 8K is perpendicular 
to ST. Also {KPBP') is harmonic, since K is the pole of 
ST. Hence S(KPRP') is harmonic. Hence SK and ST, 
being perpendicular, are the bisectors of the angle PSP'. 
Now since SK bisects the angle PSP' (externally in the 
figure), we have SP : SP'i : PK : P'K ::PM: P'M\ Hence 
SPiPM:: SP': P'M'; in other words, SP : PM is constant. 
In the parabola, SP= PM. 

For let SA be the axis. Then SA meets the parabola again 
at infinity, at 12, say. Hence (XASQ) is harmonic, since 
XZ is the polar of S. Hence SA = AX. 

But SP : PM :: SA: AX, for A is on the parabola. 

Hence SP = PM. 

In the ellipse, SP<PM, 

Since a focus is an internal point, S must lie between A 

and A'. X A s £ 

Let A be the vertex between S and X Then since A' \a 2k 
point on the ellipse, we have SP : PM : : SA': A'X. 
But SA'< A'X, hence SP < PM. 
In the hyperbola, SP > PM. 

Since the focus is an internal point, S must lie outside the 
segment AA'. ^ ax £ 
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As before SPiPM:: SA': A'X > i. 

The corresponding property in the circle is that the radius is 
consta/nt. 

For the focus is the centre. Hence the directrix is the 
line at infinity. Hence PM=P'M\ Hence 8P=:SP\ 
i.e. CP=CP\ 

"Ex. 1. Any two tangents to a conic subtend at a focus angles tchich are either 
equal or supplementary. 

JSx. 2. Show that it is not true conversely that * if any two tangents to a conic 
subtend ctt a point on an axis angles which are equal or supplementary^ then this 
point is a focus.* 

The foot of the perpendicular from T on the axis is such a point. 

3. Assuming from Chapter XXYIII that a conic has a 
real focus, we have just shown that this focus possesses the 
SP : PM property by which a focus is defined in books on 
Geometrical Conies. This opens up to us all the proofs 
given in such books. It will be assumed that these proofs 
are known to the reader ; and the results will be quoted 
when convenient. Properties of Conies which can be best 
treated by the methods of Geometrical Conies will be usually 
omitted from this treatise. 

4. In a/ny conic, the semi-latus rectum is equal to the harmonic 
mean between the segments of wny focxH chord. 

Let the focal chord P'SP cut the 
directrix in K. 

Then {KPSP') is harmonic since S 
is the pole of XK. Hence 

But 

KPzKSiKP'i iPMiSX: P'M' 

::SP:8L:SP% 
for SP: PM :: SL : LUiiSL: SX. 
Hence 

2 {SL)-' = (SP)'' -^ {Spy 

XiX. L J^Tbethe pole qf the focal chord PQofa parabola, show thai 

Sx. 2. A focal chord of a central conic is proportional to the square of 
the parallel diameter. 




L-i 
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5. If the tangent at P meet the tangents at the vertices AA* 
of the focal axis in UU', then TJTJ' subtends a right angle at S 
and S'. Also if US, U'S' cut in E, and US', U'S cut in F, 
then EF is the normal at P. 

For since A U and PU subtend equal angles at S and since 
A'U' and PU' subtend equal angles at 5, it follows that 
USU' is a right angle. Similarly UU' subtends a right angle 
atiSf'. 

Again, F is the orthocentre of the triangle UEU\ Hence 
EF is at right angles to UU\ Let PU cut the axis in T 
and draw the ordinate PN. Then (TUPU') = (TANA') is 
harmonic. Also if EF cut UU' in P', then since UU' is a 
harmonic side of the quadrilateral SF, FS\ S'E, ES, we have 
{TUP'U') harmonic. Hence P' and P coincide, i e. EF 
passes through P. Hence EF is the normal at P. 

SjX. "Llfa circle (hrough the foci cut the tangent at the vertex A in U, V and 
the tangent at the vertex A' in &, V^, show that the diagonals of the rectangle 
TJV'V'y tmch the cmiic. 

Sx. 2. Given the focal cuds A A' in magnitude and position and one tangent, 
construct the foci,  

6. If the tangent at a point Pofa central conic cut the focal 
cuds in T, a/nd if the, normal at P cut the same axis in G, then 
CG.CT=CS\ 

For since the tangent and normal bisect the angle SPS% it 
follows that P(SS\ TG) is harmonic ; hence 

CG.CT=:CS\ 

Sx. 1. Given the axes in position and one tangent and its point of contactj 
construct the foci, 

Six. 2. In the parabola, S bisects GT. 
For S' is at infinity. 

£x. 3. Given the axis qfaparaibola in position and one tangent and its point 
of contact, construct the focus. 

Confocal Conies. 

7. Confocal conies (or briefly confocals) are conies which 
have the same focL If one of the given foci is at infinity, 
we have confocal parabolas, which may also be defined 
as parabolas having the same focus and the same axis. 
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Two confoccbls ccm be drawn through a/ny point, one cm ellipse 
a/nd one a hyperlxHa, and these cut at right a/ngles. 

Join the given point P to the foci S, 8% and draw the 
bisectors FL and FL' of the angle SF8\ Since both foci are 
finite, the conic must be an ellipse or a hyperbola. If it be 
an ellipse, then Q being any point on the ellipse, 

fifQ-hSf'Q = 5P+5'P; 
so that one and only one ellipse can be drawn through P 
with S and S^ as foci. Similarly one and only one hyperbola 
can be dravni. And the two conies cut at right angles, for 
FL and FV are their tangents at P. 

If one focus is at infinity, the ellipses and hyperbolas 
become parabolas, and we get the theorem — 

Of the system of parabolas which have the same focus a/nd the 
same axis, two pass through any point and these are orthogonal. 

This can be easUy proved directly. 

8. One confocal a/nd one only ca/n he drawn to touch a given 
line. 

Take o-, the reflexion of 5, in the given tangent. Then (tS^ 
cuts the given line in the point of contact P of the given line. 
If the given line cuts S8^ internally, the required conic is a 
hyperbola, viz. the locus of Q where S'Q-8Q=^S'FSR 
If the given line cuts 88^ externally, the required conic is an 
ellipse, viz. the locus of Q where 8'Q+8Q = 8T+8F. 

If one focus" is at infinity we get the theorem — 

Of a system of confocal parabolas, one a/nd one onty touches a 
given line. 

This can be easily proved directly. 

9. The locus of the poles of a given Une for a system of con- 
focals is a line. 

Let the given line be LM, and let V be the point of con- 
tact of the confocal which touches LM, Draw VL' perpen- 
dicular to VL. Then FL' contains the pole of LM for any 
confocal. 

Since V is the pole of LM for the confocal which touches 
LM, the pole of LM for this confocal is on VL\ From V 
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draw the tangents YT and YT' to any other confocaL Now 
Yli and YL* bisect SYS'^ for they are the tangent and 
normal to the confocal touching LM. Also Z TY8— ITY8' 
by Geometrical Conies. Hence YL and YL' are the bisectors 
of T7T', ie. YL and Fi' are harmonic with YT and 7!r. 
Hence YL, YL' are conjugate for this confocal, i.e. for any 
confocal of the system. Hence the pole of YL for any 
confocal lies on YL\ 

The theorem follows for the confocals to which real 
tangents cannot be drawn from Y by the principle of con- 
tinuity. 

We have incidentally proved the proposition — 
IfYhe cmypomt in the plane of a conic whose foci are 8 and 
S% then the bisectors of the angle 8Y8' arc conjfugate for the 
conic. 

If one focus is at infinity, we get the theorem — 
The locus of the poles of a given line for a system of confocal 
parabolas is a line, 

IfYhe any point in the plane of a parabola whose focus is 8, 
and if YM be pardUd to the axis, the bisectors of the angle 8YM 
are conjfugate for the parabola^, 

Sx. \.Jfa triangle be inaeribed in one conic and circumscrihed to a confocaly 
the points of contact are the points of contact qf the escribed circles. 

Let ABC be the triangle. Let the tangents at A and B meet in R, 
Then the loous of the poles of AB is the normal at the point of contact 
N of ABf Le. RN is perpendicular to AB. And R is the centre of the 
escribed circle because the external angles at A and B are bisected. 

SSz. 2. From T are drawn the tangents TP, TP' to a conic and the tangents 
TQ, T(/ to a confocal ; show that the angle QPQ^ is bisected by the nomud at P. 
For the normal at P meets Qtf in the pole of TP for the other conic. 

Focal Projection. 

10. To project a given conic into a circle so that a focus of 
the conic may be projected into the centre of the circle ; and to 
show that angles at the focus are projected into equal angles at 
the centre. 

Let 8 be the focus to be projected into the centre of the' 
circle ; and let XZ be the corresponding directrix. Since 8 
is to be projected into the centre, its polar XZ must be pro- 
jected to infinity. Rotate 8 about XZ into any position out 
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of the plane of the conic, and take this position as the position 
of the vertex of projection F. With 
F as vertex project the conic on to a 
plane parallel to YKZ. Now the 
projection of a conic is a conic. Also 
C, the projection of S^ is the centre of 
the new conic ; for the polar of iS is 
projected to infinity, hence G is the 
pole of the line at infinity. Again, 
the angle LSM at iS is superposable 
to the angle iF3f ; and the projec- 
tion of SL is parallel to FL, and the 
projection of SM to YM, Hence 
LSM is projected into an equal angle 
at C ; so every angle at /S^ is projected 
into an equal angle at C. Also con- 
jugate lines at B are projected into 

conjugate lines at G Hence the perpendicular conjugate 
lines at 8 are projected into perpendicular conjugate lines at 
(7, Le. every two conjugate lines through the centre C are 
perpendicular. Hence the new conic is a circle. 




:. L Project a conic into a conic so that one focus of the one 8?uiU project into 
one focus of the other, 

Hz. 2. Project a circle into a conic so that the centre qf the circle shcUl project 
into a focus qf the conic. 

Take any line as Tanishing line, and to get V rotate C about the 
vanishing line. 

11. Find the envelope of a chord of a conic which stibtends a 
constant angle at a focus of the conic. 

Project the conic a into a circle /3 so that the focus 8 may 
project into the centre C of the circle. Then if the chord PQ 
of the conic subtend a constant angle at S^ its projection JP'Q' 
will subtend the same angle and therefore a constant angle 
at C. Hence the envelope of P'Q' is a concentric circle ^', 
The required envelope is therefore the conic a' of which )3' is 
the projection. 

Now S is the focus of a'; for the perpendicular conjugate 
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lines of /3' at G are the projections of perpendicular conjugate 
lines of o! at S^ since angles at 8 project into equal angles at 
G Also the Une at infinity is the polar of G for ^'; hence the 
vanishing line, i.e. the directrix corresponding to 8 in the 
given conic a, is the polar of S for a'. Hence the envelope 
a' of PQ is a conic having the given focus as focus and having 
as corresponding directrix the directrix corresponding to the 
focus in the given conic. 

Sx. In the above, find the hcus of ike pole of PQ. 

Note that these and all other examples of this method can 
be more easily dealt with by Reciprocation. 



CHAPTER VIII. 
Reciprocation. 

1. If we have any figure determined by points A^B^ 0, ... 
and lines Z, 9i», n, ..., we can form another figure called a 
reci^ocdl figure in the following way. Choose any conic F 
called the "base conic. Take the polar a oi A for this conic, 
the polar "b of 5, the polar c of C, ... ; also take the pole i 
of I for this conic, the pole M of w, the pole ^ of n, ... ; 
then the figure determined by the lines a, 6, c, ... and the 
points i, M^ N, ... is said to be reciprocal to the figure 
4ietermined by the points A,BfG, ... and the lines Z, w, w, . . ; 
also the point A and the line a are said to be reciprocal, so 
also B and &, C and c, ..., I and X, m and M, n and N, ... . 

The name reciprocal arises from the following property— 

If the reciprocal of the figure a he the figure a', then the 
reciprocal of a' is a. 

For let ^ be a point of the figure a. The reciprocal of A 
is the polar a of A for the base conic F. Hence a is one of 
the lines of a^ the reciprocal of a. Again, in obtaining a", the 
reciprocal of a', we should obtain the pole of a (a line of a') 
for F ; but the pole of a is ^. Hence -4 is a point in a". 
Hence every point belonging to a belongs also to a". So 
every line belonging to a belongs also to a". Hence a and 
a" coincide. 

The reciprocal of the join of two points A, B is the meet of the 
reciprocal lines a, h ; ,and the reciprocal of the meet of two lines 
I, mis the join of the reciprocal points L, M, 

By definition the reciprocal of AB is the pole of AB for 
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the base conic F. But the pole of AB is the meet of the 
polars of A and B for F, i.e. is the meet of the reciprocal 
lines a and 6. Similarly the second part follows. 

2. A cui^e may be considered either as the locus of points 
on it or as the envelope of tangents to it. Hence the reGVj^ro- 
cal of a curve may be defined either as the envelope of the 
polars for the base conic F of points on the given curve or as 
the locus of the poles for F of the tangents to the given 
ciu^e. These definitions determine the same curve. 

For take two points P and Q on the given curve a and the 
polars j> and q of Pand Q for the base conic F. Then by the 





first definition p and q touch the reciprocal curve a' of a. 
Now the reciprocal of ?, the join of P and Q in a, is the meet 
L ofp and q in a'. Also when P and Q coincide, PQ becomes 
a tangent to a. At the same time p and q coincide and L 
becomes a point on a'. Hence the reciprocal of a tangent to 
a is a point on a\ Which agrees with the second definition. 

From the al^(^ye we see that — the reciprocals of a point P 
on a curve and the tangent I to the curve at P are a tangent p 
to the reciprocal curve and the point of contact L ofp. 

The reciprocal of a point of intersection of two curves is a 
common tangent to the reciprocal curves. 

For let I and m be the tangents to the curves a and /3 at 
their meet P. In the reciprocal figure we shall have two 
curves a' and fi' which have one tangent p with different 
points of contact L and M. 

The reciprocal of two curves touching is two curves touching. 
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For the reciprocal of I touching both a and /3 at P is L^ the 
point of contact of jp with both o! and j^\ 

Ex. 1. Thi rec^ocal of a conic, taking the conic it8e{fa3 base conic, i8 the 
conic its^. 

Ex. 2. ITie reciprocal of a cirde, taking a concentric circle as base conic, 
is a cirde concentric loiih both. , 

3. Whatever hose conk is taken, the reciprocal of a conic is a 
conic. 

From any point can be drawn two tangents real or 
imaginary to the given conic. Hence every line meets the 
reciprocal curve in two points real or imaginary ; hence the 
reciprocal curve is a conic. (For another proof see XIII. 2.) 

More generally. If the degree of a curve is m <md its class n, 
then the class of the reciprocal curve is m and its degree is n. 

For a line cuts the given curve in m points ; hence from 
any point can be drawn m tangents to the reciprocal curve. 
Also from any point can be drawn n tangents to the given 
curve ; hence any line cuts the reciprocal curve in n points. 

XiX. 1. The reciprocai qftwo conies having double contact is two conies having 
double contact, 

"Ek. 2. The reciprocal of a common chord qf two conies is a meet qf common 
tangents of the reciprocal conies. 

4. If the point P he the pole of the line I for the conic a and 
if p, L, a' he the reciprocals of P, I, a for any hose conic, then 
the line p is the polar of the point L for the conic a'; or briefly — 
the reciprocal of a pole and polar for amy conic is a polar and 
pole for the reciprocal conic 





From P draw the real or imaginary tangents m, n to a 
touching in Q, JR. Then QB is I, the polar of P for a. The 
reciprocals of Q and m in a are a tangent qto a^ and its point 
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of contact M ; so for r and JYl The reciprocal of the meet P 
of the tangents m and w at Q and B, is the join ^ of the point-s 
of contact M and JV of the tangents g and r. Again, the reci- 
procal of \ the join of Q and 22, is the meet of q^ and r, Le. is 
L, Hence the reciprocals of P and I which are pole and 
polar for a are^ and L which are polar and pole for a\ (For 
another proof see XIII. 3.) 

The recijprocals of conjugate points are conjugate lines. 

For if the point P is conjugate to the point Q, then the 
polar loi Q passes through P. Hence in the reciprocal figure 
the pole i of g lies on ^, ie. the reciprocals p and q of P 
and Q are conjugate lines. Similarly — 

The reciprocals of conjugate lines are conjugate points, 

JEiX. The reciprocal of a triangle self-conjugate for a conic is a triangle 
sdf-coiyugatefor the reciprocai come. 

5. It will be found that all geometrical theorems occur in 
pairs called reciprocal theorems. Thus the theorems (i) ' The 
harmonic points of a quadra/ngle inscribed in a circle are the 
vertices of a triangle self-conjugate for the circle,^ and (ii) ^The 
harmonic lines of a quadrilateral circumscribed to a circle are 
the sides of a triangle self-conjugate for the circle,' are reciprocal 
theorema The reason of the name is that each can be 
derived from the other by reciprocation. Hence we need 
only have proved half the theorems in the former part of the 
book ; the other half might have been deduced by recipro- 
cation. This method will be often used in future to dupli- 
cate a theorem. 

For example, to deduce the second of the above theorems 
from the first, reciprocate, taking the given circle as base 
conic The reciprocals of four points on the circle are the 
polars of these points for the circle, ie. are the tangents at 
these points, and so on step by step ; and the triangle ob- 
tained is self-conjugate because the reciprocal of a self-conju- 
gate triangle is a self-conjugate triangle. 

6. If one conic only is involved it is best to reciprocate for 
this conic itself, as then a theorem about a circle gives a 
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theorem about a circle, a theorem about a parabola giyes a 
theorem about a parabola, and so on. In this way we get a 
theorem as general as the given one. 

7. Wt^ dmon tht Bjedpr^HxiiJl^ of ^ ^ — 

m oilier words — obtain the corresponding new propositions by 
Reciprocation. 

1. If two vertices of a triangle move along fixed lines 
while the sides pass each through a fixed point, the locus of 
the third vertex is a conic section. 

If however the points lie on a line, the locus is a line. 
In what other case will the locus be a line ? 

2. If a triangle be inscribed in a conic, two of whose sides 
pass through fixed points, the envelope of the third side is a 
conic, having double contact with the given conic. 

3. Given two points on a conic and two tangents, the line 
joining the points of contact of these tangents passes through 
one or other of two fixed points. 

4. Given four tangents to a conic, the locus of the poles of 
a fixed line is a line. 

5. Given four points on a conic, the locus of the poles of a 
given line is a conic 

6. Inscribe in a conic a triangle whose sides shall pass 
through three given points. 

7. If three conies have two points common or if they have 
each double contact with a fourth, the six meets of common 
tangents lie three by three on the same lines. 

8. The meets of each side of a triangle with the cor- 
responding side of the triangle formed by the polars of the 
vertices for any conic lie on a line. 

9. If through the point of contact of two conies which 
touch, any chord be drawn, the tangents at its ends will 
meet on the common chord of the two conies. 

10. If on a common chord of two conies, any two points 
be taken, and from these, tangents be drawn to the conies, 
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the diagonals of the quadrilateral so formed will pass through 
one or other of the meets of the common tangents of the 
conies. 

11. If a and jS be two conies having each double contact 
with the conic y, the chords of contact of a and y3 with y 
and their common chords with each other meet in a point. 

12. 11 a, p, y be three conies, having each double contact 
with the conic <r, and if a and /3 both touch y, the line join- 
ing the points of contact will pass through a meet of the 
common tangents of a and /3. 

Point Beciprocation. 

8. If the base conic is a circle (the most common case), 
the reciprocation is generally called point redprocationj the 
centre of the base circle is called the origin of reciprocation^ 
and the radius k of the base circle is called the radius of re- 
ciprocation. The reason of the name point reciprocation is 
that the value of h is usually of no importance. By recipro- 
cation is meant point reciprocation unless the contrary is 
stated or implied in the context. 

In point reciprocation, the angle between two lines is equal to 
the angle subtended by the reciprocal points Oit the origin of re- 
ciprocaiion. 




Let p and q be the lines, and P and Q the reciprocals of p 
and q. Let be the origin of reciprocation. Then P being 
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the pole of p for a circle whose centre is 0, 0^ is perpen- 
dicular to ^. So 0(2 is perpendicular to q. Hence l^OQ, is 
equal to the angle between p and g. 

In point reciprocation, the angle between a line p and the line 
joining the origin of reciprocation to a point Q, is equal to the 
a/ngle between the line q and OP, P and q being the reciprocals 
ofp and Q. 

This follows at once, as before, from the above figure. 

In point reciprocation, ifP be the reciprocal of p and ifObe 
the origin of reciprocation, then OP is inversely proportional to 
the perpendicular from onp. 

For OP. 0P, = OP. {0,p) = }(!'. 

9. The reciprocal of a figure for a given point and a 
given radius k may be obtained without considering a circle 
at all. To obtain the reciprocal of P — on OP take a point Pj, 
such that OP, OP^ = k% and through Pj draw a perpendicular 
p to OP. To obtain the reciprocal of p — drop the perpen- 
dicular OPi from top, and on OP^ take the point P, such that 

OP. OP^ = Jc". 

Instead of taking OP. OP^ = Jc^, we may take 

OP.OP^=-}?, 
i.e. we may take P and P^ on opposite sides of 0. This is 
called negative reciprocation, and is equivalent to reciprocating 
for an imaginary circle whose radius is A v^— i. 

Sx. L The reciprocal of the origin of redproccUion is the line at ir^nOy; and 
converse, fhe reciprocal of the line at infinity is the origin^ 

Tot the polar of the centre of the base circle is the line at infinity ; 
and conversely. 

£x. 2. The reciprocal of a line through the origin is a point at infinity; and 
conversely. 

"EiX. 3. Reciprocate a quadrangle into a parallelogram. 
Take at one of the harmonic points. 

XSx. 4. The reciprocal of the meet qf OP and m is the line through M parallel 
top. 

lESz. b,IfP and Q be points on a curve such that PQ passes through 0, then in 
the reciprocal for 0, p and q are parallel tangents. 

Ex. 6. The reciprocal for of the foot of the perpendicular from on pis the 
line ikrofugh P perpendicular to OP, 
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£x. 7. The rectprocal qfa triangle for iia orthocentre is a triangle having the 
same orthocentre. 

Sx. 8. On the sides, BC, CA, AB of a triangle are taken points P, Q, R smcA 
that the angles POA, QOB, ROC are right, being a fixed poini ; show that PQR 
are coUinear. 

Reciprocating for 0, we have to prove that the three perpendiculars 
from the vertices on the opposite sides meet in a point. 

Ex. 9. The reciprocal of the curve p —f{r)for the origin is k^/r '^^ f(Jc^/p). 

Let h be the tangent at ^ to the given curve. Then B is on the 

reciprocal curve and a touches it. Hence. 

p ^. (0, h) « Tc^/OB = U^y, and r ^ OA = A:5<0, a) « ie/p\ 

/ 

Eeciprocation of a conic into a circle. 

10. The reciprocal of a circle, taking a circle with centre 
as base conic, is a conic having a focus at 0. 




Let U be the centre of the given circle a. Take u the re- 
ciprocal of U, i. e. the polar of TJ for the base circle F whose 
centre is 0. Let p be any tangent to a touching at T. Take 
P the reciprocal of p. Draw the perpendicular FM from P 
to u. 

Then since p is the polar of P and u the polar of TJ for F, 
we have by Salmon's theorem (III. 9) 

OP/{P, u) = OU/{U, p), i.e. OP/PM = OU/UT. 



VIII.] Reciprocation, 83 

Hence OP/FM is constant, i. e. the locus of P is a conic 
with as focus. But the reciprocal of a for F is the locus 
of the poles for T of the tangents to a, i. e. is the locus of P. 
Hence the reciprocal of a circle a for the circle T whose 
centre is is a conic a' having a focus at 0. 

Briefly, the reciprocal of a circle for a point Ois a conic having 
a focus at 0. 

Since c = OP/PM = OU/UT, we see that the reciprocal of 
a circle for a circle whose centre is 0, is an ellipse, parabola 
or hyperbola according as 0U< = > UT, i.e. according as Ois 
inside, on or outside the given circle. This is a particular 
case of a general theorem. (See § 21.) 

Let OU = 5, UT = Ej and let k be the radius of the base 
circle. Then e = b/B. Also OX.OU= T^. 
y^ Hence Tc'/b = OX = a/e^ae. Hence a = ¥R/{Ii?^b% 

Sx. Show thai the semi-laMs rectum I = k'^/R, 

This follows from Z = a (i— e'*) ; or directly by noticing that an 
end of the latus rectum through reciprocates into a tangent of 
a parallel to 0Z7. 

Notice that I is independent of S, i. e. of the relative positions of the 
circles. 

11. Conversely, the reciprocal of a conic, taking any circle 
whose centre is at a focus as hose conic, is a circle. 

Let be the given focus, and XZ or u the corresponding 
directrix. Take any point P on the conic a', and let p be 
its reciprocal, i. e. the polar of P for the base circle T whose 
centre is at 0. Draw the perpendicular PM from P to w. 
Take the reciprocal U of u. Draw the perpendicular UT from 
Utop, 

Then since p is the polar of P and u the polar of U for the 
conic r, we have by Salmon's theorem 

OU/UT^ OP/PM^e. 

Hence OU/ UT is constant. Also 17' is a fixed point ; hence 
UT is of constant length. Hence the perpendicular from U 
on p is constant, i. e. p envelopes a fixed circle a. But the 
reciprocal of a' ior T is the envelope of the polars for T 

6 2 
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of the points on a'. Hence the reciprocal of the conic a' for 
a circle F whose centre is at one of the foci of the conic is 
a circle a. 

Briefly, the reciprocal of a conic for one of its Jbci is a 
circle. 

Sx. 1. The envelope of the polar for a of the centre qf a circle which Umches 
two given circles a and fi is a circle. 

Ex. 2. Deduce a construction for the centre qf a circle touching three given 
circles, 

JSz. 3. Given four points A, B, C, D, show that, toith D as focus, one conic 
can be drawn touching BC, CA, ABf and four conies through ABC. Show also 
that J if ADB he a right angle, a conic, toith focus at D, can be found to touch the 
five conies. 

In a right-angled triangle the nine-point circle touches the circum- 
circle. 

Ex. ^ Of the above four conies, the sum of the latera recta of three is equal 
to the lotus rectum of the fourth. 

XjX. 6. The reciprocals qf equal circles are conies having equal parameters. 

Ex. 6. Reciprocate for the orthocentre of ABC the theorem — ^ If DBF be the 
feet of the perpendiculars from A, B, C on BC, CA^ AB, then the radius of 
the circle about ABC is double the radius qfthe circle about DBF,* 

Ex. 7. Four conies a, fi, 7, <r have one focus and one tangent t in common, 
A second common tangent to a and a meets the corresponding directrix qf a 
at a point ont; similarly for fiff and y<r. Show that the other common tangents 
qfafi, fiy, 70 are concurrent, 

Ex. 8. Three conies a, $, 7 which have a focus in common are such that 
a touches /3 in R, /3 touches 7 in P, and 7 touches a in Q, Show that the 
tangents at P, Q, R meet the corresponding directrices qfa, 0, y in three coUinear 
points, 

Ex. 9. Reciprocate the centres of similitude qftwo circles. 

The two circles reciprocate into conies having a common focus S. 
Let u, u' be the directrices corresponding to S, Then two common 
chords pass through the meet of u and uf ; and these chords are the 
reciprocals of the centres of similitude. 

Ex. 10. The reciprocal of two circles for either centre qf similitude is 
two similar and similarly sUuated conies with a common focus as centre of 
similitude. 

Reciprocate a pair of parallel tangents. 

12. The figures of the reciprocals of an ellipse, a parabola 
and a hyperbola are given below. In the first figure in each 
case the curves are in their proper relative positions ; the 
second figure represents the circle separately and the third 
figure represents the conic separately, so that if one figure 
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be slid on to the other, so that in one comes on in the 
other, we get the proper figure as in the first figure. To 
avoid complication the figures will generally be separated as 
in the second and third figures. 

13. We already know that the reciprocal of is the line at 
infinity and the reciprocal of the line at infinity is 0. Also 
that the reciprocal of the directrix u corresponding to 
is the centre U of the circle. 

The centre C of the conic is the pole of the line at infinity 
for the conic. Ifence the reciprocal of the centre is the polar 
c of for the circle. 

The asymptotes y, yf are the tangents from C to the conic. 
Hence the reciprocals of the asymptotes are the points in 
which c meets the circle ; i. e. the points in which the polar 
of for the circle meets the circle. 

The reciprocals of the vertices A, A' are clearly the tangents 
at the points where OU meets the circle. In the parabola A' 
is at infinity ; hence its reciprocal is the tangent at 0. 

The reciprocals of the vertices B, B^ are clearly the tangents 
to the circle at E^ E% the points where the perpendicular 
through to OU meets the circle. 

The reciprocals of i, L\ the ends of the laius rectum LOL\ 
are clearly the tangents Z, V of the circle parallel to 0?7. 



:. 1. The reciprocal of the second focus S is the line half-way between and 
its polar for the circle. 

For OS =^ a.OGj hence OC^ «= a. OSj, where C^ and Sj are the points 
where the reciprocals of C and S meet OU. 

Ex. 2. ACB is the diameter of a circle whose centre is C. Ttoo equal 
parabolas are drawn with foci at C and vertices at A and B, A hyperbola 
is drawn having a fociis at C, and a vertex at D one of the ends of the diameter 
perpendicular to AB, and touching the parabolas. The corresponding directrix of 
this hyperbola meets DC in E, and the hyperbola meets DC again in F, S?iow that 

CF^ a.CE = s,CD. 

Reciprocate for the circle ABB, and notice that CFj = ^ . CEi = J . CD. 

Ex. 3. If EE^ be the chord of the given circle which passes through and is 
perpendicular to OU, then the mirwr axis of the reciprocal conic is sJ^ -^ OE. 

Ex. 4. The reciprocals of coaxal circles for any point on the radical axis are 
conies having equal minor axes. 

14. If the polar of a point Tfor a conic meet the conic in P, Q 
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amA d directrix in K, then, being the corresponding 
bisectors of the angle POQ are OT and OK. 





Let the two tangents I and m of the conic touch in P and 
Q and meet in T, and let n be the chord of contact. Let be 
a focus of the conic and u the corresponding directrix, and 
let PQ meet uin K, Then we have to prove that OT and OK 
are the internal and external bisectors of POQ. 

Eeciprocate the conic for a circle with centre at 0. Then 
in the reciprocal figure p and q touch the circle at L and M 
and meet in N, and t is the chord of contact. Also the 
reciprocal of K, the meet of n and u, is NU. 

Now IPOT = Itp : so ITOQ = Itq. But Itp = Itq. 

Hence IPOT = ITOQ. Again 

IPOK = Zj>A; = iSo^-Z^A; = iSo"" -IQOK = /JTO^', 

if we produce QO to G'. Hence OT bisects ZPOQ, and OK 
bisects the supplement LPO(^. 

Note that if TP and TQ had been drawn to touch different 
branches of a hyperbola, OT would have been the external 
bisector and OK the internal, instead of as above. 

Sx. L Reciprocate for any point the theorem — ' The tangent to a cirde is per- 
pendicular to the radius through the point qf contact.* 

If the tangent at P meet uin K, then ZPOK >* 90°. 

SiZ. 2. Reciprocate for any point the theorem — ' The angle between the tangent 
to any circle and a chord through the point qf contact is equal to the angle in the 
aUemate segment,' 
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Sx. 3. Tvjo Gonica which have a common focus 8 touch at P. From any point 
Q on one of the conies, tangents are drawn, to theother, meeting the tangent at Pin 
UV. The tangent at Q meets the tangent at P in T. Show that TU and TV 
suibtend equal angles at 8, 

SiZ. 4. The common tangent qf an ellipse and its circle qf curvature at 
P meets the tangent at Pin a point T, such that 8Pand 8T are equally inclined to 
the join of the focus 8 to the centre of curvature. 

Reciprocating for 8 we get a circle and an ellipse having three-point 
contact. 

XjX. 6. The polar qf Tfor a conic meets in Q a conic which has the same focus 
8 and corresponding directrix. The perpendiadar to SQ through 8 meets the 
directrix in Z, and SQ and TZ meet in P. Show that the locus of P is a conic 
having the same focus and directrix. Show also that the eccentricity of the locus is 
a third proportioned to those of the two given conies. 

Reciprocate for iS and notice that the envelope reduces to a locus. 

Sx. Q. If the chord PQofa conic subtend at the focus a constant artgle, the 
envelope qfPQis a conic having Oas a focus ; and the directrices corresponding 
to in the two conies coincide. 

For if I POQ is constant, then Zpqis constant ; hence the locus of N 
is a circle having U as centre. Hence the envelope of n is a conic 
having as focus and u as corresponding directrix. 

!Bx. 7. Find the locus of T when /POQ is constant. 

XSx. 8. From two conjugate points on the directrix of a conic are drawn four 
tangents to the conic. Show that the locus qf each qf the other meets of the tangents 
is a single conic ; and that the given directrix is a directrix qf this conic, and 
that the corresponding foci qfthe two conies coincide. 

"Ex, 9. Tlie parameter qf any conic is a harmonic mean between the segments 
of any focal chord qfthe conic. 

For if perpendiculars OPi and OQi he drawn from any point to two 
parallel tangents of a circle, then the radius » ^ {OPi + OQi), . If 
is outside, OQi must he considered negative. 

Sx. 10. A pair of parallel tangents to a conic meet a perpendicular to them 
trough a focus in Y and Z and the corresponding directrix in M and N. Show 
that MZ and NY touch the conic. 

For the angle in a semicircle is a right ^angle. 

XSx. IL Onthe tangent at P to a conic is taken a point Q, such thatPQ subtends 
at a focus 8 a given an^ ; show that the locus of Q is a conic having a focus at 
S. Show odso that its eccentricity is to the eccentricity qf the given conic as its 
parameter is to the parameter qfthe given conic. 

For ei(f;;Bf;R',\liViiBQGO 11, 

SfX. 12. Bedprocate for any point the theorem — ^IfPP^, Q(f be two pairs of 
inverse points for a circle, then PP'Qtf are coney cUc, 

Notice that inverse points are conjugate points whose join passes 
through the centre. 

SiX. 13. ' If two cirdes touch ons another at C and be touched by a common 
tangent in A and B, then ACB is a right angle.' Bedprocate ^is theorem (i) for 
any point, {ii) for A, (iii) /or C, and (iv)/or the centre qfone qfthe cirdes. 

XiX. 14. Bedprocate for any point the theorem — ^ The lx)Cfus qf the points qf 
contctct of tangents from a fxed point to a system of concentric drdes is a drde 
through the fixed point and through the common centre,* 
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Ex. 15. IRedigroc^t^ for the centre of the given circle — *The joins of two fixed 
points on a given circle with the ends of a variable diameter meet at P on a fixed 
circle through the fixed poirUs and orthogonal to the given circle. Also the tangent 
at P to the loctis is parallel to the diameter.* 

Ex. 16. Reciprocate for any point — * The bisectors of the angles of a triangle 
meetf three by three, in the centres of the four circles touching the sides.* 

Ex. 17. Also — * The chord of a circle which subtends a right angle at a fixed 
poirU on the cirde passes through the centre.* 

Ex. 18. If a circle be reciprocated ir^o a hyperbola, taking a cirde with centre 
as base conic, then BG = k^/OT, OT being the tangent from to the cirde. 

15. The tria/ngles subtended at the focus of a parabola by any 
two tangents are similar. 




The reciprocal of the parabola for its focus is a circle 
through 0. 

We have to prove that 

IPTO = ITQO and IPOT = ITOQ. 

Now LPTO^ the angle between the line I and the radius 
OT, is equal to the angle between the radius OL and the line 
t, i. e. equals LOLM. So /.TQO is equal to the angle between 
OM and ^, i. e. equals 10MN\ But WLM = LOMN\ 
Hence IFTO = ITQO. As before, IFOT = ZTOQ follows 
from INLM = LNML. 

Ex. 1. Obtain a property of a cirde from the theorem — * The orthocentre of a 
triangle circumscr^ing a pardbda is on the directrix.* 

Ex. 2. Reciprocate the property of a cirde obtained in Ex, i (i)/or the cirde 
itsdf, (ii) /or any cirde. 

Ex. 3. Reciprocate for the theorem — * Jf from any point on a circle per- 
pendiculars be dravm to t?ie sides of an inscribed triangle^ the feet lie on a line,' 

We get — * If be the focus of a parabola and PQR the vertices of a 
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circumscribed tiiangle, then the perpendiculars through P, Q, R to OP^ 
OQ, OR meet in a point.' Calling this point D, we have proved that the 
points Aj B, Cj lie on the circle on OD as diameter. Hence ^The 
circle about a triangle circumscribing a parabola passes through the 
focus.' 

!Bx. 4. Reciprocate the same theorem for any point. 

£jZ. 5. Firid by reciprocation the locus qf Ike meei qf tangents to a parabola 
which meet {i) cU a given angle, (ii) ai right angles. 

16. Find the envelope of a chord of a circle which is bisected bt/ 
a given line. 

Let the chord p of the circle be bisected by the fixed line I 
in the point Q. Take the centre of the circle ; then OQ is 
perpendicular to p. Reciprocate for the circle itself. Then 
P is the foot of the perpendicular from on the variable line 
q through the fixed point L. Hence the locus of P is a circle 
on OL as diameter, i. e. a circle through and having the 
opposite point at L. Hence the required envelope is a para- 
bola with focus at and having its vertex at L^ the foot of 
the perpendicular from on ?. Hence the envelope is 
completely determined. 

^-Ex. 1. A, B, C, D are four points (m a circle, and AC, BB are perpendicular j 
show that AB, BG, CD, DA envdope one and the same conic. 

Let AC^ BD meet in 0. Reciprocate for and we obtain the property 
of the director circle. 

Ex. 2. The envelope of the base BC of a triangle ABC whose vertex A and 
vertical angle BAC are given and whose ba>se angles move on fixed lines is a conic 
one of whose foci is A. 

Beciprocate for A. 

Ex. 3. Find the envelope of the asymptotes of a system of hyperbolas having 
the same focus and corresponding directrix. 

17. is a fixed point, a/nd Q is a variable point on a fixed 
circle. QB is drawn such that the angle OQB is constant. Find 
the envelope of QB. 

Let QB be called p. Reciprocate for 0. Then we have to 
find the locus of a point P taken on a tangent ^ to a conic 
one of whose foci is 0, given that the angle between OP and 
q is constant. Draw OY the perpendicular from on q. 
Then since the locus of F is a circle and since OY : OP 
is constant and /.YOP is constant, hence the locus of P is a 
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circle. Hence the envelope of j9 is a conic with as one 
focua 

SjZ. Iftht 2ocM« qfQbea line instead of a cirde, find the envelope of QR. 

18. To investigate bifocal properties of a conic by recipro- 
cation we reflect the figure in the centre of the conic. For 
example — 

In any central conk the pair of tangents from a point make 
equal angles with the focal radii to the point. 




Let the tangents from T to a conic touch in P and Q. We 
have to prove that PTS = QTS\ Keflect the whole figure in 
the centre C, The tangents at P and Q with their reflexions 
form a parallelogram BTR'T. Then T is the reflexion of T, 
q of Q, rq of re, TS of TS\ Hence the angle QTS^ 
is equal to its reflexion, the angle QfTS. Hence we have to 
prove that LSTP and LBTQf are equal. Eeciprocating for S 
this reduces to ' angles in the same segment of a circle are 
equal.' 

Prove by reciprocation that — 

Sx. L The focal radii to a point on a conic make equal angles %oUh the 
tangent al the point, 

SjX. 2. The product of the perpendiculars from the foci of a conic on any 
tangent is equal to the square of the semi'Oxis minor, 

£x. 3. If two opposite vertices of a parallelogram circumscribed to a conic 
move on the directrices^ the other two vertices move on the auxiliary circle. 

That is, if tangents a, h be drawn from any point on a directrix of a 
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conic and a! ^ \/ be the parallel tangents ; then, S being the correspohd- 
ing focus, S (a'l>) is perpendicular to a' and slaV) to \/, Now recipro- 
cate for S. 

Sx. 4. Thi sam of the reciprocals of the perpendiculars from any poirU 
toithin a circle to the tangents from any point on the polar qfO is constant. 

19. To reciprocate a system of coaxal circles into a system of 
confocdl conies. 

If we reciprocate the system of coaxal circles for any point 
0, we get a system of conies having one focus in common. 
In order that the other focus may be common to all, the 
conies must have the same centre, L e. the line at infinity 
must have the same pole for each conic. Hence in the 
figure of the circles, must have the same polar for each 
circle, i. e. must be one of the limiting points of the 
coaxal system. Now reciprocate the coaxal system for the 
limiting point Z. Then the reciprocal conies have a focus 
and centre in common, and hence are confocal. 

20. To reciprocate a system of confocal conies into a system of 
coaxal circles. 

Since each conic is to be reciprocated into a circle, we 

must reciprocate for one of the common foci. Beciprocate 

for the focus 0. Then since the conies have the same centre, 

the reciprocal circles have the same polar of 0. We have to 

show that a system of circles each of which has the same polar 

of is coaxal. Drop the perpendicular 00' on the polar of 

O. Bisect OCX in X. Let Off cut one of the circles in 

A, A\ Then since {Off, AA') is harmonic, and X bisects 

Offf hence XA . XA'=^ Xff, a constant. Hence X has the 

same power for all the circles. And the centres all lie 

on the line Off. Hence the circles are coaxal, X being the 

foot of the radical axis. 

Note that 0, ff are the limiting points of the coaxal 
system. 

The reciprocal of the other focus Sis the radical axis. 

For 0S= 2. 00; hence 08^=:^. 00^. But d is the 
ff of the above proof. Hence 8i is the X of the above 
proof. 
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Ex. 1. The reciprocal of the minor axis is the other limiting point 

XiX. 2. S and H are the foci of a system ofconfocaU conies. A parabola with 
S as focus touches the minor axis. Show that its directrix passes through H; 
and thai if Py Qhe the poirUs of contact of a tangent to one of the confoccUs and 
the parabola, then PSQ is a right angle. 

Ex. 3. Prove by reciprocation that the circle of similitude of two circles is 
coaxal with them. 

The circle of similitude is symmetrical for the line of centres and 
passes through the meets on this line of the common tangents. Now 
reciprocate for a limiting point 0. The circles become an ellipse and 
hyperbola with the same foci and S, which have a pair of common 
chords I and Z' perpendicular to OS. We have to show that a conic 
which is symmetrical for OS, which has as a focus and which touches 
I and V, has S as its other focus. This is obvious* 

Ex. 4. Deduce properties qf coaxal circles from — (i) * Confocal conies meet at 
right angles/ (ii) * Tangents from any point to two confoccUs are equaRy inclined 
to each other.* 

Ex. 6. Dedu4x a property of confocal conicsfrom-^* The pdlars- of a fixed point 
for a system of coaxal circles meet at another fixed point; and the two points 
subtend a right angle at either limiting poirU.* 

Ex. 6. If the sides of a polygon touch a conic, and aU bul one of the vertices 
lie on confocal conies, the last vertex also lies on a confocal conic. 

Reciprocate Poncelet's theorem resp'ecting coaxal circles. 

Beciprocation for amj conic. 

21. Having discussed the particular case of two reciprocal 
conies, one of which is a circle, we return to the general case 
of the reciprocal of a conic, taking any base conic. 

The reciprocal of a conic, taking a conic with centre as hose 
conic, is a hi^perhola, parabola, or ellipse, according asO is outside^ 
on or inside the given conic. 

Let a be the given conic and T the base conic, and a' the 
reciprocal conic. Then a' is a hyperbola, parabola, or ellipse, 
according as the line at infinity cuts a' in real, coincident or 
imaginary points. Now the reciprocal of the line at infinity 
is the pole of the line at infinity for F, i. e. is 0. Hence 
the reciprocals of the points in which a' meets the line 
at infinity are the tangents to a from 0. And the tangents 
from are real if be outside, coincident if be on, and 
imaginary if be inside a. 

The reciprocal of the centre of the given conic, i.e. of the 
pole of the line at infinity for a, is the polar of for a'. The 
reciprocal of the asymptotes of the given conic, i. e. of the 
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tangents to a from the pole of the line at infinity for a, 
are the points of meet with o! of the polar of for a', 
i. e. are the points of contact of tangents from to a', 

SjX. 1. The axes qf the reciprocai of a conic for a point are parallel to the 
bisectors of the angles between the tangents from to the conic, 

XiX. 12^. If nB be the angle between these tangents, sJunc that cosec $ is the 
eccentricity of the reciprocal conic j and deduce the formula e == OU -t- UT qf 

§ lO. 

Ex. 3. The reciprocal qf a parabola for any point on the directrix is a rect- 
angular hyperbola. 

For since the points of contact of tangents from to a subtend a 
right angle at 0, hence the asymptotes of a' are perpendicular. 

Ex. 4. From ^ The orthocenire qf a triangle circumscribed to a parabola lies 
on the directrix/ deduce by reciprocation • The orthocentre of a triangle inscribed 
in a rectangular hyperbola is on the curve.* 

Keciprocate for the orthocentre. 

Ex. 6. The reciprocal of a rectangular hyperbola for any point is a conic 
whose director passes through 0, 

Ex. 6. Reciprocate for any point — * A diameter of a rectangular hyperbola 
and the tangent at either end are equally inclined to either asymptote.* 

Let CP — rhe the diameter, q the tangent at P, and y the asymptote. 
Then we have to reciprocate that Zry = Iqy. We get — *If c be the 
polar of any point on the director of a conic, and if from the point R 
on c a tangent be drawn touching in Q ; then Y being either of the 
points in which c cuts the conic, RT and QY subtend equal angles 
at 0.' 

Ex. 7. Reciprocate for any point — a focus of a conic. 

A line such that every pair of conjugate points upon it subtend a 
right angle at a given point 0. Hence given a conic and a point 0, 
there are four such lines. 

:. 8. Reciprocate for any point — a directrix qf a conic. 

The pole of such a line. 

r. 9. J^^ chord PQofa conic siibtend a right angle at a fixed point on 
the conic, then PQ passes through a fixed point (called the Fr^gier point of 
for the conic). 

Reciprocate for the fixed point ; and we have to prove that the locus 
of the meet of perpendicular tangents of a parabola is a line (the 
directrix). 

Ex. 10. Obtain by reciprocating Ex. g a property qfa circle, 

Ex. 11. The reciprocal for qf the focus qf a parabola is the polar qf the 
Frigier point of Ofor the reciprocal conic. 

Ex. 12. 0, Df E are fixed points on a conic, and P a variable point. PL, 
PE meet the polar qf the point in which chords which stdbtend a right angle at 
meet, in B and C; show that L BOC = I DOE. 

Ex. 18. The envelope of a chord qf a conic which subtends a right angle at a 
fixed point 0, rwt on the conic^ is a conic having a focus at 0. 

Ex. 14. A system qf four-point conies or four'tangent conies can be recipro- 
cated into concentric conies 
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Take as origm one of the vertioes of the common self-conjugate 
triangle. 

£x. 16. The reciproccU of a central conic, taking a concentric circle aa base 
conicy is a similar conic 

For OA . OAi^ = OB. OBi = /r» ; hence OA^ lOBii: OB : OA. 

Sz. 16. Reciprocate for any point — a system qfcoaxai circles. 

That is, a system of circles passing through the same two points, 
real or imaginary. 

Sz. 17. Reciprocate for any point — * The directors of a system qf conies 
touching the same four lines cere coaxal.* 

"Ex. 18. Also — * The locus of the centres of a system qf rectangular hyperbolas 
passing through the same ihree points is a circle,* 

22. Eeciprocate Camot^s theorem, takmg any circle as base 
conic 

Let be the origin of reciprocation. Then, as in VI. i, 
Camot s theorem gives 

sin AOOi . sin AOC^ • . • = einAOBi . sin AOB^ ... 

"Now iLAOCi^= ^aCi, ^^^ so on. Hence the reciprocal 
theorem is — ' The sides a, &, c of a triangle meet in the 
points P, Q, E; and from P, Q, B are drawn the pairs of 
tangents OiO^y \^2j ^i ^2 ^^ ^^7 conic ; then 

sin aCi . sin ac^ . sin ha^ . sin ba^ . sin c&, . sin cb^ 
= sin db^ , sin ab^ . sin bc^ . sin bc^ . sin ca^ . sin ca^, 

where aCi denotes the angle between the lines a and c^, and 
so on. And conversely if this Relation hold, then the six 
lines a^ a^ b^^ b^ c^ c^ touch the same conic' 

!EjZ. 1. If the sides qf a triangle ABC meet a conic in Ai A2, BiB^, Ci(hj 
then the six lines AA^ , AA^ , BB^ , BB^ , CC^ , CC^ touch a conic; and con- 
verselyf if the latter touch a conic, the former are on a conic, 

Sz. 2. Reciprocate the extension ofCamofs theorem given in Ex. 1 qf VI. i. 

Bz. 3. Reciprocate the theorem — * The lines joining the vertices of a triangle to 
any two points meei the opposite sides in six points which lie on a conic.* 

NOTE. 

23, The following theory would have been preferable in some ways 
to that employed in the text. 

Prove by § 3 or XIII. a that the reciprocal of a conic for a point (ie. 
for a circle with centre at this point) is a conic. 

The reciprocal of a circle for any point is a conic one of whose foci is 0. 
For in the circle, every pair of conjugate points on the line at 
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infinity subtends a right angle at the centre of the circle and therefore 
at 0. Hence in the reciprocal conic every pair of conjugate lines at 
is orthogonal, i.e. is a focus of the reciprocal conic. 

Also since the centre of the circle is the pole of the line at infinity, 
the reciprocal of the centre of the circle is the polar of the origin, i.e. 
is the corresponding directrix. 

The reciprocal of a conic for one of its foci is a circle. 

Every pair of conjugate points on the corresponding directrix sub- 
tends a right angle at the focus. Hence in the reciprocal conic, every 
pair of conjugate lines at the pole of the line at infinity, i.e. at the 
centre, is orthogonal. Hence every pair of conjugate diameters of the 
reciprocal conic is orthogonal ; hence the reciprocal conic is a circle. 

In any conic SP : PM is constant. 

For as in § lo, OP: PM iiOUiUT. Hence OPiPM is constant. 
Hence the eccentricity of the reciprocal conic is 8 -^ 22, for 

e = SPiPM. 

Notice that we hav» here given by Reciprocation an independent 
proof of the SP : PM property of a conic 



CHAPTER IX. 

ANHABMOKIG OR CBOSS RATIO. 

1. One of the a/nharmonic or cross rcUios of the four col* 

AB AD 
linear points A, B, C, D is ^77 -f- -==79 • This is denoted by 

{ACj BB), So every other order of writing the letters gives 
us a cross ratio of the points, e.g. another cross ratio is 

Ex. 1. Jf {AB, CD) = {AB, (fI/\ then {AB, C(f) = {AB, DI/), 

Ex. 2. If {AC, A'B) « {A'cy, ABf), then {AC, CB) = (^'CT, CJB'). 

Ex. 3. If {AB, CD) « {A'BT, C'l/y, and {AB, CE) = {A'B", C^If), 
show thai {AB, DE) - {A'Bf , DfET), 

Ex. 4. IfOA, OB, OC cut BC, CA, AB in P, Q, R, and if any line cut BC, 
CA, AB in P', (/, BT, then 

{BC, PP") X {CA, Q(/) X {AB, RBf) « - 1 ; 

and conversdy, if this rdation hold, and if PA, QB, RC be concurrent, then P' , 
Q', IZ' are coUinear, and if P', (/, Rf he coUinear, then PA, QB, RC are con- 
current. 

Ex. 5. If OA, OB, OC cut the sides of the triangle ABC in P, Q, R, and 
Of A, OfB, &C cut the sides in P^, (/, Rf, or if two transversaZs cut the sides in 
P, Q, R and P', (/, Rf , then 

{BC, PP^) X {CA, QQ") X {AB, RRf) = i ; 

av^ conversdy, if this relation hdd, and if PA, QB, RC he concurrent, then 
P'A, Q'B, RfC are concurrent, and if P, Q, R he cdlinear, then P' , Qf, Rf are 
coUinear, 

Ex. 6. A cross raUo is not altered by inversion for a point on the line. 
For given OA.OA' = OB. OB^ =...«= A;*, 

we have AB '^ OB-OA = l^/OBf -k^/OA' 
^-y^.A'Bf/OA'.OBf. 

Ex. 7. The tangent at to a conic meets the sides of a circumscribed triangle 
in A, B, C and the sides of the triangle formed by the points of contact in A^, B^, 
Cf; show that {OA, BC) « {OA', BfC'), 
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Since {OA\BC) is harmonic, we have 0^= abc -=- (b + c). So for 1/ 
and c'. Now substitute in {0A\ B^Cf), viz. in 

OB" (fA' y af-ff 

Wa' ^ 0^ ^^T^ ^~e~' 

and we get (0-4, BC). 

2. A CT08S ratio is equal to any other^ in which cmy two points 
being interchanged, the other two are also interchanged. 

Let {ACy BD) be the cross ratio. We may interchange A 
with B, C or 2>. Hence we have to prove that 

{AC, BD) = {BB, AC) = {CA, BB) = {BB, CA\ 
or that 

AB BC^BA CB_CB BA_BC AB 
BC ' AB^AB " BCBA * CB "CB * BA * 

3. Jliere are 24 cross ratios of four points ; and these can be 
divided into 3 groups of 8, stich that every cross ratio in a group 
is equal to or the reciprocal of every other in the group. 

Let the points be ABCB. Take the three cross ratios 
{AB, CB), {AC, BB) and {AB, BC). Now 

{AB, CB) = {BA, BC) = {CB, AB) = {BC, BA) 

by IX. 2. Also it is easy to prove that {AB, CB) is the 
reciprocal of {AB, BC), {BA, CB), {CB, BA), {BC, AB). 
Hence we get a group of 8 connected with {AB, CB). Simi- 
larly there is a group of 8 connected with {AC, BB) and with 
{AD, BC). And no ratio can belong to two groups ; for in 
the first group AB are together and CB, so in the second 
group AC are together and DB, and in the third group AB 
and BC. 

4. // A = {AB, CB), ft = {AC, BB), v = {AB, BC), 

I I I V 

then A + - = fi + - =v+ - =—Afiv = i^ 

fl V A 

, I AC DB BC AB 

For ^ + ;:-^ = cB-I5 + I5-^"-' 

_ AC. DB-BC . AB-CB . AB 
"* CB.AB 

_ {c-a){h-d)-{c-d){b-a)-{h''C){d-a) 
■^ CB.AD 

H 2 
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" CB.AD 

= o. 

AG BB AD BG AB GB 
Also ^'l^'^^cB-AB^BG'AB'BB^AG^'-'' 

We have now shown that the three fundamental cross 
ratios A, fi, v are connected by the above four relatione 
Two of these are independent and give fx, j; in terms of A. 
The other two can be derived from these. Hence given any 
one cross ratio of four points, the other 23 can be cal- 
culated. 



Ez.l. 


Qiven 


A 


I 
+ - - 


^ I, 


I 


' I, 


show thai 








V + 


I 


I and 


Xfxy 


= -I. 


Ex.2. 


Given 


X 


I 
+ - = 

V + 


= I, 

I 


Xftp = - 
I and 


-I, 
A« + 


show that 

I 

- = I. 

y 



Ex. 3. If {ABy CD) =: I, show that either A and B coincide, or C and D ; 
and conversely J if A and B coincide, or C and D, then {AB, CD) = i. 

Ex. 4. ]f two points of a range of four points coincide, each of the cross ratios 
is equal to o, i, or co ; and no cross ratio can equal o or i or go urdess tioo 
points coincide, 

Ex. B. Show that no real range can be found of which dR the cross ratios are 
equal, 

Ex. 6. Of the three \, fi, v, two are positive and one negative, 

Ex. 7. If any cross ratio of the range ABCD is equal to the corresponding 
cross ratio qf the range A'B^Cfl/, then every two corresponding cross ratios of the 
ranges are equal. 

For if X = X', then ft = t»f and v « i^. 

Two such ranges are said to be fiomographic, and we denote the £act by 
the equation {ABCD) = {A'Bf(fIf), 

Ex. 8. If {ABBTC) -= {AfBfBCf) and (ABB'D) = {A^BfBIf), show thcU 

{BB'CD) = {BfBCfD"), 
Divide {BBf, AC) = {B'B, A'Cf) by {BB", AD) = (B'B, A'DT), 

5. If {AG, BB) he harmonic, then (AG, BB) = -i. 

^ AB AB , AB AB 

^^^ BG=-BC^^''''^BG^BG^-'^ 

If (AG, BB) he harmonic, then {AG, BB) = (AG, BB) ; and 

conversely, if (AG, BB) = (AG, BB), then either (AG, BB) is 

harmonic or tivo points coincide. 
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For if (AC, BD) = (AC, DB), 



then 



hence 



AB DC AD BC ^ ^AB DC .^ 
BC • AD = DC ''AB' ^^''"^ ^BC ' Ad) ^ '' 

. -7^ = ± I, 1. e. (AC, BD) = ± I. 



BC 

If (AC, BD) = + 1, then A and C, or B and D coincide ; 
and if (AC, BD) = — i, then (AC, BD) is harmonic. 

Ex. If a range o/four points he harmonic, each of its 24 cross ratios is 
equal to — i, ^, or 2 ; and if any one of the cross raMos qffour points he equal to 
— I or ^ or 2, then the four points form a harmonic range, 

6. If A, B, C, D, 2>' he collinear points, such that 

(AC, BD) = (AC, BD"), 
then D cmd D' coincide. 

AB DC AB D'C ^ DC D'C 
^^" BC'AD=BC'AD''^^'''^AD^AD^' 
i. e. AC is divided in the same ratio at D and 2/ ; hence D 
and 2/ coincide. 

7. If four lines a, h, c, d passing through the same point V 
he cut hy two transversals in ABCD and A'B'C'If, then 

(ABCD) = (A'BCDT). 
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It is sufficient to prove that 

{AC, BD) = {A'C'y Riy). 

Now i^C,BD)=^.^=^j^.^^^^ 

_ VA.VB. am AVB VD.VC.auiDVC 
" VB.VC. am BVC' VA.VD.amAVB 

_ sin^F^ sin DVC 
"sin J57C* sin^ F2>* 

Similarly, 

Now A VB is equal to either A' FC or its supplement. In 
either case, sin-4F5 = sin A'VB^. And so on. Hence 

(AC, BD) = {A'C\ BfB^), Le. {ABCD) = {A'B'C'I/). 

We may enunciate the above theorem in the form — Every 
trcmsversal cuts a pencil of four lines in the same cross ratio. 
The cross ratio (AC, BD) of the pencil is written 

V {AC, BD) or {ac, hd). 

Also, by the above, 

, ^^, sinaft sinod 
(oc, hd) = ^-j--^-^—^' 
sin DC sin ac 

Ex. L Show that the fundamental cross ratios X, fi,y of the range {ABCD) 
are equal to cosec^ <pf — tan^ and cos^ <p, where a ^ is the angle a/t which the 
cirdes on AC and BD as diameters intersect, 

_, ^ AC DB sin APC sin DPB 

J? or A M . at — , , 

CB AD sin CPB ^nAPD 

and lAPC=^-y ZDPB=^--, ZGPB=^-<p, lAPD'=^it-<^, 
a a 

"Ex.. 2. Bxjpress {ac^ &(2) as a ratio ofttoo segments of a line. 

Draw a transversal parallel to d. Then {ac, bd) = AB : CB, for 
AD = CD, D being at infinity. 

Sz. 8. Qiven the three points A, B, C; find D so that (AB, CD) may liave a 
given value X. 

Take any line AB^, and divide it in (T so that -AC-^ (fBf « A. I.et 
JSB', C(f meet in F. Through V draw VD parallel to A£f . Then 
{AB, CD) = {ABf, crn'), [where n' is the point at infinity upon AB^,} 
= -AC^ aBf= A. 

XiX. 4. Through a given point draw a transversal tocutUie sides of a ffiven 
triangle ABC in points A'y Bf, C, such that \0A\ BfCT) may have a given value. 
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Let OA cut BC in (/. Then {0A\ B^Cf) « A (0-4', BfCT) = {(/A', CB). 
Hence A^ is known. 



6. ]f AA', BBf, C(f meet in a point and if {AC, BB) = {A^Cf, BfBT), 
then BI/ passes through 0, 

8. A cross ratio of a range of four points is tmaUered by 
projection. 

Let the range ABCD be joined to the vertex F, and let 
the joining plane cut the plane of projection in A^B^C'I/. 
Then since A'BG'jy is a section of the pencil F {ABCD), it 
foUowsthat (ABCD) = A'B'Ciy). 

£x. Xf the points a, b, c, ... he taken on the sides AB, BC, CB, ... qf a 
polygon ; show OuU the continued product of such ratios as Aa/aB is unaltered by 
projection. 

Let any transversal cut the sides ABj BC, CB, ... in a, P, y, ,,.; then 
the continued product of Aa/aB is numerically unity. Hence, divid- 
ing, we have to prove that the continued product of Aa/aB -r A a/a B 
is unaltered by projection, i.e. the continued product of certain cross 
ratios* 

9. A cross ratio of a pencil of four lines is unaUered by 
projection. 

Join the pencil {ABCD) to the vertex F, and let the 
joining planes cut the plane of projection in the pencil 
a {A'BC'jy). Through F draw any plane cutting the 
pencils in abed and a'h'cfd'. Then 

0{ABGD) = {abed) = Y{abcd) = F(a'6Vd') 

= {a'h'(^d') = (y {A'BC'jy). 

Hence the pencils {ABCD) and & (A'BC'D^) have the 
same cross ratios. 

"Ex., 1. If through the vertices A, B, C, ... qf a polygon there be drawn any 
lines Aa, Bb^ Cc, ..., then the continue product qf the ratios sin ABb/sin bBC 
is unaltered by prqjection. 

Take any point and consider the cross ratio 

sin ABb/sin bBC 4- sin ABO/ain OBC, 

!EjX. 2. The figure ABCB consisting qf four points joined by four lines can be 
jprojected into any figure A'B^C^Jf qfthe same kind. 

Let AC, BB meet in Uy and A^C^, Bflf meet in U'. Take X on AC so 
that (JTAUC) = {Cl'A'VC^, and Ton BB so that {YBUB) = (n^'CTl/), 
^v^here CI and H' are at infinity. Now project JTY to infinity, and the 
angles AUB, BAU into angles of magnitude A'TfBf, BfA'TJ^ Let the 
projections of ABCBUXYhe a^l/<f dfuf o/ca, where ai and o/ are at infinity. 
Then {o/olufcf) = {JTAUC) = (Ji^A^U'Cf), Hence a'u'\ vf^x : A'V'x V'(f\ so 
f/uTivfd'iiB'TJ'iTJ'Br', also la'u'\/ ^ lA'XfBf and l\/a!vi ^iBfA'V. 
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Hence the figures a'l/cfdfu' and A'SfCfl/V are similar. If they are 
not equal, we proceed as in IV. 7. 

Note that this construction fails if JTF as constructed be at infinity ; 
in other cases, by lY. 6, the construction is real. 

Cross ratio of four planes meeting in a line. 

10. Any transversal cuts four pla/nes which pass through 
the same line in four points whose cross ratio is constant. 

Let two transversals cut the planes in ABCD and A^B'C'I/. 
Join ABCD to any point on the meet of the planes, and 
A^BfC'jy to any other point (f on this meet. Then the 
meet of the planes OABCD and (/A'B'C'jy is a line which 
cuts the four given planes in the points a, )3, y, b, say. 

Then (ABCD) = 0(ABCD) = 0{afiyb) = {a^yb) 

= (/{afiyb) = (y{A'BC'B^) = {A'BC'D'). 
Hence {ABCD) is constant. 

"Ex.. Any plane cuts four planes which meet in a line in four lines whose 
cross ratio is constant. 

nomographic ranges and pendU. 

11. Two ranges of points ABCD ... and A'B!C'D' ... on 
the same or different lines, in which to each point (J. say) of 
one range corresponds a point {A!) of the other, are said to be 
hxmographic if the range formed by every four points {ABCD) 
of one range is homographic with the range formed by the 
corresponding four points {A'B^C'D') of the other. (See 
Ex. 7 of § 4.) 

Two pencils of rays at the same or different vertices are 
said to be homographic when any two sections of them are 
homographic. 

It is convenient to use the notation 

{ABCD..,) = {A'B^C'D^...), 

to denote that the ranges {ABCD ...) and {A'B'C'D'...) are 
homographic ; and thenotation V{ABCD. . . ) = F' {A'FC'D^ ...) 
to denote that the pencils Y{ABCD...) and F'U'^'C'D'...) 
are homographic. 

A ra/nge is said to be homographic with a pencil when 
the range is homographic with a section of the pencil. This 
is denoted by {ABCD. . .) = F' {A'B'C'D'.. .). 
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Sx. 1. Turn ranges {or pencils) which are homographic imth the same range 
(or pendl) are homographic. 

Sx. 2. If UJT : F'X^ be given, U being a fixed point and X a variable point 
on one line, and V^, X' on another lirte ; then X and X' generaie homographic 
ranges on these lines. 

Let A, B, C, D be four positions of X, and A', B', (/, 1/ the corre- 
sponding four positions of X'. 

Then AC = UC-UA = k{V^€f -VA") ^ k,A^€f. 

Hence {AB, CD) « (A'B^, CTjf). 

Ex. 3. The same is true if UX . V^X^ be given. 
For AC = UC- UA = k/V^C^-k/V^A^ 

= --k.A^C^ Y*cr.VA\ 
J3x. 4. A variable circle passes through a fixed point and cuts a given lifie at 
a given angle ; show that it determines on the line two homographic ranges. 

For the pencils at the point ai*e superposable. 

12. To form two homographic ranges on different lines. 




Take any range ABODE ... on one of the lines, and take 
any three points A% B', C" arbitrarily on the other line to 
correspond to ABC. 

Let AB^ and A'B meet in fi, AC and A'C in y ; let fiy 
meet AA' in a and A^D in 5 ; let ^ 5 meet A'B' in 2/. 
Similarly construct the points €, E', &c. Then the range 
A'B'C'jyE',,, is homographic with the range ABODE,,,. 

For take any four points of the first range, viz. LMNBj 
and the corresponding four points of the other, viz. UM!NB!. 
Then 

(JJMH^rBT) = A (L'M'ITB^) = (Afu;/>)=A' {\ixvp)=z{LMNR). 
Hence every range of four points of one range is homo- 
graphic with the range of the corresponding four points 
of the other range, i.e. the ranges are homographic 
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13. To form two homographic ranges on the same line. 

Take the range ABODE ... on one line. Take any section 
A''B'dy'E''... of the pencil joining any point V to 
ABODE.,., Then with any three points A'BfO' on the 
given line to correspond to A"Bf'0'\ construct a range 
A'BO'D'E'. . . homographic with A"B"dy'E". . ., Then 

{A'B'0'D'Er...)r=z{A''Bf'0''D^'iy'...\ by construction 

= {ABODE. . .) by projection. Hence the 
range A^B'O^D'E^ . . is homographicwith the range ABODE. . . 
on the same line. Also the three points A^B'O' which cor- 
respond to ABO are taken arbitrarily. 

To form two homographic pencils at the same or different 
vertices. 

Join the vertices to any two homographic ranges. 

Notice that in this case also, if one pencil be given, the 
rays in the other pencil corresponding to three rays in the 
given pencil may be taken arbitrarily. 

14. Two ranges ABO.*, and A'B'0\.. on different lines 
are said to be in perspective when the lines AA'y BB\ 00', . . . 
joining corresponding points meet in «• p^i^t (called the 
centre of perspective). 

Two pencils yIaBO...) and V {A'B'O'...) at different 
vertices are said to be i/ xb perspective when the meets of 
corresponding rays lie on a line (called the aads of per- 
spective,) 

Two ra/nges i/n perspective are homographic. 

For let the centre of perspective be 0. Then 

(LMNB) = {LMNR) = {L'MITBf) = (L'M'N'R), 

Two pencils in perspective are homographic. 

For let YA, V'A' meet in a, and so on. Then 

V{LMNR) = (kfxvp) = T{rM'irR), 

15. If two homographic ra/nges on different lines have the meet 
of the lims as a point corresponding to itself in the two ranges, 
then the ranges are in perspective. 

Let the ranges be (ABOD...) = {AB'C'D'...). 
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Let BB, CO' meet in 0, and let OB meet AV in 2>". 
Then {AB'C'iy) = {ABOD) by hypothesis = (AB'O'iy') by 




// 



projection. Hence (ABV'iy) = {ABV'iy% i.e. 2/ and D 
coincide, i.e. the join DI/ of any pair of corresponding 
points passes through 0. 

Sz. 1. If A he the meet qftwo corresponding rays of two homographic pencils, 
then any iioo transversals through A toUl cut the pencils in ranges in perspective. 

Sx. ^,Ifa cross ratio qf the range ABCD be equal to the corresponding cross 
rcUio of the range A'B^Cfl/, show that every two corresporiding cross ratios are 
equal, (See also § 4, Ex. 7.) 

Place the two ranges so that A and A' coincide and that the lines 
^B and A'B^ do not coincide. Then, as above, the ranges are in per- 
spective ; and hence every cross ratio is equal to the corresponding 
cross ratio. 

Ex. 3. If (ABCD) «= {A'B^(fm and {ABCE) = (A'B^CfE") and so on, 
then (ABODE...) and {A'B^(/D^E,,.) are homographic ranges, 

Ex. 4. If (UV, AA') = (UV, BBf) = (UV, CCT) =.-., 
show that (ABC. . .) = (A'BTa . . .). 
For (JJV, AB) = \UV, A'Bf). 

Ex. 5. If P he a variable point on the line joining two fixed points Ay B, and 
P' a variable point on ike line joining the fixed points A^, Bf, such that 

AP/BP ~ A^P'/B'P' 

is constant, then P and P' gevyerate homographic ranges. 

For if C be a position of P and (f of P', we have 

AC/BC 4- AP/BP - A'C/Bf(f 4- A'P'/PfP', 

i.e. (ABCP) « (A'B'Cfl^), 

Ex. e. If VA, VB, VP and V'A', VBT, VP' he such that 
sin AVP/sin BVP ~ sin ^'F'P'/sin JB'F'P' 
is constant, then VP and VP* generate homographic pencils, 

Ex. 7. Also if tan AVP/tsLXi A'y^P' be cortstant. 
Take AVB and A^V^B" right angles. 

Ex. 8. If AP.B^P^-^ BP he constant, then P and P^ generate homographic 
ranges. 

For AP. BTP"^ BP. ti'P' - AG . B'CT^ BC. Ci'CT, 
hence (AB, CP) = (ff £', CfP'), 
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Ex. Q. If the triangle ABC he circumscribed to (he triangle LMN; show that 
an infinite number of Mangles can he dravon which are inscribed in the triangle 
LMN and at the same time circumscribed to the triangle ABC. 

Take any point R on LM ; let AR cut NL in Q, and let BR cut NM in 
P. It will be sufficient to prove that PQ passes through C. Let BC 
cut NM in X, let CA cut LN in F, and let AB cut ML in Z. 

Then ^{NMPX) ^ B{NMPX) = {ZMRL) = A {ZMRL) = (NTQL). 

Hence the ranges {NMPX) and {NYQL) are in perspective. Hence 
MYy PQ, XL meet in a point, i.e. PQ passes through C. Hence PQR is 
inscribed in LMN and circumscribed to ABC. 

Ex. 10. Six points A, B, Gy D. E, F are tciken, such that AB, FC, ED meet 
in a point G, and also FA, EBy DC in H; show that BC, AD, FE also meet in 
a point. 

Let BE and CF meet in P, CF and AD in -R, and AD and BE in Q. Then 

(BPQE) = G(^BPQE) « {ARQD) « H{ARQD) = {FRPC) = {CPRI). 

Ex. U. AO meets BC in D, BO meets AC in E, CO meets AB in F. X, F, Z 
are taken such that {AD, OX) = {BE, OY) « {CF, OZ) = — i ; shofUJ that the 
triangle XTZ circumscribes the triangle ABC. 

For {AD, OX) = {EB, 07). 

Ex. 12. The points A and B move on fixed lines thrcmgh 0, and U and Vare 
fixed points cdllinear with ; if TJA and VB meet on a fixed line, show that AB 
passes trough a fixed point. 

Take several positions of the point A, viz. AiA2At... . Join A^ U 
cutting the given line in C^ , and join C^V cutting OB in B^ . Similarly 
construct Q C3 . . . and B.2B3..., Then 

Hence the ranges {A^ A2A3...) and (Bi_ B^B^...) sue homographic. Also 
when A is at 0, B is also at 0. Hence the ranges are in perspective. 
Hence A^Bi, A^B^, A^B^, ... meet in a point, i.e. AB passes through a 
fixed point. 

Ex. 13. If the points A,B,C mwe on fixed lines through 0, and AB turn about 
a fixed poirU P, and BC turn abmt a fixed point Q, show that CA turns about a 
fixed point. 

Ex. 14. If the vertices qfap6lyg<m move on fixed amcurrent lines, and aU but 
one of the sides pass through fixed points, this side and every diagonal wiU pass 
trough a fixed point. 

16. If two homographic pencils at different vertices have the 
ray joining the vertices as a ray corre^miding to itself in the ttco 
pencils, then the pencils are in perspective. 

Let the two homographic pencils be V{V'ABG...) and 
V {VA'B'C'...). Let VA cut TA' in a. Let VB cut V'B" 
in /3. Let a^ cut FF' in r. If a^ does not cut VC and V'C 
in the same point, let ajB cut VC in y and F'C in y\ 

Now F (V'ABC. . .) = F' {VA'B'C. . .). Hence 

(vafiy) = {va^y), 
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by coniidering the sections of these pencils by ap. Hence 
y and / coincide. Hence FC, V'C meet on afi. So every 




pair of corresponding rays meet on a^. Hence the pencils 
are in perspective. 

Ex. 1. If(ABCD...) and (A^B'Cfl/...) betioo homograpfiic ranges, and any 
two points V, V^ he taken o» AA', show tkoit the meets of VB and V'B^, of VC 
and V^Cfj qf VD and V^If, ^-c, aXLliema line, 

Ex. 2. ^ AB pass through a fixed point Uj and A and B move on fixed 
lines meeting in 0, and if V, W he fixed points coUinear vn^ 0, show that the 
locus of the meet of AV and BW is a line. 

Let AV and BW cut in P. Take several positions AiA^... of A, 
^1 5a ... of £, Pi Pa ... of P. Then 

r(0PiP2...) = (0^i^2...) = ^(0^i^2...)='(0-Bi5a...) = ^(0PiP2...). 
Now the pencils F(OPiPa...) and Tr(OPiPa...) have a common ray; 
hence they are in perspective. Hence all the meets ( TPj ; PTPj), 
(FPa ; TTPa), ... lie on a line. 

Ex. 3. Show that the meet of UV and OB, and the meet of UW and OA lie 
on the locus. 

Ex. ^. Tf A aTid B move on fixed lines through 0, and AB, BP, and APpasa 
through fixed coUinear points U, Vy W, show thai the locus qf P is a line 
through 0. 

Ex. 6. Jf eaxh side of a polygon pass through one qf a set qf cdlinear points 
whilst all hut one of its vertices slide on fixed lines, then unU the remaining vertex 
and every meet qf two sides describe a line. 

17. If (ABC.) and {A'S^C\..) he ttoo homographic ranges 
on different lines, then the meet of A^ and A'B, of BC and 
B'Cj and generdUy ofFQf and P'Q, where PP% QQ are any two 
pairs of corresponding jpoints, aU lie on a line (called the homo- 
graphic cms). 

Let the two lines meet in a point which we shall call 
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X or Y', according as we consider it to belong to the range 
(J.J5C...) or to U'^C'...). Take the points Z' and T cor- 
responding to the point X (= Y') in the two ranges^ Then 
every cross meet such as (P^; P'Q) lies on X'F. (See figure 
of § 1 2.) For by hypothesis (XYABC. ..) = {TTA'B'C. . . ). 
Hence A' {XYABC.,,) = A {TTA'B'C',,.) ; and these two 
pencils have the common ray AA^; hence they are in per- 
spective ; hence {A'X; AX% (A'Y; AT), (A'B ; AB'\ ... 
all He on a line. But {A'X ; AX') is T, and (A'Y; AT) is 
Y, Hence (A'B ; AB') lies on the fixed line X'Y; i.e. every 
cross meet lies on a fixed line, for AA^j BB^ are any two 
pairs of corresponding points. 

18. By Eeciprocation, or by a similar proof, we show that 
ifV{ABCD...)and V {A'B^CB\,,) he homogmphic pencils, 
then all the cross joins such as the jom of {VB ; VC) toith 
{V'B^ ; YC) pass through a fixed point (called the homographic 
pole). 

Ex. 1. If Ay Bf C be any three points on a line, and A', B^, Cf be any three 
points on another line^ show that the meets of AW and A!B, of ACf and A^C, and 
ofBCf and BfC, are cdUinear. 

Consider X ( = Y^ as above. 

Ex. 2. When ttoo ranges are in perspective, the axis of homography is the 
polar of the centre of perspective for the lines of the ranges. 

Projective ranges and pencils. 

19. If ra/nge a is in perspective with range ^3, and range y3 
with range y, and range y with range b, and so on ; then 
each of the ranges a, ^, y, 6. . . is said to be projective with every 
other. 

If pencil a is in perspective with pencU /3, and pencil 
with pencil y, and pencil y with pencil 6, and so on ; then 
each, of the pencils a, /3, y, 6... is said to be ptvjedive with 
every other. 

Projective ranges are homographic. 

For the range a is homographic with the range 13, being in 
perspective with it ; so ^3 with y, y with 6, and so on ; 
hence each is homographic with every other. 

Projective peruMs are homographic. 
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For the pencil a is homographic with the pencil ^, being 
in perspective with it ; and so on. 

Homographic ranges are projective. 

For they can be put in perspective with the same range 
on the homographic axis. 

Homographic pencils are projective. 

For they can be put in perspective with the same pencil 
at the homographic pole. 

A range and a pencil are said to be projective, when the 
range is projective with a section of the pencil. 

Hence a ra/nge and a pencil which are projective are homo- 
graphic ; and a range a/nd a pencil which are homographic are 
projective. 



CHAPTER X. 

VANISHING POINTS OP TWO HOMOGRAPHIC RANGES. 

L The points corresponding to the two points at infinity 
in two homographic ranges are called the vanishing points. 

To construct the vcmishing points. 

Let the ranges be {aiABG...)= (J'il'A'B'G' ...), where 
12 and 12' are the points at infinity, and I and J^ are the 
vanishing points. 

First; suppose the ranges to be on different lines. 

Through A' draw JL'co parallel to AB (and therefore 
passing through Q) cutting the homographic axis in co. 
Then A co will cut A^B^ in the vanishing point J\ Similarly 
I can be constructed. 

Second, suppose the ranges to be on the same line. 

Join Q'ABG... to any point F, not on the line ; and let the 
joining lines cut any other line in oabc.... Then Vo is 
parallel to AA\ By using the homographic axis of the two 
homographic ranges cibc... and A'B'C^.., find the point e7' 
in A'B^C... corresponding to o in dbc.... Then eT"' is the 
vanishing point belonging to the range A'B^G' . . . . For 

(12JLJBC...) = {oc^.,) = (J'A'B^C..). 
Similarly 1 can be constructed. 

2. In two homographic ranges {ABGP...) and {A'B^G'P'...), 
on the same or different lines, if I correspond to the point X2' at 
infinity in the range (A'B^.,.\ and J' correspond to the point 12 
at infinity in the range (AB. . .), then IP . J'P^ is the same what- 
ever corresponding points P and P' are taken. 
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For we have (JXi^^CP...) = (^'«^'^'J5'C'P'...); 

hence (.iP, IS) = (^'P', Q!r\ 
i.e. All IF -^ ^ 12/X2P = A'fi712'P'-5- A'J'/J'P'. 
But -4X2/12P=-i and ul'127i2'P'= -i. 
.-. AI/IP-J'P'/A'r, 
. •. 7P. J'P' = J4 . J'A'y which is constant 
Conversely, if IP. J'P' he constant, then P and P' generate 
ranges which are homographic, and I and J' are the points cor- 
responding to the points at infinity in the ranges. 

For let A and A' be any two positions of P and P', then 
IP. J'P'=IA . J' A'. Hence retracing the above steps, we 
get {AP, ID) = {AT', Q/r). Hence P and P' are cor- 
responding points in the ranges determined by AIQl and 
A'QIJ', and I and J' correspond to 12' and 11 in these ranges. 

Ex. 1. If ihr(yugh the cemtre of perspective of the two ranges {ABC.) and 
(^AB^Cf... ), there he draum a paraUd to AB^ meeting AB in I and a paraUel to 
AB, meeting AB^ in J', prove geometricoMy that 

lA.J'A ^IB.J'BT = ... ^lO.yo. 

Deduce theformuta IP. J' P' for any tioo homographic ranges. 

Ex. 2. If OP. OP' he amstant, heing the meet qf the lines (m which P and 
P' lie, show thai P and P' generate homographic ranges. 

Ex. B.Ifl and J' he ths vanishing points qfthe homographic ranges 

(ABCP...) = u'B'crp'...), 

show that (a) AF i Al ii A'P'iJ'P'; 

(6) AP/BP -^ MP'/PfP' = AI/BI. 

Ex. 4. Show also that AP. J'P'-r- A'P' is independent qf the position qfP. 
For (^n, PQ) = {A' J', P'qf). 

Ex. 5. If 0, A, B he fixed points on the fixed line OAB, and 0, A\ B' he 
fixed points on the line OA'Pf which may have any direction in space, s?iow thoit 
the meet of A A' and BB^ describes a sphere. 

Through the meet V of AA' and BBf draw VI parallel to -4'B'. 
Then I is a fixed point, for {lOAB) ^VXIOAB) ^{CifOA^B"). Again, 
through Fdraw F»r parallel to AB. Then J' is a fixed point on 0-4.', 
i.e. OJ' is known, i.e. IV is known. 

Ex. Q. If one qftwo cqpolar triangles he rotated about the aoUs of homology, 
show that the centre of homology describes a circle, whose centre is on the axis. 

Yiz. the meet of the spheres determined hy AB, A'Pf and by AC, 
A'Cf, whose centres are on the axis. 

3. Take any two origins U and V on the lines of the 
ranges. Then IP = Z7P— UI = x—a, say ; 

and J''P'=rP'-FJ''=a:'-a',say. 

I 
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Hence we get (a? —a) {sf—a') = constant, 

or xaf —u'x— aaf+aa'^: constant, 

a relation of the form Jcocaf + Za?+ maf + w = o. 

Hence the distances x cmd xf of corresponding points in two 
homographic rcmges from any fixed points on the lines of the 
rcmges are connected hy a relation of the form 

kxxf + lx-^mx^+n = o, 

wJiere kj l, m, n are constants. 

Conversely, if the distances he connected hy this relation, 
the points generate homographic ranges. 

For if kxx^-\-lx-\-nuf-\-n = o, 

then fc(a; + p(:r'+|)=|?-n, 

or IP . tFP' = constant, where m/k ^ lU and l/k = eTF'. 

The above relation assumes a neat form if we take V^ 
to coincide with V. For then 

IP . erP'= lU. J' Wj .\ xxf- a'x-ax^— o, 

or alx-\-a!i7!- i, or UI/UP+WJ'/UP'^i. 

4. IfP and P' he connected hy the relation Ix+msf+n = o, 
P a/nd P' generate homographic ra/nges in which the vanishing 
points are at infinity; and conversely y the corresponding points of 
two homographic ranges whose vanishing points are at infinity ^ 
are connected hy a relation of the form lx-\-moif -\-n = o. 

(The reasoning employed in i;he general case does not 
apply here because I and T are at infinity, ^md hence 
we cannot start with the equation IP . J'P'=^ constant.) 

If lx-\-motf-\-n=Oj then a?' = )8 a; H-y (say). 

Hence P'^= FQ'- rP'=y'-a^ (say)= fi(f^-x)= fi . 1>Q. 

Hence the two lines are divided proportionally by the two 
sets of points, which therefore form homographic ranges. 

Also putting a? = 00 , we get x^= » ; hence 12 and 12' are 
corresponding points, i. e. I and J' are at infinity. 

Conversely, if I and tT are at infinity, then 

(AB, PQ) = {A'B", P'12'). 
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„ AP A'V x-a yf-d 

Hence _= ^^ or ^-^ = ^.-^ ^ 

.\ x{b>~a')+af(a-V)-\-a%—aV=Oj ' 

which is of the form Ix+maf-^-n = o. 

Or, we may consider the equation lx-\-mx^+n = o as the 
limit of the relation Jcxx^ + Ix-^-maf-^n = o when Jc decreases 
indefinitely. Since the latter equation determines two homo- 
graphic ranges however small 7c is, we may assume this to be 
true in the limit when A; = o. 

Two homographic ranges in which the vanishing points 
are at infinity may be called similar homographic ranges. 

Ex. L Jf (flIAB...) - (J'n'^'B'...), and AB = A'Bf; show Ihat 

AB « AI+A'J", and AI « -B'J'. 

Ex. 2. Throiigh the vertex V of the parallelogram VIOJ^ is dravm a line 
cutHng 01 in A and OJ" in A', show that OI/OA + OJ^OA^ « i. 

"Ex., 3. Find the values of the constants in the rdaHon 

X7f + Zx + maf + « = o. 
The relation is i + l/xf + m/x + n/xaf » o. 
Put a; « 00 ; .*. I ^ —0/= —VJ'^ so w = —VL 
Again, put x = o and xf^V'U'\ /. n « VU'. UI. 
Hence UP, V^P"- V'J*. UP- UI, VP' + y'U', UI « o. 

Another value of n is UY , VJ*, 
These values come also at once from 

IP,J'P''*IU.J*U'^ or W.J'Y^, 

Ex. 4. Deduce the formula when the vanishing points are at infinity. 

Dividing by UI and putting UI « 00 , we get C.UP+ V^P^^ VU^ 
(where c is the limit of V'J'/uf), or to + maf + n = o. 

Ex. 6. Show thai the formula Ix + mxf + n *= o can &e v?ritien 

up/ur+yp^/vu'^ I. 

Put P =^U and P'^V' successively. 

Ex. 6. Shonjo thai by properly choosing V^, the general reUxtion can he thrown 
into the form xxf + 1 (ac—a/) + n = o. 

Ex. 7. Show that corresponding points PP' of two homographic ranges on the 
same line are connected hy a relation of the form 

UP,VP' + y,PP' + 9 = o, 

provided UV - CF'. Show also that 7 = 717 « VJ^ and 

5« ui.uu"^ yjf,v'v, 

5. The following are geometrical applications. 

Ex. 1. If 0, O', A, A!, U, y be fixed points of which OAA'O^ are ecXUneary 
and if points P and P' be taken on AU and A^V swh thai 

a . UP/AP+fi, rP'/A'P'^ 7, 

I 2 



^ 
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where a, fi, y are constants, show ihat the locus of the meet of OP and (fV is a 
line. 

Reducing the given relation to any origins on AU and A^V*, it is 
clearly of the form xaf + Ix + ma/ + n « o. Hence P and P^ generate 
homographic ranges. Also putting P = -4, we get P'= -4'. Hence 
in the two homographic pencils 0{P...) and (/ (P'...)> ^^ is * common 
ray. Hence the locus is a line. 

SiX. 2. T?ie same is true if any one qf the fcittowing relaMons hold — 
(i) o . UP/AP + fi/A'P' => 7, F' being at infinity ; 
(ii) a/AP + fi/A^P' « 7, U and V* being at infinity ; 
(iU) o.UP/^P+3.7'P'»7, A' being at infinity ; 
(iv) a.UP-i-fi. V'P «» 7, ^ and A' being at infinity. 

Sz. B. If y ^ o in any of these relaitionSf the locu>s passes through the meet 
qf OU and C/J^. 

Sx. 4. Obtain the Cartesian equation of a line, viz. Ax + By+C = o. 
Consider the pencils at the points at infinity on the axes. 

Sj±. 5. Xf PM, PM' drawn in given directions from P meet given lines OM 
and O'M! in M and 2Sf so thai a . PM + fi . PM' = y, show thai P moves on a line. 

For PAf and Plf are proportional to the x and y of Ex. 4. 

Ex. 6. If 0, U, V* be fixed points, and if points P and P' be taken on OU 
and OV such that „ . UP/ OP + fi . V^P'/OP^ = 7, 
then PP' passes through a fixed point. 

Ex. 7. Hie same is true if any one qf the f (Mowing reHoMons hdd — 
a/ OP + /3 . yfp'lOP' =7, U being at infinity ; 
a/ OP + fi/OP^ =-y, U and Y* being at infinity ; 
a .UP+fi .VP' = 7, being at infinity. 

:. 8. If y = o, the point is on XJV*. 

:. 9. If p, q, r, the perpendiculars from A, B, Con a line, be connected by 
the relation \,p + n.q + v .r = o, then the line passes through a fixed point. 

Divide by p and use Ex. 6. 

6. If P and P' be connected by a relation which can 
be reduced to the form A^rar'+Zaj+waZ+w = o, we have 
proved that P and P' generate homographic ranges. The 
following converse is very important, viz. 

Any relation which can he reduced to the form 

kxoif-\-lxf-\-mx^+n = o 

is true of every pair of correspondvng points of two homographic 
ranges, provided it is true of three pairs of corresponding points. 

Let the two homographic ranges be {ABCD...) and 
{A'B^O^I/...), Suppose the above relation (in which x = UP 
and oif= V^P^) is satisfied when P is at J. and P' at A% and 
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whenP isat ^and P' at J^, amd when P is at (7 and P' atC 
Then it will be satisfied when P is at 2> and P'at 2/, D and 
1/ being any other two corresponding points of the ranges. 

For if not, suppose that when P is at 2), the above relation 
gives IE' as the position of P'. Then since the given relation 
determines two homographic ranges, we have 

{ABCB) = {A'B'C'E') ; 

but {ABCD) = {A'B'C'I/) by hypothesis. Hence 1/ and 
S' coincide, Le. the given relation is true for every pair of 
corresponding points of the two ranges. 

TiX. 1. Jfihe point P on the line AB and the point P' on the line BfCf he 
connected by the relation 

\ . AP/BP + II . C'pf/BfP* « I, 

shonjo fhat P and P^ generate homographic ranges, and that B and Bf are cot" 
responding points in these ranges. Find also the values qf A and fc Prove a^ 
converselyy that if {ABCP) = {AfB^C^P*) then the relaUon holds. 

Taking any origins we get 

\(x-a) (x'-b')+/t(a/-c') (x-b) « (x-h) (aZ-l/), 

"which is of the form kxxf + lx + mocf + n = o. 

Hence P and P^ generate homographic ranges. 

Take P at B, then a; « 6, .-. \ (b—a) (aZ-b') = o, .*. 0/= Z/. 

Hence P' is at B^, i.e. B and B^ correspond. 

Again, let P be at C when P' is at 0^. 

Put xf= </. .-. X (c-a) = (c-6), .-. X = BC/AC. 

Let P^ be at A^ when P is at ^. 

Put x = a. .-. /I (a'-e/) = a'-Z/, .'. /i = B^A'/CfA'. 

Conversely, if {ABCP^ = {A'BfaP'), the relation 

BC AP ^A/^ C^ __ 
AC' BP '^ CW ' BfP' " ' 

is true ; for it is of the form xxf + lx + msd + n = o, and it is satisfied by 
(^, A'\ {B, B") and (C, C). 

Sx. 2. Treai the following relations in the same loay — 
(a) \/BP+fi. aP'IBfP'^ I ; 
(6) \.AP/IP-¥ii.C^P'==is 

(c) X/IP+/i.(rP'= i; 

(d) AP.B^P' + \.CP + ii.(fP''^AC,Bf(f s 
(«) IP.B'P' + X.CP+|* = o. 

Besults— (a) X « BC, a* = BfJ'/0J*i 

(6) X = IC/AC, /* « ilCfA's 

(c) X = 7C, >* = i/crj'; 

(<i) X rr -JS'J^, ;t = -^J; 

(6) X = -^J^ /I =. ^ICBfCf. 
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Ssu 3. Show thai the fdUowi'ng equations are satined by every two homo- 
graphic ranges. 

, , AP B^P^ AP B^pf 

ia) • — ; — : + A • + U • + 1^ = 0: 

^^ cp jypf cp *^ lyp^ ' 

,^, AP B^P' ^ AP Pfpf 

Each equation is of the required form, and X, /(, v can be determined 
80 that the equation shall be satisfied by any three pairs of points. 

Ex. 4. Bedwie in Ex, 3 d^nite formulae for (ABCP) = {A/B^C^P'), i,e. 
determine the vaittes qf \, n, v. 

Ex. 6. If {ABCB) = {A^BfCfB^\ prove that 
, ^ AB,CB AC.BB AB,BC 

,^. AB.CD -^ ACBB ^^, AB.BG ^^ 

(/ "being an arbitrary point on the line A'Bf. 
Take B and Bt as variable points. 

Ex.6. Ifthepenca ViABGB) be hwnographic with the range {A'B'CfB^), 
show that 

B\n.AVB,smCVB sin^FC. sin DF.B sin^FJ. sinBFC 

Af& ■*' Afa "*" Afj^ " °' 

Use Ex. 5 (a). 

Ex. 7. Show that VP, V^P^ generate homographic penals if 
. sin ^FP sin .BFC sin C^VP' BJnB'VW _ 
^"^ sin 5FP * sin -4 FG "*" sin ^F'P' ' sin C^V'A^ ~ ^' 
or (b) \ cot BVP + fi cot B'V^P' = i, 
or (c) X tan ^FP + A* tan CfV^P' = i. 

Ex. 8. Xf VP and V^P' generate two homographic pencils^ and AVP == 
and Bfy'P' = Q^t VA and V^Bf being any initial lines, show that 

tan . tan $^ + \ tan d + fi tan 0^ + v = o; 

and conversdy, if this relation be satisfied, then VP and V^P' generate homo* 
graphic pencils. 

Take transversals perpendicular to the initial lines, then 

tan OCX and tan^'oc a/. 

Common points of two homographic ranges on 

the same line. 
7. Suppose corresponding points in two ranges on the 
same line to be connected by the relation 

h.UP. 7'P' + Z.UP+m.7'P'+w = o. 

For the origins U and F' we can take the same point 
on the line, called U or V^ according as it is considered 
to belong to one or the other range. The equation becomes 
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Now if P correspond to itself, P must coincide with P'. 
Hence the equation giving the self-corresponding or cxymriMm 
points of the two ranges is 

7c.UP^+{l+m) UP+n = o. 

Hence every two homographic ranges on the same line 
have two common points, real, coincident, or imaginary. 

A graphic construction of the common points will be 
found in XVI. 6. 

Sz. l.IfE and F be the common points qf the Tiomographic ranges (ABC. . .) 
(md {A'B^Cf, . .), sliow that 

{EFAA') « (EFBB^) = {EFCC^) = . . . . 
For {EFj AB) = {EF, MW), .\ (EF, AA*) = {EF, BBf\ 

Ex. 2. If (EFABC. . .) = {EFA'BfCf, . .) = {EFA^B^'Cf^. ..)=•••, 
ihen {EFAAW^, . .) = {EFBB'Bff. . .) = {EFCCf(/\ ..) = .... 

Ex. 3. ^ {EF, PP^) be constant, then PP* generate Jiomographic ranges qf 
tohich EF are the common points. 

Ex. 4. If ABC.,., A'BfCf ... be homographic ranges on tlie same line, and 
if P'iQ be the points corresponding to the point P ( = Q') according as it is con- 
sidered to belong to the first range or the second, show tfiat P^, Q generate homO' 
graphic ranges whose common points are the same as those qf the given ranges. 

The range generated by P^ is homographic with the range generated 
by P, i.e. by Q^, and this is homographic with the range generated by 
Q. Hence range P' = range Q. 

Again, suppose P is a common point of the given ranges ; then P^ 
coincides with P, i.e. P' coincides with (/; hence P coincides with Q, 
i.e. P^ coincides with Q, i. e. P is a common point of the derived 
ranges. 

Ex. 5. If JT be the fourth harmonic of P for P' and Q, then PX is divided 
harmonically by the common poirUs. 

Let the given homography be defined by 

PA , PA^ + 1 . PA + m . PA' + n « o. 

Put ^ = P and A'= P*, .-. PP* >= -n/m. Put ^ =- g, ^'= qf= P, 

.'. PQ = -«/Z, .-. a/PX = i/PP^ + i/PQ = -(« + »»)/*». 

Now E and F are given by a^ + (l + m) x + n = o, 

.-. i/PE + i/PF = - (2 + m)/n « a/PJT, 

.'. (PX, EF) is harmonic. 

Ex. 6. Construct the fourth harmonic qf a given point for the (unknown) 
common points qf two given homographic ranges. 

:Bx. 7. Show that (EF, QP') = (EF, AA^ in Ex. 4. 
For (EF, AAy= (EF, PP') . (EF, Q(/) where P=g'. 
This gives us another proof of Ex. 4, using Ex. 3. 

Ex. 8. ]f ABA'Bf be given coUinear points, find a point X in the same 
line, such that the compound ratio AX,A'X -ir BX.B'X may be a given 
quantity. 
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X is one of the common points of the homographic ranges deter- 
mined by APjBP -i- BfF'/A'P''^ the given quantity. 

Sx. 9. Determi'M the point X, givin the value of AX , A'X -r BX. 

8. If one of the common jpoints of ttco homographic ranges 
{ABC.) cmd {A^B^G\..) on the same line be at infinity, then 
the points ABC. divide the line in the same ratios as the points 
A'B^C ; cmd c(yn/versely. 

For if {AB, CO) = {A'B", C'Q). 

^, AC aB A'C US' 

^^^"^ CB' la^c'W' A^' 

But Q.B'i-A 12 = - 1 = aB'-r'A'Q. ; 

• •. AC:CB::A'C':C'B'; 

and similarly for any other pair of segments ; ie. the line is 
divided similarly by the two sets of points. 

Conversely, if the line be divided similarly by the two sets 
of points. 

Since AGiCB:: A'C: (TB", 

we have, retracing our steps, {AB, CO) = (A^B^, (7'12). 

So {DB, CO) = {J/B", C'a\ and so on. 

Hence {aABC.) = {aA^B^C'...), 

i.B.(ABG...) and (AfB^C.,.) are two homographic ranges 
with a common point at infinity. 

Or thus — Let the homography be given by 

lcxoif-\-lx-\-maf^n = o. 

The common points are given by fcr*+(Z+w)a;+n = o. If 
one of the common points be at infinity, then A; = o, i.e. the 
homography is given by Za?+wwt/+w = o, i.e. the ranges are 
similar. 

Conversely, if the ranges are similar, then 

lx+maf+n = Of 

Le.Jc=Oj i.e. one of the common points is at infinity. . 

Six. 1. If in two homographic ranges on different lines the points at infinity 
correspond, the ranges are similar ; and conversely. 

Sx. 2. If one qf the common poin^ of two homographic ravages on the same 
line he at infinity, the other, E, is given by EA : EA^i : BA : B^A\ 



X.] Homographic Ranges. 121 

Ex. 3. BhoMO also that E is the meet tcith AA' of t?ie radical axis of any 
two circles through ABf and, MB. 



:. 4. Jf AB/A^B^— BC/B^Cf= .•• = ~i, shcm that one common point 
is at ii\finity, and that the other bisects all the segments AA\ BB^, CCf, .... 

Ex. 6. If each qfthe common points he at infinity, then aU segments joining 
corre^miding points are equal; and conversely. 

For if J* be at infinity, the ranges are diTided proportionally, hence 
ABlA'Bf^EB/EBf = i, for E is also at infinity. Conversely, if 
AB = A'Bfy BC = £'(/, . . . , the ranges are divided proportionally ; 
hence ^ is at infinity. And E is given by EB/EBf — i, hence E is 
also at infinity. 

Or thus. In this case the quadratic /cx^ + (2 + m)x + n=:o has both 
roots infinite. Hence A; » o and l-k-m » o. Hence the homography 
is given by I {%—ocf')^n = o, i.e. x— a/= constant, i.e. AA' is constant. 
And conversely, if AA' is constant, then A; = o and 2 + w = o. Hence 
both common points are at infinity. 

Common rays of two homographio pencils having 

the same vertex. 

9. In cmy ttvo homographic pencils hcmng the same vertex^ two 
rays eocist, each of which corresponds to itself. 

Let the pencils be F(^-BO...)= F(^'^C^..). Suppose 
a line to cut the pencils in the ranges (a6c...) = (a'6V...), 
a being on YA, and so on. Then if YA and YA' coincide, 
a and a' will coincide. Hence if e and / be the self-corre- 
sponding p6ints of the ranges {dbc...) and (aVc'...), Ye and 
"pyare the self-corresponding or comm<m rays of the pencils 
F(^J?C...)and Y{A'B^C\,,). 

Ex. 1. If VP and VB* he a pair qf corre^Mnding lines in two hovrwgraphic 
pencils whose common lines are VE and VF^ show that 

sin EVP/am FVP -t- sin ^FP'/sin FVP' 
is constant. 

Sx. 2. Find a point on a given line through which shall pass a pair of 
corresponding lines of two given homographic pencils. 

Either of the common points of the homographic ranges determined 
on the line by the pencils. 

Ex. 3. If VAf y'A' generate h^imographic pencils at V and V, sh&w that in 
two positions VA is parallel to y*A'; and that any transversal in either qf these 
directions is cut hy the two pencils proportionally. 

For without altering the directions of the rays, superpose F' on V, 

Ex.4. Two given homographic pencils V{ahc...) and V (afh^</,..) meet a 
line in the poin^ ABC. . . and A'BfCf . . . ; determine the position qf the line so that 
AB == A'B^, BC = B^C^, CD = Olf, &c. 

Suppose the line drawn. Since {CiABC.) = (JiA'BfC'...\ the line 
must be parallel to one or other of the pairs of corresponding parallel 
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rayB. Let it meet the other two corresponding parallel rays in 0, (/. 
Draw V^S parallel to the line to meet VO in S, Then 

SO = V*(y, OA = (/A', and lBOA = LV(yA*. 

Hence BA is parallel to 7'-4'. 

Hence the construction — ^Take the corresponding rays Fy, F'/ which 
are parallel, and also the corresponding rays Fa, y*sf which are parallel. 
Let Vz meet FV in S, and through S draw BA parallel to FV to meet 
Va in A, Through A draw ABC, A'Bfa,,, parallel to VS, This 
line satisfies the required condition. 

For Fy, FV naeet the line in the same point ti at infinity. Hence 
{CiOAB) « {aC/A'Bf). Hence OAiOBii aA*\ Q^Bf, But OA = Of A' by 
construction. Hence OJB — O^Bf, Hence AB = A'Bf^ and so on. 

Hence there are two such lines, one parallel to each of the lines 
Fy, Fa. 

XiX. 6. Qix>e¥k, any i!WO homocfraphic pencils, one can he moved paraUd to itself 
80 as to he inper^ctive with the other, 

10. If I, J' correspond to the points at infinity in two 
homographic rcmges on the same line, and bisect IJ% a/nd 
0' he the point corresponding to 0, then the common points 
Ey F are given hy 

0E^= OF^ = 0J\ Off, 

For (012, IE) = {ffr, Of E], 

where i2 or 12^ is the point at infinity upon the line. 

qj[ Ea_ffir ET 
''' lil ' OE ~ n'J' ' ffE' 
But EQ-i-in, = I and 0'Sl''ir£l'J'=z^i, 

.-. OI.ffE+OE.Er=o. 
Take as origin, /. 01 (OE^ Off) + OE {OJ' - OE) = o, 

but 01= - or, .'. - or {OE- off) + oe {or- oe) = o, 

.-. 0E^= or. Off; so 0F^= Or. Off. 
Hence the two common points are equidistant from ; there- 
fore one is as far from I as the other is from r. 

Notice that {EF, ffJ') is harmonic. 

!Bz. "LJ/E and F coincide, they hoth coincide with 0. 
For bisects EF, 

SjX. 2. Show that the rdation connecting two homographic ranges on the same 
Une can he thrown into the form EP , FP+IP. PP' = o. 

For this relation is of the required form, and it is satisfied by {Ej E) 
and {F, F), Also putting the relation in the form 

je;p.fp/pp'+ip = o, 

we see that it is satisfied by (7, Ci^)„ 
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IiX. 3. "Prome the same for Vie relations 
(a) EP.FF*=^EI,PF*; 
(6) OP, OP^-OI.PPf + OI. 0(/« o; 
(c) OP^-\'IP,PP' + OI.O(y^o, 

"Ex. ^ JfE and F coincide , P and P^ are connected by the relation 

UP. UP^'-UJ', UP- UI.UP' + UC^^ o. 
For putting P = P' in the general relation 

UP. UP'-UJ'. UP-Ul.UP' + UU'. UI = o, 
and noticing that a . UO = UI+ UJ^j we get 

UP*-2 .UO.UP+ UU\ UI « o. 
And this is a perfect square, hence UU*. UI = UC^. 

Sz. IS. If E and F coincide^ show that P and P' are connected by the 
relation OP. 01^=01. PP^. 

It is of the required form, and is satisfied by (I, Of), and by {E, E) 
and {F, F) since E and F coincide with 0. 

"EiK. 6. IfE and F coincide, show also that 

(a) {OPy^ + {OP')-^ = {OA)-^ + (O^O -\' 
(6) OP. OA/AP = OP*. OA'/A'P^; 
(c) OP^ = PI. PP'. 

XiX. 7. Any two ranges whose common points coincide, can be fiUiced in 
perspective with tioo ranges whose corresponding segments are equal. 

For join the two ranges to any point V and consider the ranges on 
any line parallel to VO. 

11. If the common points he imaginary, then the ranges 
(ABC.) a/nd {A'B^C\..) subtend at two points in the plane 
of the paper superposable pencils. 

For if E and F are imaginary, since OE^ = OJ'. OC/, we 
see that OJ' and OC/ have different signs, i. e. lies between 
0' and J^. On a perpendicular to the line AA' through 
take OU, such that 01P= 0J\ (fO. Two such points can 
be taken one on each side of the line AA\ 




Then the pencils subtended at TI are superposable. 

Since I corresponds to the point Qf at infinity, the ray 
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TJQf is parallel to A A' ; so the ray UQl corresponding to 
UJ' is parallel to AA\ Now since UC^^J'O. 0(f it follows 
that J^U(y is a right angle. 

Hence Z i2J7«7'= Z UJ'O = lOUff 

= Z U77', since J'O = 07 

Hence the pencil TUp-OI) can be superposed to the pencil 
TKJ'ffD^') by turning it through the angle D^JJJ\ After the 
rotation three rays of the pencils U{^OIABC.,.) and 
U{J'(yQf A'B^C'.^.) coincide ; hence every ray of one pencil 
coincides with the corresponding ray of the other pencil, i. e. 
the pencils are superposed. 

Notice that the points U give solutions of the problem — 
Given^ on one line, two homographic ranges (ABC.,,) cmd 
{A'B'C',..) of which the common points are imaginary, find a 
pomt at which the segments AA', BBf, CG% ... subtend equal 
angles* 

"Ex, Determine a point at which three given coUinear segments stibtend equal 
angles, 

12. Two homographic pencils with the sam^ vertex whose 
common rays are imaginary ca/n "be placed i/n perspective mthttoo 
syperposabU pencils. 

For let any line cut the given pencils in ABC, and 
A'B'G\,., In a plane not that of the pencils construct the 
point TJ at which AA, BB^, , , , subtend equal angles. Take 
the vertex of projection on the line joining Z7to the vertex V 
of the given pencils ; and take the plane of projection 
parallel to UAA\ Then the projection of YA is parallel to 
UAj and of YA' to UA', Hence the projection of the angle 
A YA' is equal to the angle A UA'\ so for the other anglea 
Hence the angles AYA\ BYB\ CYC,,,, project into equal 
angles. 



CHAPTER XL 



ANHAEMONIC PEOPERTIES OF POINTS ON A CONIC. 

1. We have already shown in IX. 8 that the projection 
of a range of four points is homographic with the range, 
and in IX. 9 that the projection of a pencil of four lines 
is homographic with the pencil. We shall now proceed 
to investigate certain properties of a conic by proving the 
corresponding properties of the circle of which the conic 
is by definition the projection. 

2. F(Mr fioced points on a conic subtend at a variable fifth point 
on the conic a constant cross ratio. 

Let the four fixed points on 
the conic be ABCB and the 
variable point P. Let A^B, 0, 
2>, P be the projections of the 
points a, 6, c, d, p on the circle 
of which the conic is the pro- 
jection. Now, in the circle, ahcd 
subtend the same cross ratio at 
every point on the circle. For 
take any two points^ and j)' on the circle. Then 

, ^ ^ sin ape sin apd sin op'c sin ap^d ,, , ^ 

p lab, CO) = -; r -T- . , , = -; — ^H- . , ,, =^p (a&, CO). 

■^ ^ ^ sm cpb sm dpb sm cp b sm dpb ^ ' 

For in all cases the angle apb is equal to the angle ap'h 
or its supplement ; and so for the other angles. Hence 
P (ABCB) = p {abed) by projection = / {abed) = P' {ABGI)) 
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by projection. Hence ABGB subtend the same cross ratio 
at every point P on the conic. 

The cross ratio subtended by the points {ABy OB) on 
a conic at any point on the conic is called the cross ratio of 
the points (AB, CD) on the conic. 

Notice that, making P coincide with A, the cross ratio of 
{AB, CD) is equal to A {AB, CD) = A {TB, CD), where AT 
is the tangent to the conic at A, 

XjX. 1. Slufw ihat in a cirde the pencils p (abed) and pf (abed) are super- 
posable in aXL coses. 

This gives another proof of § a. 

Ex. 2. A tangent to an ellipse meets the auxiliary cirde in ZZ^; sitwu) that the 
cross ratio qf the four points (AAf, ZZ') on the circle is (i— e) -t- (i +e). 
Consider the pencil at the point opposite to Z\ 

XjX. 8. Prove that the cross ratio (ABy CD) of the four points A, B, C, D<m a 
cirde is AC/CB -r AD/DB, AC being the length of the line Joining A to C. 

For sin APC =AC-7-aR, 

Sx. 4. C(yr^pjigate lines for a conic meet the conic in four points which subtend 
a harmonic pencil cU every point on the conic. 

Consider the pencil at one of the four points. 
Such points are called harmonic points on the conic, 

Ex. 5. IfAA^ BW be pairs of harmonic points on a conic, show that AA' 
and BBf are conjugate lines for the conic. 

Ex. 6. The chords AB^ CD qf a conic are conjugate, and ACB is a right 
angle ; through D is draum the dwrd DP meeting AB in Q; show thait CA, CB 
are the bisectors qf the angle PCQ, 

For -I = P{AB, CD) = P(AB, CQ) = C(AB, PQ), 

Ex. 7. Two conies a and fi touch at B and C. Through A, the meet qf the 
common tangents, is drawn a line meeting a in P, Q. BQ, BP meet in V, U. 
Show that VU passes through A, 

(BC, UV) « B{BC, TJV) = B(AC, PQ) = -i. 

Ex. 3. If a variable cirde cut a given arc qfa given cirde harmonicdUy, it is 
(yrthogoruU to the drde, which passes through the ends of the given arc and is 
orthogonal to the given cirde, 

Ex. 9. If AA', BBf be pairs qf harmonic points on a circle, show that 

AAf,BBf^ Q,AB. A'Bf^ a . AB^,BA\ 
By Ex. 3 we have AB . A^Bf = AB^, BA', 
By Ptolemy's theorem we have 

AA'. BBf^AB, A*Bf-^AB^,BA'^ a.AB.A'ff, 

Ex. 10. Obtain the sgiio^ton of a hyperbola r^erred to its asymptotes. 

Let P, Q he any two points on the hyperbola, and il, CI' the points at 
infinity on the hyperbola. Then n (PQnn') - n' (PQnn'). Through 
P and Q draw PL, QM parallel to one asymptote, and PN, QR parallel to 
the other. Then (LMCCi') » (NRCiC) where C is the centre of the 
conic. 
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Sz. 11. Any diameter qf a parabola meets the tangent at Q in T^ the curve in 
P, and any chord QQf in R ; show that TP:PR::QR: R(/, 

For Q (QP<yn) « n (Qpg'n\ 

Sx. 12. A variable point P on a conic is joined to the fixed points Ly M on 
the conic; show that the angle LPM is div^ed in a constant cross ratio by 
paraMs through P to the asymptotes. 

XiZ. 13. Throtigh four fixed points Ay B, Ct D is drawn a system of conies ; 
show that the tangents at Ay the tangents at B, the tangents at C, and the tangents 
at D form four Jiomographic pencils. 

For A {ABCD) = B (ABCD) = B (BADC). 

3. Pappus's theorem. If from cmy point P on a conic 
perpendiculars a, )3, y, h he drmon on the lines ABy BC, CD, DA 
joining fixed points ABCD on the conic, then a . y = Jfc . /3 . ^, 
where k is independent of the position ofP: 

For P(^C; BD) = sin ABB . sin DPC-^sin BBC, sin ABD. 

But BA . BB Bin ABB = a . AB, and so on. 

Hence a.y .AB .DC-^^ .h.BG. AD:=^ B{AC, BD) is 
constant, i.e. ay = A; . /3 . 5. 

"Ex.. 1. If the perpendiculars let faUfrom any point on a conic on the sides qf 
an inscribed polygon of an even numJxr of sides he caUed i, 2, 3, ..., an, show 
thai 1 .3. 5. ... (an — i) -7- a. 4 .6 an is constani. 

Suppose the theorem holds for 2 n— a sides. Then 

1 .3. 5. ... (an— 3) =fc.a.4.6.... (an— 4)x. 
And hy the above theorem (a n — i ) x = /c' (a n — a) (a n). Multiplying, 

I. 3. 5. ... (an— i) = fe". a. 4. 6 an. 

Hence by Induction. 

Sz. 2. The product of the perpendiculars from any point on a conic on the 
sides of any inscribed polygon varies as the product of the perpendiculars on the 
tangents at the vertices. 

Make the alternate sides in Ex. i of zero length. 

XjZ. S, If the conic he a circle, Vie products are equal, in the theorem and in 
Ex, I and Ex. a. (See Ex. 3, § a.) 

Sz. 4. ITie product ^ the perpendiculars from any point on a conic on two 
fixed tangents is proportional to the square qf the perpendicular on the chord qf 
contact 

SiZ. 6. The product of the perpendiculars from any point on a hyperhola on 
two fixed lines paraUd U> the asymptotes is proportional to the perpendicular on 
the intercept on the curve. 

For 0.7-r ^.8 « a'.yf ^'. y and 0=0'. 

JSiZ. 6. The product qf the perpendiculars from any point on a parabola on two 
fixed diameters is proportional to the perpendicular on the intercept on the curve. 
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4. Any number of fixed points on a conic subtend homogrqphic 
pencils at variable points on the conic. 

Let the fixed points he A, B, C, 2>, . . . and take two other 
points Pj Q on the conic ; we have to prove that 

P{ABC1) ...) = Q{ABCD ...). 

This follows at once from the fact that 

P{ABCD) = Q{ABCD), 

where ABCJD are any four of the fixed points. 

XiZ. 1. P, Uy V are points on a hyperhdlay P being varioMe ; show that the 
lines PU and PV intercept on either asymptote a constant length. 

Instead of the asymptote consider at first a chord LM of the conic, 
and let PU, PFcut LMinp and^. Then (p) « U{P) =-V(^P) = (i/). 
And the common points of the homographic ranges {p) and (i/) are 
seen, by taking P at X and M, to be L and M, Hence in the given case 
the common points coincide at infinity ; hence pp^ is constant. 

XiX. 2. Through a fixed, point are drawn lines parallel to the rays qf the 
pencils subtended at two points on a parabola by the other points on the parabola ; 
show that corresponding lines cut off on a fixed diameter a constant length. 

Join the ranges determined on the line at infinity to the fixed point 
and proceed as above. 

Sz. 3. The fixed line DA meets a fixed cxmic in Ay and EB touches at a fixed 
point B. A point is taken on the conic. Through A is drawn a variable line 
meeting the conic again in P and EB in Q. OP meets DA in U and OQ meets 
DA in V. Find the position qf when TJV is of cotistant length. 

First take EB to be a chord BC. Then 

(U) « 0{TT) = 0{P) =A{P)^ (Q) = OiQ) = (F). 

And the common points are where OB and DC meet DA. In the given 
case therefore these coincide. And they must be at infinity. Hence 
OB is paraUel to DA, 

5. The hcus of the meets of corresponding rays of two homo- 
graphic pencils, at different vertices and not in perspective, is a 
conic which passes through the vertices^ 

Let the pencils be (PQB . . .) and 7 {FQB . . . ). Then we 
have to prove that the locus of the points FQB ... is a conic 
through and F. Since the pencils are not in perspective, 
corresponding to the ray VO in the V pencil, we shall have 
some ray OTJ, say, in the pencil which does not coincide 
with YO. Draw any ciixjle touching OU at 0. Let this 
circle cut OF in Y% OP in P', and so on. 

Now V {OPQ . . .) = by hypothesis {UPQ . . .) 
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from the circle. Hence the two pencils Y(OB(i,.,) and 
F'(OP'0'...) are homographic. And they have a common 
ray, viz. YT'O* Hence they are in perspective. Hence 




aU the points (FP; Y':9% (FQ; r<2'),... Ue on a line, viz. 
the axis of perspective. Let (y^F ; F'P') he called ir ; and let 
the axis meet OF in v and 01^ in 7/ ; so for Q, JR,.... 

Now rotate the figure of the circle out of the original 
plane ahout the axis itti'...; and let 0' he the new position 
of 0. Then the triangles O^Y and 0"P'Y' are coaxal ; for 
OT and QfT' meet in tt', and OF and (fY' meet in v, and 
PF and VY' meet in t. Hence these triangles are copolar, 
i. e. OC/^ PP', YY' meet in a point. Hence PP' passes 
through a fixed point, viz. the meet of OC/^ YY\ Hence the 
figure OYPQIB, . . is the projection of the figure (YTP'OflRf. . . . 
But the latter figure is a circle ; hence the locus of P is the 
projection of a circle, i. e. is a conic. Also, since the circle 
passes through F' and (/, the conic passes through F 
and 0. 

Notice that if the pencils are in perspective, the locus 
degenerates into a conic consisting of the axis of perspective 
and the join of the vertices. 

K 
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6. One, (md ovUy one, conic can he drawn through five given 
points* 

Let the five points be A, B, C, 2>, E. Take A and B as 
vertices. Through A draw any ray AP, and let BQ be such 
that A{CBEP) = B (GDEQ). Then the rays AP and BQ 
generate homographic ranges of which AG and BG, AD and 
BDj AE and BE are corresponding rays. Hence the locus 
of the meet E of the rays AP and BQ is a conic through 
ABGDE. Hence a conic can be drawn through ABGDE. 

Also only one conic can be drawn through ABGDE. For 
the other point B, in which any ray AP cuts a conic through 
ABGDE, is given by the relation A (GDER) = B {GDEB). 
Hence every ray through A cuts all conies through ABGDE 
in the same point, i.e. all the conies coincide. 

The locus of jpoints at which four given points subtend a 
constant cross ratio is a conic through the given points. 

Let the points ABGD subtend the same cross ratio at 
E, P, Q, B... * Then, taking E and P as vertices, since 

E(ABGD) = P{ABGD\ 

we know that ABGDEP lie on a conic. Hence the locus of P 
is the conic drawn through the five fixed points A,B,G,D,E. 

7. Every two conies cut in four poimts. 

Two conies cannot cut in more than four points; for 
if they have five points in common, they must coincide. 
Also we see that two equal ellipses laid across one another 
cut in four points. Hence we conclude that if two conies do 
not apparently cut in four points, some of the meets are 
imaginary or coincident. (See also XXVII. 4.) 

Through four given points can he drawn an infinite number of 
conies- 

For we can draw a conic through the four given points 
and any fifth point. 

All conies through four given points have a common self- 
conjugate triangle ; viz. the harmonic triangle of the quadrangle 
formed by the points. 
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Sz. 1. Any four points A^ B^ (7, D are taken^ and M is the middle point of 
AC ; BQ a parallel to AC cuts DM in Q, and DP a paraMd to AC cuts BM in P; 
show that ABCDPQ lie on a conic 

For P{ACy BD) = Q{AC, BD) = - i on AC. 

Sx. 2. Through four given points can he drawn one and only one rectangular 
hyperhcia^ 

For a fifth point is the orthocentre of any of the other three. An 
exception is when this orthocentre coincides with the fourth point, 
when an infinite number of rectangular hyperbolas can be drawn 
through the four points. 

IEjZ. 3. Given in position two pairs of conjugate diameters of a conic and a 
point P on the coniCy to construct it. 

Through P draw parallels to a pair of conjugate diameters ; this 
gives two more points on the conic. Proceeding similarly with the 
other pair, we have five points on the conic. 

!Bz. 4. If Py Q, Ay By Cy D he six points on a conic ; show that the meets of 
PA and QB, of PB and QAy of PC and QDy and of PD and QC lie on a conic 
through PQ. poj. p (bcAD) = Q {BCAD) « Q {ADBC). 

Ex. 5. The sides PQy QRy RP of a triangle inscrihed in a conic meet a 
diameter in Z, Xy F, and Wy [7, V are the reflexions of these points in the centre ; 
show that PUy QVy RW meet on the conic. 

Let the diameter be LM, Let PUy QV meet in N. Then 

P{LMRN) = q{LMRN\ 
for (LMYV) «= (iJtfXF), since (LMYU) and ImLVJT) are superposable. 

£x. Q. If a conic coincide tvith Us reciprocaly it must coincide cUso udth the 
hose coniCy or have double contact unth it. 

For let the conic a and the base conic r meet in the point P. Then 
the reciprocal of P touches r, and therefore a at P. Hence a and r 
touch at P; so they touch at every common point. 

Six. 7. In the case of Ex. 6 when a and T have double contacty ifRhe the 
point where the reciprocal of any point Q on a touches a, th&n> QR passes through 
the pole of the chord of contact of a and T. 

Let the tangent at R meet the chord of contact BC in X. Let A be 
the pole of BC. Let AR cut a in Q'. Then (/ is the reciprocal of RL, 

Let AR cut BC in M. Then since AR ia the polar of L for a, hence 
{LMy CB) = — I. Hence AR is the polar of L for r. Hence ARyRL 
are conjugate for r. Hence the reciprocal of RL lies on RA ; and also 
by hypothesis on a. Hence </ is the reciprocal of RL. Hence QR 
passes through A. 

8. Af By C, B are fixed points. CD meets AP in M cmd BP 
in N; find the locus of P, given that the ratio CMiDN is 
constant. Discuss the locus when AB cmd CD are parallel. 

Since CM = h . DNy M and N generate homographio 
ranges on CD (see X. 8). Hence 

A (P1P2...) = A {M,M^..,) = B (-ZViiVj...) = B (PiP,...)- 

Hence the locus of P is a conic through A and B. 

K 2 



.X 
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It AB and CD be parallel, it follows from elementary 
geometry that the locus is the line dividing CD and AB 
is the given ratio. 

Sz. 1. Tfie locus of the vertex of a trianglCj whose haw is fixed, and whose 
sides cut off a constant length from a given line, is a coniCy which is a rectangular 
hyperbola, when the constant length is equal to the length of the base. 

For in this case AM and BN are parallel when AM is parallel to 
either of the bisectors of the angles between the given lines. 

' XiZ. 2. A triangle ABC is su<:h that B and C move on fixed lines OL and OM, 

wiilst its sides BC, CA, AB pass through fixed points P, Q, R ; show thai the 
locus of A is a conic passing through R^ Q, and through the meet Qf PQ and OL 
and through Ihe meet qf PR and OM. 

£x. 3. AU but one of the vertices qf a polygon move on fixed lines and eojch 
side passes through a fixed point i find the locus of the remaining vertex. 

Sx. 4. The locus of Q is a line. The angles QOP and Q(yp are given, and 
\ (/ being fixed points. Show that the locus of Pis a conic 



X 
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0' Sx. 5. A, A' are fixed poinJts on a circle and the arc PP' moves round the 

circle ; show that the locus of the intersection of AP, A'P' is a conic. 

For A(P...) = A{P^...) since ZPAP' is given 
= ^'(P'...). 

y 

'y £x. 6. A and M are fixed points, P is a variable point moving on a fixed 

line I, QM at right angles to PM meets PA in Q ; s?iow that the locus of Q is a 
conic. If I meet the circle on AM as diameter in B and C, show that the 
asymptotes of the conic are paraUel to AB, AC. 

£x. 7. A and B are fixed points, and P and Q are points su>ch that the angles 
PAQ and PBQ are constant; %f P describe a conic through A and B, so unU Q. 

Xlx. 8. (PQR...) and (P'Q'J?'...) are two homographic ranges on the lines 
OA, OB ; if the parallelogram POP'V be constructed, show that the locus of V is a 
conic. 

Viz. a conic through the points at infinity on OA and 0A\ 

Ex. 9. AU but one of the vertices of a polygon move on fixed lines, and each 
side sul>tends a fixed angle at a fix&i point ; find tfie locus qf the remaining 
vertex. 

Ex. 10. PCP' and DCIf are fixed conjugate diameters qf an ellipse. On CP 
and CD are taken X and Y such that PJC . BY = aCP. CD. Show that DX 
and PY meet on the given eUipse. 

For X and Y generate homographic ranges of which P and D are the 
vanishing points. To get the constant, take X at P'; then Y is at C. 

Ex. 11. EF, FD, DEpass through the fioced paints A, B, C. The centroid of 
DEF is fixed at 0. AO is produced to H, so that OH = a . AG. Show that 
the locus qfD is a conic through BCGH. 

For D (GH,- BQ = - 1 on EF. 

Ex. 12. Q moves on a fixed line, PQ passes through a fixed point, the angle 
QAP is constant, and A is a fixed point. Find the locus of P. 

Ex. 13. A variable line PQ passes through a fixed point D and meets the fixed 
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lin&s AB and AC in P and Q. Through P and Q are drawn PR and QR in given 
directions. Show Giat the locus of R is a hyperbola with asymptotes in the given 
directions; and find where the locus meets AB and AC, 

9. The locus of the meets of corresponding rays of two 
pencils whose corresponding angles are equal hut measured in 
opposite directions is a recta/ngular hyperbola tvith the vertices 
of the pencils at the ends of a diameter. 

The locus is clearly the locus of the meets of corresponding 
rays of two homographic pencils, Le. is a conic through the 
vertices of the pencils. 

Let OP be one of the rays of the pencil at and O'P' the 
corresponding ray of the pencil at (/. Through draw 
Qp' parallel to (fP^ Then clearly all the angles POp^ have 
the same bisector. Now draw this bisector OL and its 
perpendicular OM, and the parallels O'i' and 0'M\ Then 
OL and (Xi' correspond and are parallel, hence their meet 
is at infinity ; hence OL is parallel to an asymptote of 
the conic. Similarly OM is parallel to an asymptote of the 
conic. Hence the conic is a rectangular hyperbola. 

Again, the ray corresponding to (XT', viz. the tangent at 0^ 
is parallel to the reflexion in OL of 00^ ; and the ray corre- 
sponding to O'O, viz. the tangent at 0, is the reflexion in OL 
of ffO. Hence the tangents at and 0' are parallel, i. e. 00^ 
is a diameter. 

Sx. 1. The point of ^Hsection of a given arc of a circle may be coristructed as 
one of the meets of the arc loiih a rectangular hyperbola. 

Let AB be the arc and BT the tangent at B. Let C be the centre of 
the circle. Make the angle ACP equal to the angle TBP. Then if P is 
on the arc we have ZBCP = aZACP. If P is not on the arc, the locus 
of P is a rectangular hyperbola ; and if Q be that meet of the circle 
and the rectangular hyperbola which lies between A and B, Q trisects 
the arc AB. 

The other meets trisect the other arc AB and the arc supplementary 
to AB. 

Ex. 2. The locus of the points of contact of paraXLel tangents to a system of 
ccmfocal conies is a rectangular hyperbola through the foci. Prove this, and obtain 
the reciprocal property of coaxal circles. 

10. Converse of Pappus's theorem. If a point move so 
that its perpendicular distances a, /3, y, b from four fioced lines 
AB, BC, CD, LA are connected hy the relation a,y = k. /B.b. 
then the locus of P is a conic through ABCD. 
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_ a.y AB DC, x x ti • • 

For -zr-\ • -=rpz — 7-= IS constant. Hence, reasoning as in 
p . BV . AD 

§ 3, we see that P(AG, BD) is constant. 

Sx. 1. Given two pairs qf lin^ which are aynjuf/ate for a cirde, the locus qf 
the centre of the cirde is a rectanffvdar hyperbola. 

Let ABy CD be conjugate, and also BC, AD. Assume to be a position 
of the centre. From drop OP perpendicular to DC to meet AB in P'. 
Then P' is the pole of CD, hence OP.OP^ = (radius"!'. So if 0^, per- 
pendicular to ADj meet BC in (/, we have OP.OP'= OQ. (X/. Also 
OP = 7, OP' oca, OQ = », OQ'oc/3. Hence a .7 oc/3 . 6. Hence the locus 
of is a conic through ABCD. Also the orthocentre of ADC gives 
OP.OP' =^ OQ. Oq^. Hence the conic is a r. h. 

Sx. 2. The locus of the foci of conies inscribed in a paraiUeHogram is ar, h. 
circumscribing the parallelogram. 

Here a.y ^ .S, 

11. The projection of a conic is a conic. 

We have to prove that any projection of a conic can be 
placed in perspective with a circle. Now every projection of 
a conic is such that all the points on it subtend homograpbic 
pencils at two points on it ; for this is true in the conic which 
was projected and is a projective property. Hence the projec- 
tion is the locus of the meets of two homograpbic pencils 
and is therefore a conic. 



CHAPTER Xn. 



ANHABICOKIG PBOPEBTIES OF TANGENTS OF A OONIO. 



1. Four fixed tangents of a conic ciU any variable fifffi 
tangent of the conic in a constant cross ratio. 

Consider first the circle of which the conic is the projec- 
tion. Let the fixed tangents of the conic be the projections 
of the tangents at ABCD 
of the circle, and let the 
variable tangent of the 
conic be the projection 
of the variable tangent 
at P of the circle. Let 
the tangent at A cut the 
tangent at P in a, and 
so on. 

Then if be the centre 
of the circle, Oa is per- 
pendiculartoPJ.. Hence 
the pencils {abed) and 

P{ABCD) are superposable and therefore homographic. 
But P{ABCD) is independent of the position of P on the 
circle. Hence (abed), i. e. (abed), is independent of the 
position of the variable tangent of the circle. Hence the 
proposition is true for a circle ; and being a projective 
theorem, it follows at once for the conic by projection. 

The constant cross ratio (a&, cd) determined on a variable 
tangent by four fixed tangents is called a cross ratio of the 
four tangents. 
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Notice that the point where a tangent cuts itself is its 
point of contact ; for as two tangents approach, their meet 
approaches the point of contact of each. 

Similarly a ny number oftcmgent s of a con ic determine on tioo 
other tang ents of the co nic two ranges which are hO Vfldgraphic. 

ISTotice that we have in the above proof incideniaiiy shown 
that the range determined on am/y tangent of a conic by several^ 
other ta/ngerds of the conic is homographic mth the pencil sub- 
tended at any point on the conic by the points of contact of the 
other tangents. 

Sx. 1. Show that the angle aOb is the same for every position of the variable 
tangent. 
This gives us another proof of the proposition of § i. 

SiX. 2. A variable tangent of a conic meets at Q and </ the tangents at the ends 
PyP' of a fixed diameter qf the conic ; show that PQ . P^(/ = CD*, CD being the 
semi-diamefer conjugate to CP, 

For P and P^ are the vanishing points of the ranges determined 
by Q and (/ on the tangents at P and P'. Hence PQ . P(/ is constant. 
To get the constant in the ellipse, take QQ^ parallel to PP^. To get the 
constant in the hyperbola, take an asymptote as Q(/, Then 

PQ = p'(/ = CD. 

XiX. B. If the joins of the ends PP^ of a diameter to a point on the conic cui the 
tangents at P and P* in Q and Q^, show that PQ . F^Q^ = 4 . CP*. 

Ex. 4. IfR and 22' he the meets of these joins and DD^, (hen CR. CR^=CD*, 
and R and R^ are conjugate points. 

Ex. 6. A variable tangent to a conic meets the adjacent sides ABj BC of the 
parallelogram ABCD circumscribed to the conic in P and Q ; show that AP . CQ is 
coristant. 

Ex. 6. A variable tangent cuts the asymptotes of a hyperbda in T and I*; 
show thai CT . CI^ is constant, C being the centre. 

Ex. 7. Deduce the equaMon of a hyperbola referred to its asymptotes^ viz. 
xy Bs constant. 

Ex. 8. B and C are the points of contact of tangents from A to a conic, 
A variable tangent meets AB in P and AC in Q. Show that the locus qf {BQ ; CP) 
is a conic touching the given conic at B and C, 

For B {R) = (Q) « (P) = C(-R). Also when P approaches 5, R ap- 
proaches B. 

Ex. 9. The two pairs of tangents from a pair qf conjugate points meet any 
tangent in two pairs of harmonic points. 

Such pairs of tangents are called Jmnnonic pairs qf tangents. 

Ex. 10. IfAA% BB^ be pairs of harmonic points on a conic, show that the 
fowr tangents at ABA'Bf cut any fifth tangent in a harmonic range. 

Ex. 11. On a fixed tangent of a conic are taken two fixed points AB and also 
two variable points QRy such that (-45, QR) = —i; s?iow thai the locus of 
the meet of the other tangents from Q and R is the join of the points qf contact qf the 
other tangents from A and B. 
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2. If ABf BCj CDy DA touch a conic, and jp, q, r, 8 he tJie 
perpendiculars from A, By C, I> on a variable tangent of the 
conic, then p,r=k,q,s. 

Let two variable tangents cut BC in P, P' and AD in Q, Q\ 




Then (BC, PF") = {AD, QQf). 

BP P^_AQ qD^ 
•'• PC ' BP'" QD ' A(^' 

.-. BP.QD-i-PC,AQ is constant. 

But ^=? and ^ = ^, 
PC r QD s 

. •. p . r -5- g . 5 is constant. 

£z. 1. ^x^e{ ^e theorem to a an'Sided circumscribed polygon. 
!EiZ. 2. Dedt^ce a theorem concertUng a n^sided circumscribed polygon. 
"Ex. 3. If the conic be a circle j show that p,r + q. s is equal to 

OA.OC+ OB. on, 

O being the centre. 

For sin AOQ = sin BOP. 

Sz. 4. If the conic be a parabola^ then p ,r — q. s. 

For taking the line at infinity as tangent , & « p'. / -s- g'. a'^ i. 

Ex. 5. Shcyu3 that for any conic the k ofp . r = k .q .s is the cross ratio of the 
four tangents divided by the cross ratio qf the pencil formed by four lines drawn 
paraUel to fhem through any vertex. 
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Let PQ meet AB in U and CH in ^'. Then 

IfQ -^ sin if^Q = ^Q -^ sin ^JfQ ; and so on. 
Hence the ratio of cross ratios corresponding to (if^, QP) is 

-4Q . PC 4- ^i>. 5P = P . r T- g . 8. 

Ex. 6. ThB lines AB BC, CD, DA touch a conic ; one tangent meets AB, CD 
in M, N and another tangent meets AD, BC in P, Q ; 8?iow that 

AM, BQ, CN. DP -= AP.BM. CQ,DN, 

XiX. 7. The sides BC, CA, AB of a triangle touch a conic at P, Qy R; show 
that ifibe any tangent 

(i) {P,t).{A,t)cc(B,i).{C,t); 
(ii) {R, t) . (g, t) oc (A, 0'. 

3. Deduce^ from the theorem a.y = k. ^.b of XL 3, t?ie 
theorem p.r = k,q.8 by Reciprocation, 

Call the sides of the inscribed figure in XI. ^ a, h, c, d; 
and let the reciprocals of a, h, c, d be the points A, B, C, D 
of a four-sided figure circumscribing a conic ; then p, the 
reciprocal of P, touches this conic. 

The given theorem a . y = A; . /3 . 5 asserts that 

(P, a) . (P, c) -H (P, b) . (P, d) 
is constant. 

But by Salmon's theorem OP/{P, a) = OA/{A, p\ and 

so on. 

Hence, dividing by OP^ we see that 

OA ' 00 * OB ' OB 
is constant. 

Now is a fixed point, hence 

{A,p).(C,p)^(B,p).(P,p) 

is constant, i.e. p.r-i- q^.s is constant. 

Ex. L Qiven any fixed point and any conic, two lines s and h can he found 
such that OF^ -r (P, s) . (P, h) is constant, P being a variable point on the 
conic. 

Viz. the lines corresponding to the foci of a reciprocal of the 
conic for 0. 

Ex. 2. AA% BBf CC^ are the three pairs qf opposite vertices qfa qwidrHcUeral 
circumscribed to a parabola whose focus is 8 ; show that 

8A . 8A'= SB . 8Bf'^8C.8(f, 

Take the four-sided figure whose yertices are AB^A'B, Then 
p .r = q.s. Hence in the reciprocal circle we have 

8A . 8A', a.y = SB. SB". /3 . «. 

But fc « I in the circle. Hence SA . SA^ « SB . 8B^, =SC.SC^ similarly. 
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Ex. 8. Ifihe tangents cU ABCD ... to a circle meet in LMN.,., then^ t being 
any tatigent and the centre of the circle^ 

II {A, : II (X, f) : : II 0^ : II OX, 

II denoting a product. 

For II (r, a) = II (r, V) in a circle. 

4. The lines joining corresponding points of two homographic 
ranges which are on different axes a/nd not in perspective touch a 
conic which touches the axes* 

Let the ranges be (PQB...) and {P'Q'B'...) on the axes OP 
and 0P\ Since they are not in perspective, the point which 
corresponds in the range {P'Q'H"...) to will be some point 
(/ not coinciding with 0. 
Draw any circle touching 
OP' at (/, and from and 
P' draw the second tangents 
to this circle, meeting in p. 

Then the range (P) = 
range (P') by hypothesis = 
range (p) from the circle. 
Hence the ranges (P) and 

(p) are homographic. Also when P' coincides with (/, both 
P and p coincide with 0. Hence the ranges are in per- 
spective. 

Now rotate the figure of the circle out of the original 
plane about the axis OC/. Then the ranges (P) and (p) are 
still in perspective. Hence all the lines Pp, Qq^ Br, ... meet 
in a point, say V, Hence, taking V as vertex of projection, p 
projects into P, and therefore the line P'jp into the line P^P, 
Hence, since P'p in all positions touches a circle, P'P in all 
positions touches the projection of a circle, i. e. a conic. 
Also, since the circle touches Op and OP^, the conic touches 
the projections of these lines, viz. OP and 0P\ 

Notice that if the ranges be in perspective the envelope of 
PP^ degenerates into the centre of perspective and the meet 
of the axes. 

5. One, a/nd only one, conic can he drawn touching five given 
lines. 
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The envelope of a line which cuts fottr given lines in a given 
cross ratio is a conic touching the given lines. 

These propositions can be proved Hke the reciprocal pro- 
positions in XI. 6 or they may be deduced from these by 
Eeciprocation. 

6. Every two conies have four common tangents. 

Two conies cannot have more than four common tangents ; 
for if they had five, they would coincide. Also we see that 
two equal ellipses laid across one another have four common 
tangents. Hence we conclude that if two conies have not 
apparently four common tangents, some of the tangents are 
imaginary, or coincident. (See also XXVII. 4.) 

Touching four given lines can he drawn an infinite number of 
conies. 

For we can draw a conic touching the four given lines and 
any fifth line. 

All the conies which touch four given lines have a cormnon 
self-conjvLgate triangle, viz. the harmonic triangle of the 
quadrilateral formed by the common tangents. 

Sx. L Qiven itoo homographic ranges ABC... and A^B^(/... on different 
lines ; show that two points can be found at each of which the segments AA% BB', 
CCf, ... subtend the same angle. 

Viz. the foci of the touching conic. 

£jX. 2. There are also two points at which AA^, BBf, CK/.... suhtend angles 
having the same bisectors. 

Let the enveloped conic touch the lines in P and Q. The required 
points are the meets of PQ with the director ; as may be shown by 
reciprocating for one of these meets. 

Ex. 3. The vertices Ay JB, C of a triangle lie on the fixed lines MN, NL, LM, 
and the sides BAj AC pass through the Jisced poitUs W and V ; show that the 
envelope of BC is a conic touching the five lines LM, LNy VW, NV, MW, 

Ex. 4. AU but one of the sides of a polygon pa^ through fixed points and each 
vertex moves on a fixed line ; find the envelope of the remaining side. 

Ex. 5. From the variable point situated on a fixed line are drawn the lines 
OA, OB, OC to the fixed points ABC, meeting BG, CA, AB in X, F, Z; BC, YZ 
meet in X' , CA, ZX meet in Y\ and AB, XY meet in Z\ Show thai the line 
X'Y'Z' envelopes a conic which touches each side of the triangle at the fourth 
harmonic of the fixed line for the side. 

By a previous example X'Y^Z' are collinear. Also 

(0) ^.A{p) = ( JT) = (XO since (B(7, XX') is harmonic 

= {Y') similarly. 
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Hence X^Y* envelopes a conic. Let the locus of meet BC in P. 

Then when coincides with P, X coincides with P, X' coincides 
with P' where {V^ , BC) = - i, T and Y^ coincide with C, and Z and Z' 
coincide with B. Hence BC touches at P'. 

XiZ. 6. Eeciprocate the previous eocample, 

XiX. 7. 7%« verfices BC of a triangle lie <m given lines and the vertex A lies on 
a conic on which <dso lie fixed points VW through which the sides CA, AB pass. 
Show that the envelope of BC is a conic touching the given lines. 

£x. 8. The side BC of a triangle touches a conic, and the vertices B and C 
move on fixed tangents of this conic, whilst the sides AB, AC pass through fixed 
points ; show that the locus of A is a conic through the fixed points, 

IBx, O.lfe {cib, cd) mean the cross ratio determined on the line e by the lines 
a, b, c, d ; show that 

e (ab, cd) . c (aJb, de) . d {aib, ec) = i, 

w?iere a, b, c, d, e are any five lines. 

Estimate the cross ratios on any tangent to the conic touching aibcde. 

Ex. 10. Show thai the problem^* To find a line on which five given lines, no 
three of which are concurrmt, shall determine a range homographic uHth a given 
range * — has four soluMons. 

Ex. 11. Given in position two pairs qf conjugate diameters qf a conic and a 
tangent, construct the conic. 

Construct the parallel tangent (which is equidistant from the 
centre). Let these tangents cut a pair of conjugate diameters in LL' 
and MM\ Then LM and VM^ also touch the conic, [proceeding simi- 
larly with the other pair, we have seven tangents. 

Ex. 12. Qiven in position a pair of conjugate diameters and two tangents, 
construct the conic. 

Ex. 13. Prove the converse c/ § a. 

7. If two quadrangles have the same harmonic points, then 
their eight vertices lie on a conic ; asa particular case, if. any three 
of the vertices are collinear, the eight vertices lie on two lines. 

Let ABCD, A'B'C^iy be the two given quadrangles, and 
TJYW the common harmonic triangle. 

If no three of the eight vertices lie on a line, we can draw 
a conic through any five, say A', S^, C, If and A, Then 
from the inscribed quadrangle A'B^C'D' we see that ilVW 
is a self-conjugate triangle for this conic. Also by hypo- 
thesis UYW is the harmonic triangle of the quadrangle 
ABCB. Hence (see figure of V. 9) B is such that {WANB) 
is harmonic ; hence B is on the conic, for A is on the conic, 
and W is the pole of UV) similarly C and D are on the 
conic. 
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Hence ABCBA':ffC'iy lie on a conic. 

If three of the vertices lie on a line, say ACIf, then 
since B'l/ passes through Y we see that B^ also lies on AC. 
Again, BD and also A'G' form with AC or B"!/ a pair har- 
monic with YU and YW. Hence BD and A'C coincide. 
Hence the eight vertices lie on two lines, i.e. on a conic. 

Sx. 1. Prove that two quadrUatercds which have the same harmonic triangle 
are such that Ike eight sides touch a conic {which may he two points), 

Sx. 2. A conic can be drawn trough the eight poirUs qf contact of two conies 
inscribed in the same quacMlaterai. 

"Ex. 3. TIte eight tangents at the four meets of any two conies touch the 
same conic, 

8. Any number of tangents of a parabola determine on two 
other tangents of the parabola two ranges which are similar. 

Let the two ranges be (PQE...) and (P'Q^B^.,,). Let 12 
and Qf be the two points at infinity upon the lines PQ and 
P'^. Then since the line at infinity touches the parabola, 
the line GLQf is a tangent. Hence the two ranges (SIPQB...) 
and {QfP'Q^R^. . . ) are homographic ; also the points at infinity 
1212' correspond. Hence the ranges are similar. 

Conversely, the lines joining corresponding points of two 
similar ranges which are on different axes and not in perspective 
touch a parabola which touches the a^oces. 

For if the ranges {PQE .,) and {P^(^B\..) are similar, the 
ranges (12 PQB . . . ) and (Q/P^Q^Bf . . . ) are homographic. Hence 
the lines 1212', PP\ QQ', ... all touch a conic which touches 
PQ and P^Q\ And this conic is a parabola since 1212' 
touches it. 

SjZ. 1. One cmd only oneparahcia can be drawn touching four giten lines, 

Sx. 2. The Q.udope of a line which cvis three given lines in a constant ratio is 
a para^Hjla, 

SjX. 3. Every two parabolas have three finite common tangents, 

£x. 4. Touching three given linss can be drawn an infinite nuniber of 
parabolas, 

!Bx. 5. TP, TP^ touch a parabola ai P and P^, and cut a third tangent in 
QyQ^; show that QP :TP : :T(/ iTP', 

For {QTy PCi) = (Q'P', m'), considering the ranges determined on 
the two tangents TP, TP^ by the four tangents Q(/y TP^, PT, ClCl\ 

Ex. 6. JfQQ" touch at jB, then PQ/QT = QR/RQ^, 
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XiZ. 7. Thimfwgh Gie fixed points Ay B is dravm a varicMe circle meeting fixed 
lines through A in P, Q ; show thai PQ envdopes a parabola. 

£x. 8. The enveHope qfthe axes of conies which touch tux> given lines at given 
poirUs is aparaibola. 

Let TP, TP^ be the fixed tangents. Then 

PQiP^Q^ = Pg : P^g^ « CD : CI/ = TP: TP^, which is constant. 

"Ex. 9. The normals at the points P and P^ on a conic, the chord PP^ and the 
axes of the conic touch a parabola. 

SSx. 10. Determine a line which shall meet given liries AA% BB^, CCf in points 
P, Q, R such that AP = BQ = CK 

On AA\ BBf take X, T such that AJT^BY^ and construct a parabola 
a touching AA^, BB'y ABj XY. On CGf take Z such that BY « CZ, and 
construct a parabola & touching BBf^ CC^, BC, YZ. Let PQR be either of 
the remaining two common tangents of the parabolas. Then PQR is one 
position of the required line. For {A H, JTP) = (BH, YQ) = (Cn, ZR) 
(the Cla being different). Hence 

AX-i-AP = BY-i-BQ = CZ-^CRj i.e. ^P « Pg « CR. 

Sx. IL The ends PQ qf a segmerU move on fixed lines, and the orthogonal 
projection ofPQona fixed line is qf constant length ; show Viat the envelope ofPQ 
is a parabola whose axis is in the direction of the projecting lines. 

Let pq be the projection of PQ. Then range (P) is similar to range (p), 
'which is equal to range {q\ which is similar to range (Q). Also when 
pq approaches infinity, PQ approaches being perpendicular to ^. 

XiX. 12. From points P on one line are drawn perpendiculars PQ, PR on two 
other lines, show that QR tou^Jies a parabola, 

JSx. 13. Xf through any point parallels be drawn to the tangents of aparaibola, 
a pencil is constructed homographic with the range determined by the tangents on 
any tangent. 

£x. 14. If through points of a range on a given line there be drawn lin^s 
paraUd to the corresponding rays qf a pencil, which is homographic unth the given 
range, these lines will touch a parabola. 

SjZ. 16. IfaJUthe tangents of a parabola be turned through t?ie same angle and 
in the same direction about the points where they meet a tangent, they unll stiU 
touch a parabola. 

Ex. 16. If the angle OPQ be constant, being a fixed point and P moving on 
a fixed line, sihow that PQ envelopes a parabola. 



CHAPTER XIII. 



POLES AND POLARS. RECIPROCATION. 



1. A RANGE formed by any number of points on a given line 
is homographic with the pencil formed by the polars of these 
points for a conic. 

Consider the circle of which the conic is the projection. 
Let A^ B^ ... on the line jp be the points in the figure of the 

circle which project into 
the points on the given 
line in the figure of the 
conic. 

Now since A, B, ... lie 
on p, the polars PA% TB^, 
. . . all pass through P, the 
pole of p. Also PA' is 
perpendicular to OA, O 
being the centre of the 
circle. Hence the pencil 
P{A'B'.,.) is superposable 
to and therefore homographic with the pencil 0{AB,.,), and 
is therefore homographic with the range (AB...). Hence the 
proposition is true for a circle ; and being a projective 
theorem, it is true for the conic by projection. 

Taking the base conic as the given conic, the theorem 
becomes — 

The reciprocal of a range of points is a pencil of lines which is 
homographic with the given range. 
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XiZ. 1. Through a fixed point is dr<xum a variable line cutting a fixed line 
in Q^ and a fixed conic in PP', If (PP^t <?</) he harmonicj show that the hcus 
qfQis a conic passing through 0, through the pole of the fixed line^ through the 
tneeis of this line unth the coniCf and through the feet of the tangents from 0. 

For (Q) « (g') = F (g), V being the pole of the locua of <^. 
Sx. 2. Obtain the reciprocal theorem to that of example i. 

"Ex. 3. If on fixed lines OL and 01/ points PP' be taken which are conjugate 
for a fixed conic, show thai PP' envelopes a conic which touches OL, OL' and also 
the four tangents to the fixed cofUc at its meets unth OL and OV, 

The join of P' to the pole of OL is the polar of P. 

£jX. 4. If OLy OL' be conjugate lines, then the envdope degenerates into 
two points ; also if be on the conic, 

XjX. 6. Two vertices of a triangle st^f -conjugate for a given conic move on fixed 
lines ; show that the locus of the third vertex is a conic passing through the inter- 
sections of the given lines unth the given conic and through the poles qf the given 
Unssfor the given conw. 

Sx. 6. AA' are a pair of opposite vertices of a quadrUatercil whose sides touch 
a conic at L, M. Ny R, Through A and A' are drawn conjugate lines meeting in 
P. Show that the locus of Pis the conic AA'LMNR, 

"Ex. 7. APf AQ, harmonic unth two fixed lities through Ay meet a conic 
in P. Q : show that the envelope ofPQisa conic touching the fixed lines at points 
on the polar of A, and touching the tangents to the conic at the points where the 
fixed lines meet it 

For PQ meets the fixed lines in conjugate points. 

XSx. 8. Through a fixed point is drawn a variaHe line, and PY is the 
perpendicular on this line from its pole Pfor a fixed conic ; show that PY envelopes 
a parabola, which touches the polar of 0, and also touches the tangents at the feet 
qfthe normalsfrom 0. 

Let PY cut the line at infinity in Q. Through any point V draw Vq 
parallel to PY ; then Vq passes through Q, Hence 

(^1^2...)= i^(«i9«...)-=o(r,r,...) 

[corresponding rays being perpendicular] = (PiPa...)« Hence PQ, i.e. 
PY, envelopes a conic touching P^ P^ and Qi Q2) ie- the polar of and 
the line at infinity. This parabola touches the tangent at R, a foot 
of a normal from ; for if OY be OR, then PY is the tangent at R. 

XjX. 9. If instead of being perpendicular to the variable line, PY make a given 
angle with it ; show that PY envdopes a parabola, which touches the polar qf 0, 
and atso touches t^ tangents at the points where the tangents make the above angle 
with tfie radii from 0. 

iBx. 10. ^ the given angle be the angle between the polar qf and the cov\ju{iate 
diameter, the envelope reduces to a point; and the locus qfY is a cirde. 

For when P is at infinity, Q coincides with it. 

XjX. 11.. ^f through every point (m a line, there be draum the chord of a conic 
which is bisected at this point, the envelope qf these chords is a parabola which 
touches the line. 

Consider the pencil of diameters. 

Ex. 12. Through points PQ ... on the line I are drawn the lines PP', Q</,... 
parallel to the polars of P, Q,... for a conic; show that PP', Q</, ... touch 
a parabola which touches L 

L 
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Ex. 13. The reciprocals qf the four points Ay B, Pj Q are the four lines 
<''} ^t Pf Qf s/^u' that 

(P, 6) "^ (£, 1>) {Qyhj'" (B]q)' 
Let PQ cut a in L and b in M ; also let AB cut p in N and q in U. 
Then we have to prove that {PQLM) = (ABNU) ; and this is true, for the 
polars of P, Qj i, Jtf are ON, OU, OA, OB, if be the meet of p and q, 

Ex. 14. Show that 

(P, g) (A,p) ^ (B, a) ^ (fi a) 

(P, 6) (5, p) (^, b) (C, 6) 
Take Q successively at B and at the centre C. 

2. The reciprocal of a conic for a conic is a conic. 

We may define the original conic as the locus of a point 
P such that P(ABCD) = E{ABCD), where A, B, C, A ^ 
are fixed points on the conic. Let the reciprocals of the 
points A, B, C, D, E, P be the lines a, h, c, d, e, p. Now 
the reciprocal of the pencil P{ABCD) is the range of points 
determined on the line p by the lines a, h, c, d. Hence this 
range is homographic with P{ABCD), So the range of 
points determined on e by a, 5, c, d is homographic with 
E {ABCD), ie. with P{ABCB), i.e. with the range of points 
determined on p by a, }>, c, d. Hence the reciprocal of the 
given conic, viz. the envelope of ^, the reciprocal of P, is the 
envelope of a line which cuts four given lines a, &, c, e2 in a 
constant cross ratio. Hence the reciprocal is a conic touch- 
ing a, h, c, d, e. 

3. The reciprocal of a pole and polar for a conic is a polar and 
pole for the reciprocal conic. 

Let P be the pole and e its polar. Through P draw any 
line r cutting e in P' and the conic in Q, C- Then 
(PP^, QQ') is harmonic. Let the reciprocals of P, e, r, 
P', Q, Q' be p, Ey E, p\ g, c[. Then on a fixed line p is 
taken a variable point B, and from B are drawn the tangents 
q^ (I to the reciprocal conic, and the line p' is taken such that 
(i?P'> fi'sO is harmonic. We are gfven that p' always passes 
through E, and we have to prove that E is the pole of p. 
But this is obvious, for ^ and jp^are conjugate in all positions 
oip'y since {pp\ qg[) = — i. Hence p' always passes through 
the pole oipj Le. J^ is the pole oip. 
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:. 1. The reciprocal of a triangle aei^'COfijugaie for a conic is a triangle a^- 
conjugate for the reciprocal conic, 

XiX. 2. A triangle aelf-cof^jugatefor the base conic reciprocates into itsei^, 

£x. 3. A conic, its reciprocal, and the base conic ?Mve a common aelf-cof^jugate 
triangle. 

Yiz. the common self-conjugate triangle of the given conic and the 
base conic 

4. Given any two conies, a hose eonie can he found for which 
they are reciprocal. 

Of the two given conies a and /3, let P be a common 
point, q a common tangent, and UVW the common self-con- 
jugate triangle. Describe by XXV. 1 2 the conic F for which 
UVW is a self-conjugate triangle and P is the pole of q. 
Then T is the required base conic. 

For let a' be the reciprocal of a for F. Then since P is on 
a, its reciprocal q touches a^ Again, since q touches a, its 
reciprocal P is on of. Also since UVW is self-conjugate for 
a and F, it is self-conjugate for a\ Hence a, of and 13 pass 
through P, touch q, and have UVW as a self-conjugate 
triangle. 

Now by V. 9 to be given a point and a self-conjugate 
triangle is equivalent to being given four points. Hence 
.0, a' and 13 pass through the same four points and touch the 
same line. But by XXI. 3, Ex. 4, two, and only two, conies 
can satisfy these conditions. Hence a^ coincides with a or fi. 

Now if the meets of the conies are distinct, a^ cannot coin- 
cide with a. For let q touch a at R. Then, by XI. 7, Ex. 
6 and 7, a and F have double contact, and PR passes through 
the common pole A of the chord of contact BG* Now A is 
the pole of BG for a and F. Hence A must be CT or F or W. 
Hence PR passes through CT or F or W. Hence PR is a 
common chord of a and )3, Le. 22 is a common point ; which 
is impossible unless a and )3 touch. 

Hence a^ does not coincide with a. Hence a^ coincides 
with )3. Hence a and ^ are reciprocal for F. 

If two or more of the common points of a and /3 coincide, 
this may be taken as the limit of a case when no two coin- 
cide ; and the proposition still holds. 

L 2 
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Note that there are four base conies. For we may take 
any one of the four common tangents as the reciprocal of P. 
Then as the conies are reciprocal, each of the common points 
will have, as polar, one of the common tangents. 

The above construction is imaginary unless the conies 
have a real common point and also a real common tangent. 



The cross ratio of the fotir common points qf two oomics for one of the 
oimics is eqwd to the cross ratio of the four common tangents for the other 
conic. 

5. Bec^MTocate — a segment divided in a given ratio. 

Let ^C7 be divided in B. Let I be the line AB and i the 
line at infinity, and let £1 be the meet of I and i. The reci- 
procals of the points ABGQ, on the line I are the lines abcu> 
through the point L. Also the reciprocal of i is the centre 
of the base conic Hence AB -h BG= —(-4.(7, BQ) of the 
given range of points = — (oo, Ixa) of the reciprocal pencil, 
where o) is the join of Z to 0. 

As a particular case the middle point of a segment AC recir 
procates into the fourth harmonic for a and c of the join ofacto 
the centre of the base conic. 

XiZ. Reciprocoite the theorem — 

' The locus of the centres qf conies inscribed in a given gwidrilaterdl is a line 
tokich bisects ecbch qfthe three diagonals* 



CHAPTER XIV. 

PBOPEBTIES OF TWO TBIAKGLES. 

1. If the vertices of two triangles lie on a coniCj the sides touch 
a conic ; a/nd conversely* 

Let the vertices ABCy A'WC of the two triangles lie on a 
conic. Let AB^ AG meet B^C in 
X, M ; let A'B^, A'C meet BC in 
i', M\ Then 

{fl'LMBf) = A (C'BGB^ 

= A' (CBCB") = (M'BCLy 

Hence the six Hnes C'M% LB, 
MC, B!L\ B'C, BC touch a conic ; 
ie. C'A% AB, ACy JffA\ BX\ BC 
touch a conic ; i.e. the sides of the 
triangles touch a conic 

Let the sides touch a conic Then 

A {CBCBTj = {C'LMB^ = (M'BCr) = A\CBCB'). 

Hence the six points C, B, C, B^y A, A' lie on a conic ; ie. 
the vertices lie on a conic. 

XiZ. L If two triangles circumscrtbe the same conic, then a conic drawn 
through fine of the vertices wHl pass through the sixth also, 

"Ex. 2. ^ two triangles he inscribed in the same conic, then a conic drawn to 
touch five qfthe sides will touch the sixth also. 

£x. 8. J^iwo conies be such thai one triangle can be draum whu^ is circum- 
scribed to one conic and inscribed in the other, then an infinite number <^ 
such triangles cam. be draum. 

For suppose ABC to be circumscribed to fi and inscribed in 7. Draw 
any tangent to fi cutting 7 in JB^ and (/. From Bf and (f draw the other 
tangents to /3 meeting in A'. Then, since ABC, A'Bf0 are circumscribed 
to /3, the vertices ABCA'BfCt lie on one conic ; hence A' lies on 7. 
Hence A'BfCt satisfies the required conditions. 
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Ex. 4. If BO he the points of contact qf tangents from Ay and "BfCf "be the 
points of contact of tangents from A^ to a conic ; show that the triangles ABC, 
A'Bf(f are inscripUUe in a conic, arid circumscriptihle to a conic. 

Let AB, AC cut B'CT in L, Jf ; let A^B^y A^a cut BC in V, 3f'. Then 
{LBfCfM) of poles = A^BVM'O) of plars. Hence {L&aM) = {BVM^C). 
Hence the triangles are circumscriptible, and therefore inscriptible. 

Ex. 6. If he the centre of the conic circumscribing ABC, A'B^C^ (of Ex, 4), 
and ifBC and B^(f meet in D, show that DO bisects AA\ 

For D is the pole of AA^ for the new conic as well as for the given 
conic. 

Ex. 6. A conic is draton through a fixed poini A and through the points 
of contact 5, C of tangents from A to a cirde, so as to touch the circle at a variable 
point P. Show that the curvatures of aU the conies at the points P are equaL 

In Ex. 4 let A'BfCt coincide in P. Then the circle of curvature 
of the conic at P is the circum-circle of MBfC^y whose radius is one- 
half of that of the given circle. 

Ex. 7. Thrmjugh a poirU Oona conic is drawn a line cutting the conic in p and 
the sides of an inscribed triangle in a, h, c; show thai {abcp) is constant. 

Draw another line a^btafpf and consider the triangles ABC, Opp^. 

2. If two tricmgles he self-conjugate for a conic, the six 
vertices lie on a conic, and the six sides touch a conic ; conversely, 
if the six vertices lie on a conic, or if the six sides touch a conic, 
the triangles are sdf-conjugate for a conic. 

In the figure of § i, let ABC, A'BfC^ be self-conjugate for 
a conic. Then the polar of C is A'B^, the polar of L where 
B^G' and AB meet is A'O, the polar of M where -B'C and 
AO meet is A'B, and the polar of B' is A'C\ Hence 

(fi'LMB^ = A' (B'CBC) = {rCBM') = {M^BCV). 

Hence the six sides CM', LB, MC, B'L', B^G% BC touch a 
conic ; and hence the six vertices lie on a conic. 

If the two triangles are inscriptible in a conic y, describe 
by XXV. 12a conic a such that ABC is self-conjugate for a,, 
and that A' is the pole of B^C for a. Let the polar of B^ 
for a cut B'C in C". Then ABC and A'B^C' are self-con- 
jugate for a ; hence ABCA'B^C^' lie on a conic. But this 
conic is y, for the points ABCA^B' lie on both conies. 
Hence B'C cuts y in three points unless C and C coincide. 
Hence C and C coincide. Hence ABC, A'BfC are self- 
conjugate for a conic, viz. for the conic a. 

If the two triangles are circumscribed to a conic, they are 
also inscribed in a conic, and the above proof applies. 
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Ex. 1. J/ftw triangles be self-conjugate for a conic a, then a conic drawn to 
touch five of the sides will touch the sixth also, and a conic y drawn to pass 
through five of the vertices wUl pass through the sixth also; and y and fi 
are reciprocal for a, 

Ex. 2. Through the centre of a conic and the vertices of a triangle self'Conjugaie 
for the conic can be dravm a hyperbola tvith its asymptotes parallel to any pair of 
conjugate diameters of tJie conic. 

For, adding the line at infinity, we have two self-conjugate 
triangles. 

Ex. 3. If two cord(x be sfwih that one triangle can be circumscribed to one conic 
which is self •conjugate for the other conic, then an infinite number qfsuch triangles 
can be drawn. 

Let ABC be the given triangle touching conic $ and self-conjugate for 
conic a. Take any tangent W(/ of i8, and take its pole -4' for a ; draw 
from A' one tangent A^Bf to /3, and take (/, the pole of A^B^ for a. Then, 
since ABCy A^B^Cf are self-conjugate for a, the sides touch a conic. 
But fiye sides touch ; hence the sixth side (fA^ touches fi. Hence 
AfB^Cf satisfies the required conditions. 

Ex. 4u If two conies be such that one triangle can be inscribed in one conic 
which is self -cottjugate for the other conic, then an infinite number of such triangles 
can be drawn, 

Ex. 6. An infinite number of triangles can be described having the same dr- 
cumsoribingf nine-pointy and polar cirdes as a given triangle. 

For the nine-point circle is given when the circum-circle and the 
polar circle are given, being half the circum-circle, taking the ortho- 
centre as centre of similitude. 

Ex. 6. Gaskin's theorem. The circum-circle of any triafigle self-conjugate 
for a conic is orthogonal to the director circle of the conic, (See also XXIII. 5, 
Ex.9.) 

Let the two circles meet in T, Let the polar PP^ of T for the conic meet 
the circum-circle in Q<^. Then, as in Ex. 4, since T is the pole of QQ^y 
it follows that TQ(/ is a self-conjugate triangle for the conic. Hence 
QQ' are conjugate points for the conic ; hence if CT meet PP' in F, we 
have Vq. Vq^=^VP% for V bisects PP^, Also PTP^ is a right angle. 
Hence VQ . VQf = VT^ ; i.e. CT touches the circum-circle. Hence the 
circles are orthogonal. 

Ex. 7. Two coni(^ and a are 8u<^ that triangles can be circumscribed to fi 
which are self-conjugate for a ; find the locus of the poirU from which the pairs qf 
tangents to a and jS are harmonic. 

From P, any point on the locus, draw tangents PT and PT^ to /8. 
These tangents are conjugate for a, for they ai'e harmonic for the 
tangents to a. Hence the pole of PT, viz. Q, lies on PT^, and the pole of 
PT^, viz. R, lies on PT, Hence the triangle PQR is self-conjugate for a. 
Let ABC be a triangle self-conjugate for a and circumscribed to fi. Then 
since the two triangles ABC, PQR are self-conjugate for the same conic, 
their sides touch a conic, i. e. QR always touches 0. Hence P, the pole 
of QR for a, always lies on the reciprocal of fi for a. 

Ex. 8. If two conies y and a are such that triangles can be inscribed in y 
which are self-conjugate for a, find Vie envelope qf a line which cuts a and y 
in pairs of harmonic points. 
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c. 9. XT Q wnd RhBihB points of oontcut of (he tangents from P to amy conic 
a, and any conic 7 be draum to pass through P and to Umch QR at Q, ihen 
triangles can be inscribed in y which are se^-'conjugate for a. 

For PQQ is such a triangle, QQ being QR. 

"Ex, 10. ^f Q arid R be the points of contact of the tangents from P to any 
conic Of and any conic be drawn to touch PQ at P and to tou(^ QR, then 
triangles can be circumscribed to /3 which are sdf -corrugate for cu 

For PQQ is such a triangle, QQ being QR. 

XjX. U. J[f triangles can be circumscribed to /3 which are se^f-conjugate for a, 
then triangles can be inscribed in a which are self^oom^ugate for /3 ; and con- 
versely. 

For we can reciprocate a into /3. 

XiZ. 12. The triangle ABC is inscribed in the conic a, and the triangle DEF is 
sdf-conjugctte for a. Sfiow that a conic fi can be found such that DEF is ct'rcum- 
scribed to /3 and ABC is sdf'con jugate for /3. 

Viz. that conic inscribed in DEF for which A is the pole of BC, 

XiX. 13. The centre of the circle circumscribing a triangle which is sdf'Conjugate 
for a parabola is on the directrix. 

Consider the triangle OCiCi' where OA, Oti' are the tangents to 
the parabola from the centre of the circle. 

SiX. 14. The conic a is drawn touching the lin/es PQ, PR at Q,R; the conic fi 
is draum touching the lines QP, QR at P, R; show that (i) triangles can 
be inscribed in a which are self-conjugate for /3, (ii) triangles can be inscribed in 
fi which are se^-conjugate for a, (iii) triangles can be circumscribed to a which 
are self-conjugate for fi, (iv) triangles can be circumscribed to fi which are self- 
conjugate for a, (y) triangles can be inscribed in a and circumscribed to /3, 
(vi) triangles can be inscribed in fi and circumscribed to cu 

On RP and RQ take L, X' consecutive to R ; on PR, QR take 3f, M' 
consecutive to P, Q; on QP, PQ take JV^ N^ consecutive to Q, P. lien 
consider the triangles (i) QRL, (ii) PRL^, (iii) QPM, {iv) PQM^, (v) RQN, 
(vi) RPN*. 

XiX. 15. If a triangle can be draum inscribed in a and circumscribed to and 
also a triangle self •conjugate for a and circumscribed to fi, then the conies a and /3 
are rdated as in Ex. 14. 

At R, one of the meets of a and fi, draw RQ touching /3 and meeting a 
again in Q ; draw the tangent at Q, and on it take N consecutive to Q. 
Then by the first datum QN touches fi, at P say. Then by the second 
datum QR is the polar of P for a, i. e. PR touches a at R. 

Similarly many other converses of Ex. 14 can be proved. 

XiX. 16. ITie centre of a circle touching the sides of a triangle self -conjugate for 
a rectangular hyperbola is on the r. h. 

For triangles can be inscribed in the r. h. which are self-conjugate 
for the circle. Now one triangle self-conjugate for the circle is OCCl^, 
and two of its vertices Hfl' lie (at infinity) on the r. h. ; hence 0, the 
centre of the circle, lies on the r. h. 

£iX. 17. Given a triangle se^f-conjugate for a r.h,j toe know four points 
on the r. h. 

Viz. the centres of the touching circles. 
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Sx. 18. Qix)en a 8e{f'C0v^ugaie triangle qfa conic and a point on fke director ^ 
show ^at/our tangents are knoum, viz, the directrices qftJie/our conies which can 
l>e drawn to circumscribe the irian^ and to have the point as corresponding 
focus, 

Beciprocate for the point. 

IjZ. 19. The necessary and sufUcient condition thai triangles can he ctrcum' 
scribed to a circle which are self -conjugate for a r. h, is that the centre of the circle 
shaU be on the r. h, 

SjZ. 20. An instance of Ex. 14 is a rectangular hyperbola which passes 
through the vertices of a ttiangle and also through the centre qf a circle touching 
the sides. 

This follows from Ex. 15 and Ex. 19. 

Sx. 21. If hop conies /3 and ybe so situated that one triangle can be dream' 
scribed to fi so as to be inscribed in 7, then an infinite number of such triangles 
can be draum, and dU of these unU be self'conjugate for a third conic a; also the 
two conies and 7 are reciprocal for o. 

The first part has been proved. To prove the third part, notice that 
ABC, A'BfO are self-conjugate for a conic a. Define 7 by ABCA^B^ ; 
then since the polars of these points for a, viz. EC, CA, AB, B^(f, CfA' 
touch iS, it follows that & is the reciprocal of 7 for a. 

Again, take any point A'^ on 7, and let ^' be one of the points in 
-which the polar of A^' for a (which touches iS) cuts 7. Let the polar of 
Bf' for a (which touches /3 and passes through A^'^ cut the polar of A'^ 
in 0' , Then the triangle A'^WCf' is self -con jugate for a. Hence, since 
two sides touch /9 and two vertices are on 7, it is circumscribed to & 
and inscribed in 7. 

Six. 22. BroKe by this article thai *■ The orthocentre of a triangle in8cnX)ed in a 
rectangular hyperbola lies on the r. h* 

The given triangle and the triangle formed by the orthocentre and 
the points at infinity on the r. h. are self-conjugate for the polar circle. 

3. The two triangles ABC, A'B^C are said to be reciprocal 
for a conic if A be the pole of B'C, B of C'A\ C of A'B", A' 
of BC, B' of CA an(J C of AB for the conic. 

Ttw triangles which are reciprocal for a conic are homologous ; 
and conversely, if two tria/ngles he homologous they are reciprocal 
for a conic. 

Let the triangles ABC, A'ffC be reciprocal for a conic ; 
then they are homologous. For let BC and B'C meet in U, 
and let AA^ meet BC in L and B^C in L\ Then the polar 
of B is A'C\ the polar of C is A'B\ the polar of U where 
BC and B^C^ meet is A' A, the polar of L where BC and A' A 
meet is A'U. Hence {LBCU) of ^oles = A' (UC'BT). 
Hence (LBCU) = {L'B'C'U); hence the ranges (LBCU) 
and {L'B'C'U) are in perspective. Hence LL\ BB", CC 
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meet in a point, i. e. the triangles ABG^ A'B^C are homo- 
logous. 

Let the triangles ABCy A'B^C be homologous, then they 
are reciprocal for a conic. For let BG and A^C^ meet in M. 




By XXV. 1 2 describe a conic such that the triangle A'BM is 
self-conjugate for it, and that A is the pole of B^G\ 

Then A^ is the pole of BG^ B is the pole of A'G\ and A is 
the pole of B^G', Hence C is the pole of AB» Now let the 
polar of G cut G^B' in B^\ Then the triangles ABG and 
A'Bf*G' are reciprocal and therefore homologous. Hence 
AA', BB^\ GG' meet in a point. But AA% BB', GG' meet 
in a point. Hence J?' and ^' coincide, L e. the triangles 
ABG, A'B^G' are reciprocal for the above conic. 

Given a triangle ABG and a conic a, we can describe the 
reciprocal triangle A'B^G\ and then determine the centre 
and axis s of perspective of the triangles ABG, A'B'G\ It 
is convenient to call the pole and s the polar of the triangle 
ABG for the conk a. 

Ex. 1. If tioo triangles he reciprocal for a conic^ sfiow that the centre of hovnoHogy 
of the triangles is Ike pole qf the aacis (if homology for this conic. 

Ex. 2. BCy CA, AB meet any conic in XX' ^ YTy ZZ% and the conic meets 
AX again in L, AX' in V, BY in M, BY' in 3f', CZ in N, CZ' in N\ Show 
that LI/, MM', NN', meet BC, CA, AB on a line. 

Viz. on the axis of homology of ABC and its reciprocal for the conic. 



XIV.] Properties of two Triangles. 155 

Sz. 3. Any triangle inscribed in a conic and the triangle formed by the 
tangents at the vertices are Jwmologous. 

!Bx. 4. Hesse's theorem. If the opposite vertices AM and the opposite 
vertices BW of a complete quadrilaterai be conjugate for the same coniCy then Uie 
opposite vertices CCf are also comjiugatefor this conic, (.See also XX. i, Ex. ii.) 

Let the triangle reciprocal to the triangle ABC for the conic be PQR. 
Then QR passes through A% since A and A^ are conjugate. So RP 
passes through B^. Hence PQ passes through (/ ; for the triangles ABC 
and JPQR are homologous. Hence C and C/ are conjugate. 

XiX. 6. If two pairs qf opposite sides of a complete quadrangle be c&njugatefor 
the same conic, then the third pair is cUso conjugate for this conic, 

Ex. 6. The points PP^, QQ^, RR' divide harmonically the diagonals AM^ BB^^ 
CC^ of a quadrilateral; show that the six points Py P^y Q, (/j R, R^ lie on a conic. 



CHAPTEE XV. 



pascal's theobem and brianchon's theobem. 



Pascals Theorem. 

1. Thb meets of opposite sides of a hexagon {sio>point) inscribed 
in a conic are coUinear. 

Let the six points be A, B, C, D, J5J, F. Let the opposite 
sides AB, DE meet in M, and the opposite sides BCj EF 




meet in N. Let AF meet MB in G, and let CD meet NF 
in H. Then we have to show that MN, FG, HB are con- 
current. This is true if (EMGB) = (ENFH), for the ranges, 
having a common point, will be in perspective ; i.e. if 

A {EBFB) = C{EBFB\ 

which is true. Hence the meet M of AB, BE, the meet N 
of BCy EFy and the meet L of CB, FA are collinear. 
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Conversely, if the meets of opposite sides of a heocagon {six- 
point) are collinear, the six vertices lie on a conic. 

For if LMN are collinear, we have {EMGD) = (ENFH). 
Hence A (EBFD) = C {EBFD). Hence A,B,C, B, E, F lie 
on the same conic. 

The line LMN is called the Pascal line of the six-point 
ABCDEF, Observe that for every different order of the 
points A, By G, Z>, E, F we get a different Pascal line. 

Notice that if two consecutive points, e.g. B and G, coincide, 
the side BG becomes the tangent at B or C. 



1. I/ADf BE, CF meet in a pointj the PasccU line is the polar of this 
point, 

Ex. 2. The triangles ABC, A'B^(f are homologous, BC meets A'B^ in Y 
and A'(f in Zt, CA meets B^Cf in Z and B^A' in ^, and AB meets CA' 
in X and (fBf in T, Show that 

BY, BZf. CZ. CJ^.AJT, AY* ^ CY, C^^AZ.AJC". BX.BY". 

For XY'ZX'YZ' lie on a conic. 

Ex. 8. In eoery heocagon inscribed in a oomc, the two triangles formed hy 
taking cdtemate sides are homologous, 

Ex. 4. Six points on a conic determine 60 hexagons inscribed in the conic. 

Ex. 5. The 60 Pascal lines belonging to six given points on a conic intersect 
three by three. 

Let the homologous triangles of any one hexagon be XTZ, X^Y'Zf. 
Then XX*, YY' , ZZ' meet in a point. Also XX' is the Pascal line of 
CDEBAF, YY' of ABCFED, ZZ* of BCBAFE. 

Ex. 6. Two triangles are inscribed in a conic. The sides of the one meet the 
sides of the other in nine points. Show that any join qf hoo of these nine poirUs 
is a Pascal line of ^ six vertices of the triangles, unless it is one of the sides of 
the triangles, 

XiX. 7. ABC is a triangle inscribed in a circle. P is any point on this circle. 
A perpendicular aA P to PA meets BG in D, to PB meets CA in E, wnd to PC 
meets AB in F. Show that DBF is a line passing through the centre of the 
circle. 

Call the centre of the circle 0. Let PD, PE meet the circle in A', Bf, 
Then AA'PBfBC proves that ODE are concurrent. 

SjX. 8. Reciprocate Ex. 7, (i)/or the circle itse^, (ii)/or any circle, 

"Ex, 0. If ADA', BOBf, COCf, POP* be chords of a conic, show that the meets 
qfPA, Bfa, ofPB, CfA', qf PC, A'B^, qf P'A', BC, qf P'Bf, CA and qfP'C, 
AB ail lie on the same line through 0, 

Use {BCaP*A'A)y {BfCfCPAA'), (BAPP^CfBT), 

Bx. 10. Taking the conic as a circle and as its centre, deduce by recipro- 
eating for P the theorem — The orthocentre of a triangle about a parabola is on the 
directrix. 
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Ex. IL A^ B, C, Dy E are any five points. EAy BCmeet in A' ; AB, CD meet 
in Bf ; BC, BE meet in (/ ; CDy EA meet in 2/ ; BEy AB meet in Ef ; and 
AD, BC meet in F, Show thai FBf Umches the cmic thrmgh A'Bf0B^E^, 

Ex. 12. AA'y BB^y CCf are the diagonals of a complete quadrilateral, A'BfCf 
being coUinear poifUs. AO meets BC in M^ CO meets AB in L, LM meets l^(f 
in N and AC in P. If PB and ON meet in R, show that R is the remaining 
intersection of the conies OBBfAA^ and OBB'CCf, and that OR is the tangent at 
to the conic OCCAA'. 

Consider the hexagons ORBA'B^A, ORBC'B^C, and OOCA'CfA, 

Ex. 13. ABC, A'Bf(f are coaxal triangles; AC and A'Bf meet in P, AB and 
A'Cf meet in Q ; show that BCBfC^PQ are on a conic, 

Ex. 14. The chord QQf of a conic is parallel to the tangent at P, and the chord 
PP* is parallel to the tangent at Q ; show that PQ and P'Qf are parallel, 

 Consider PPP'Q'gg. 

Ex. 15. The tangents at the vertices of a triangle inscribed in a conic meet the 
opposite sides in three coUinear points. 

Ex. 16. PQ, PR are chords of a parabola. PR meets the diameter through Q 
in V, and PQ meets the diameter through R in U ; show that UV is parallel to 
the tangent at P. 

Consider PPRClCiQ, where A is the point at infinity on the parabola. 

Ex. 17. Deduce by Reciprocatum a property of a circle. 

2. Since Pascal's theorem is true for a hyperbola however 
near the hyperbola approaches two lines, it is true for two 
lines, the six points being situated in any manner on the 
two lines. 

But each case may be proved as in § i. 

Ex. 1. If any four-sided figure be divided ifUo two others by a line, the three 
meets of the interned diagonals are coUinear. 

Let the four- sided figure ABCD be divided into two others ABFE, 
EFCD. Now apply Pascal's theorem to ACEBDF. 

Ex. 2. P, Q, R are fixed points on the sides MN, NL, LM of a triangle. A 
is taken on MN, AQ meets LM in B, BP meets NL in (7, CR meets MN in A', 
A'Q meets LM in Bf, B^P meets. NL in (f ; show that OA passes trough R, 

Consider the hexagon BQCA^PB^. 

Ex. 3. On the fixed lines LM, MN, NL are taken the fixed points C, A, B^ 
On BC is taken the variable point P ; NP meets CA in Q, and MP meets BA in R. 
Show thai RLQ are coUinear, 

Consider ACMPNB. 

3. IfOQtmd OR he the tangents of a conic at Q and B, a/nd 
ifP he a/ny point on the conic, then PQ and PE cut am,y Une 
through in points which are conjugate for the conic. 

Let PQ and PR cut any line through in 2i^ and G. Let 
FR and GQ meet in U. Consider the six-point PQQURR. 
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Then since the meets of opposite sides are collinear, the 
six points lie on a conic. But five points lie on the given 
conic ; hence the sixth point U also lies on the given conic. 
Hence F and G are two harmonic points of the inscribed 
quadrangle PQUB, Hence F and 0- are conjugate points. 

Conversely, ifcmy two conjugate points lying on a line through 
O he joined to the points of contact of the tangents from 0, then 
the joining lines meet on the conic. 

Let F and G be conjugate points on a line through 0. 
Join FQ cutting the conic again in P, and join PE cutting FG 
in (r'. Then F and 6r' are conjugate, and also F and G. 
Hence G' coincides with G; Le. FQ and GR meet on the 
conic. So FB and GQ meet on the conic. 

SjX. 1. XfPP^ be conjugate points for a central conic, and Qtf he the ends of 
the diameter which bisects chords parallel to PP' ; show thai PQ, P'tf cut on the 
conic, and so do Ptf, P^Q. 

Sx. ^ JfR and Bf be cor^jygate points lying on a diameter of a hyperbola, 
show that parallels to the asymptotes through R and Bf cwt again on the curve, 

IiX. 3. The diameter bisecting the chord Qtf of a parabola cvJts th» curve in P, 
and RBf are points on this diameter equidistant from P; show thai the other 
lines joining QQ^RRf meet on the curve. 

!Ez. 4. If F and be conjugate points on PQ and PR, then FG and QR are 
coiyugale lines. 

"Ex. 6. The lines BC, CA, AB touch a conic at A', Bf, (f. Show that an 
ir^nite number of triangles can be drawn which are inscribed in A'^(f and 
circumscribed to ABC. Show also that each qf these triangles is sdf-conjugate 
for the conic. 

Through B draw any line meeting A'Bf in 7, and B^Cf in o. Let A 7 
meet CfA* in /3. Then 7 and a are conjugate, and a lies on BfCf ; hence 
a is the pole of fiy. So /3 is the pole of 7a. Hence a&y is self- conjugate. 
Hence a, fi are conjugate. Hence afi passes through C. 

Brianohon's Theorem. 

4. The joins of opposite vertices of a hexagon {six-side) drcum' 
scribing a conic are concurrent. 

Let the six sides be AB, BC, CD, BE, EF, FA. Let the 
four tangents AB, CD, BE, EF meet the tangents FA, BC 
in A8PF and BCQT. Then {ASBF) = (BCQT). Hence 
D (ASPF) =^ E (BGQT). But the rays DP, EQ coincide. 
Hence {DA ; EB) and {B8 ; EC) and {BF] ET) are collinear ] 
i.e. {BA ; EB\ and C and F are collinear ; i.e. BA, EB, CF, 
are concurrent. 
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Conversely, ifth/t joins of opposite vertices of a hexagon {six- 
side) are concurrent^ the six sides touch a conic. 



For if DJ., EBj CF are concurrent, we have 

DASPF) = E(BCQT), 

hence (ASPF) = (BCQT) ; hence the six lines AB, BOy CJD, 
DE, EF, FA touch the same conic. 

The point is called the Brianchon point of the hexagon 
ABCDEFA. 

Notice that when two of the sides, e.g. CD and DE, coin- 
cide, the point D becomes the point of contact of either CD 
or DE. 

XjZ. 1. In every heocagon circufnscrihed to a conic, (he two triangles formed by 
taking dUemcute vertices are ?iomoiogou8, 

SjX. 2. Six tangents to a conic determine .60 hexagons circumscribed to the 
conic. 

£x. 8. 77ie 60 Brianchon points belonging to six given tangents to a oom'c are 
coUinear three by three, 

Beciprocate. 

Sx. 4. The hexagon fonnecl by the six lines in order obtained by joining 
aUemate pairs qf vertices of a Brianchon hexagon is a Pascai heocagon. 
For the triaDgles are coaxal. 
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Sz. 5. Btcxprocaiib Ex. 4. 

XiZ. 6. Thret angles have coUinear vertices. Show that their six legs intersect 
in tioelve other points which can be divided in four toays into a Pascal hexagon 
and a Brianchon hexagon. 

ISiX, 7. If two triangles he tfte recvproeals qf one another for a conic a, the 
meets of non^corresponding sides lie on a conic /3, and the joins of non-correspond' 
ing vertices touch a conic y ; and fi and 7 are reciprocals for a. If one triangle 
be inscribed in the otheTy the three conies coincide, 

XaX. 8. Steiner's theorem. The orihocentre qf a triangle circumscribing a 

parabola is on the directrix. 

Let ABC be the triangle. Through Z, the meet of BC and the direc- 
trix, draw the other tangent ZCl where A is at infinity. Through Z', 
the meet of CA and the directrix, draw the other tangent Z' A' where 
XI' is at infinity. From the circumscribing six-side ABZCiCi'Z'A we 
conclude that ZZ', BCi' and ACi meet in a point. Now ZZ' is the 
directrix ; £A' is a parallel through B to Z^C/, i.e. BCi/ is the perpen- 
dicular from B on CA ; so ^ A is the perpendicular from A on BC. 
Hence these two perpendiculars meet on the directrix ; i.e. the ortho- 
centre is on the directrix. 

jEjZ. 9. The orthocentres offftefour triangles formed by taking three out qffour 
given lines are coUinear. 

XiX. 10. ABCDEA is a pentagon circumscribing a parabola ; show that the 
parallel through A to CD, and the parallel through B to BE meet on CE. 

Sz. 11. ABCBA is a quadrilateral circumscribing a parabola; show that 
the parallel through A to CD and the pardUd through C to DA meet on the 
diameter through B. 

Sz. 12. The lines AB, BC, CD, DA touch a conic in L, M, N, R; show that 
AC, BD, LN, MR are concurrent. 

Consider ALBCNDA and ABMCDRA. 

"Ex. 13. The lines BC, CA, AB touch a conic at L, M, N; show that AL, 
BM, CN are ooncurreni 

Ez. 14. The line C^B^A touches a conic in P, ACB touches in P', BfCA' touches 
in Q and 0BA' in ^. Shwjo that A'P* , A^ meet on CC^, and so do A'P, AQf. 

XiZ. 15. If two triangles be inscribed in a conic, their sides touch a conic 

Consider the Pascal hexagon ABCA^B^C, and the Brianchon hexagon 
BCy CA, A'Cf, CfBf, BfA', AB. 

■XaZ. 16. Iftvoo triangles be circumscribed to a conic, their vertices lie on a 
conic. 

£z. 17. IfAB and AC touch a conic at B and C, and A'Bf and A'(f touch 
Vie same conic at ^ and Cf, then ABCA'&C lie on a conic and the six sides 
touch a conic. 

The proof is like that of Ex. 15. 

6. If OQ and OB he the tangents of a conic at Q and B, and 
xf any tangent meet OQ, OB in K, L ; then the joins ofK and 
Ij to amy point E on QB are conjugate lines. 

Let LE cut OQ in M, and let KE cut OB in JV. Consider 
the six-side KL, LB, BN, NM, MQ, QK. Since ML, QB, 

M 
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KN meet in a point, the six sides touch a conic. But five 
sides touch the given conic ; hence the sixth side MN also 
touches the given conic. Hence ML, KN, being two har- 
monic lines of the circumscribed quadrilateral KLNM, are 
conjugate linea 

Conversely, if through amy point E on QR any two conjugate 
lines be drawn cutting OQ in M, K and OB in L, N, then MN 
and KL touch the conic. 

For if KL does not touch, let KL^ touch. Then-JEL and 
EL' are both conjugate to EK Hence L and X' coincide. 
Hence KL touches ; so MN touches. 

Sx. 1. ParaJlel to a diameter of a conic are drawn a pair of conjugate lines ; 
show that the diagonals of the parallelogram formed by these lines and the 
tangents at the ends of the diameter touch the conic. 

Six. 2. Two parallel lines which are conjugate for a hyperbola meet the 
asymptotes in points such that the other lines joiniiig ther,n tou^h the curve. 

£x. 3. ff the tangents of a parabda at P and Q cut in Tj and on the diameter 
through P there be taken any point R ; show that RT is conjugate to the parallel 
through R to the tangent at Q. 

Ex. 4. Through a point on the chord of contact PQ of the tangents from T to a 
parabola are draum parallels to TP and TQ meeting TQ and TP in R and U; 
show that RU Umches the parabola. 



CHAPTEE XVI. 

HOMOGBAPHIG BAKGES ON A CONIC. 

1. Two systems of points ABC. and A'B'C... on a 
conic are said to be homographic ranges on the conic when the 
pencils P{ABO...) and Q(A^B'C\..) are homographic, P 
and Q being points on the conic. Hence two ranges on 
a conic which are homographic subtend, at any points on the 
conic, pencils which are homographic. 

To construct homographic ranges on a conic, take two 
homographic pencils at points P and Q on the conic ; the 
rays of these pencils will determine on the conic two homo- 
graphic ranges. Given one of these pencils, three rays of 
the other pencil may be taken arbitrarily. Hence given 
a range of points on a conic, in constructing a homographic 
range on the conic, three points may be taken arbitrarily. 

2. If (ABC.) and (A'B'C .,.)he two homographic ranges on 
a conic, then the meet ofAB' and A'B, of BC and B'C, and 
generally ofPQ' a/nd P'Q, where PP\ QQ' are any two pairs of 
corresponding points, all lie on a 

line (called the homographic axis). 
First consider all the meets 
which belong to A and A\ 
These all lie on a line. For 
A (A'B'C,.) = A\ABO-). 
Hence all the meets {AB' ; A'B), 
(AC; A'G), {AD'; A'D), ... He 
on an axis. So all the meets 
which belong to JBand J5'lieon an axis. So for CC, DD', .... 

M 2 
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We have now to prove that all these axes are the same. 
The inscribed six-point AB'CA'BC shows that the meets 
{AB'; A'B\ (B'C; BG% {CA'; C'A) are coUinear. Now 
(AB'; A'B) and {(M'; C'A) determine the axis oiAA'] so 
{AB'] A'B) and {B'C; BC) determine the axis of BB\ 
Hence the axes of A A' and BB' coincide ; Le. every two 
axes, and therefore all the axes^ coincide. Hence all the 
cross meets {PQ' ; P'Q) lie on the same line. 

3. Given three pairs of corresponding points ABC, A'B 'C of 
two homographic ranges on a conic, to construct the point D' 
corresponding to Z>. 

The meets (AB'; A'B) and (AC; A'G) give the homo- 
graphic axis ; and we know that {AJ)'; A'D) id on the homo- 
graphic axis. Hence the construction — Let A'D cut the 
homographic axis in S, join A^, cutting the conic again in 
the required point D\ 

« »' 

4. Tivo homographic ranges on a conic have two common 

points, vie, the points where the homographic axis cuts the 
conic. 

Let the homographic axis cut the conic in X and T, To 
get the point X' corresponding to X, we join ^' to X cutting 
XT in X and then join AX cutting the conic again in X'. 
Hence X' is X. So T' is Y. 

And there can be no common point other than X and T. 
For if D and D' coincide, then each coincides with 8, Hence 
2>, D' and 8 must be at X or Y. 

5. Eeciprocally, two homographic sets of tangents to a conic 
am he formed hy dividing tico tamgents homographicallp in 
ABC... and A'B'C'...; then the second tangents from ABC... 
will form a set of tangents homographic with the second tangents 
from A'B'C\... 

For any tangent will cut the two sets in homographic 
ranges. 

Again, all the cross joins wiU pass through a point called iJie 
homographic pole ; and the talents from the homographic pole 
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mU 5e the self-corresponding lines in the two sets of homographic 
tangents. 

This follows by Beciprocation from the previous articles. 

Bz. L The points of cofUad of two hemographie seta of tangemts are Aomo- 
graphic ranges ; and conversely j the tangents atpomta qf two homographic ranges 
on a conic form homographic sets of tangents. 

£z. 2. If 0(f be fixed points on a conic and AA* variable points on the 
conic J such thai {OC/y AA') is constant; show that A and A' generate homor 
graphic ranges on the conic of which and (/ are the common points, 

"Ex.. Z. If the lines joining a fixed point P on a conic to the corresponding 
points AA' of two homographic ranges on the conic cut the homographic axis 
in aafy show that aaf generate homographic ranges, and thai the ranges obtained 
by varying P are identical. 

For (JlT, oaf) is constant and independent of the position of P on 
the conic. 

Ex. 4. A conic is drawn through the common points qf two ?iomogr<;^hic 
ranges AB..., A'Pf ... on the same line. P is any point on the conic, and 
PA, PA' cut the conic again in a, of. Show that aa' getwra/te homographic 
ranges on the conic, and thai the ranges obtained by varying P are iderUicai. 

:. 5. Eeciprocate Examples 3 and 4. 

:. 6. The pencils A {PQR. . .) and A' (PQR...) are homographic. A line 
meets AP in p, A'P in pf , and so on. Show that there are two positions of the 
line such that ppf = g^ « rK « ... . 

Viz. the asymptotes of the conic through AA'PQR... . 

XSx. 7. The joins qf corresponding points of two homographic ranges on a conic 
touch a conic having double contact with the given conic ai the common points of 
the given ranges. 

Let AA' cut JTY in L, the tangent at X in a, and the tangent at T 
in a' ; let BB' cut J^Y in M, the tangent at X in b, and the tangent at 
Y in 6'. Let AB', A'B cut Xr in K. Then 

(ALA' a) « JT^ALA'a) « {AYA'JT) « {BYBfX) 
[since X, Y are the common points] 

- Y^BYBfX) = (m/B'M) = {BfMBt/). 
Now AB^, LM and A'B meet in K. Hence al/ passes through K. So 
a'b passes through K. Hence XY, ctb', a'b are concurrent. Hence, by 
Brianchon, a conic touching the conic at X and at Y and touching ^^' 
will also touch BB', and similarly CCf, etc. (See also XXIX. 10. ) 

6. Given a conic and a rukr, construct the common points of 
ttoo homographic ranges on the same line. 

Let the ranges be ABC. . . and A'B!C . . . Take any point 
p on the conic, and let pA, pA\ pB, pB!, ... cut the conic 
again in a, a', h, h\ ..,. The ranges ahc, and a'Vc\.. on the 
conic are homographic ; for 

(ode.) =p{dbc...) = {ABC.) ^^ (A'B'C..) 

= p{A'B'G'...) = {a'b'&...). 
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Now determine the homographic axis of the ranges (a5c...) 
and {a*h'(f...^ by connecting the cross meets (aft'; a'h\ etc. ; 
and let this axis cut the conic in x and y. Then i!lpx and py 
cut AB in X and Y, X and Y are the common points of the 
ranges ABC. . . and A'B^C .... 

For 

{XYABa..) =p{XYABO...) = {xyahc.) = (xya'W...) 

= i> {xya'b'c\..) = (XrA'J^'C'...) ; 

Le. XF correspond to themselves in the ranges ABO.,, and 
A'B'C'..,. 

Given a conic and a ruler, construct the common rays of two 
homographic pencils having the same vertex. 

Join the vertex to the common points of the ranges deter- 
mined by the pencils on any line. 



CHAPTER XVn. 



EANQES IN INVOLUTION. 



1. Ip we take pairs of corresponding points, viz. AA\ BW^ 
CC% Dl/y EE\ ... on a line, such that a cross ratio of any 
four of these points (say J.2/, C^E) is equal to the corre- 
sponding cross ratio of the corresponding points (viz. A'B, 
CE'), then the pairs of points AA', BB^y CG\ ... are said to 
be in involution or to form an involution range. 

Or more briefly — If the ranges {AA'BRCG',,,) and 
(A'AB'BC^C...) are homographic, then the pairs of points 
AA\ BB', CC\ ... are in involution. 

To avoid the use of the vague word * conjugate ' let us call 
each of a pair of corresponding points, AA' say, the mate of 
the other, so that A is the mate of A' and A' is the mate of 
A. Let us call AA^ together a pair of the involution. 

There is no good notation for involution. The notation 
we have used above implies that A and B are related to one 
another in a way in which A and B' are not related ; and 
this is not true. If we use the notation AB, CD, EF, ... for 
pairs of points in involution, this objection disappears ; but 
there is now nothing to tell us that A and B are corre- 
sponding points. 

2. The following is the fundamental proposition in the 
subject and enables us to recognise a range in involution* 

If two homographic rangesy vis. 

(AA'BCD .,.)and {A'AB^CB^. . .), 
he Sfoch that to one point A corresponds the same point, viz. A\ 
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whichever rcmge A is swpposed to belong to, the same is true of 
every other pomt, and the pairs of corresponding points A A\ BB^, 
CC\ 2)D', ... are in involution. 
We have to prove that 

{AA'BB'CC'Diy,..) = (A'ARBG'GI/I).,.), 

given that {AA'BOD . . .) = (A'AB'C'n\ . .). 

Now if P be considered to belong to the first range, its 
mate P' in the second range is determined by the equation 

(AA'BP) = (A'AB'Py 

Let P be B", then the mate P' of 5' is given by the 
equation {AA'BB^) = {A'A^P'), Now we have identically 
{AA'BB') = {A'AB^B). Hence P' is B. Hence B has the 
same mate, viz. 5', whichever range it is considered to 
belong to. Again, we may consider the homography to be 
determined by the equation {AA'CP) = (A^ACP^) ; hence, 
as before, Chas the same mate in both ranges. Similarly 
every point has the same mate in both ranges, i.e. 

{AA'BB'CC'...) = (A'AB'BC'C...), 

The commonest case of this proposition is — 

If {AA'BG) = {A' ABC) ; 

then AA'y BB', CC^ are in involution. 

Two pairs of points determine an involution. 

For the pairs of points PP' which satisfy the relation 

(AA'BP) = {A'ABTP^ are in involution. 

Ex. 1. If{CBy AA') and (CfBT, AAT) he harmonic; tkm {AAf, BB", CCf) 
are in inxchUion. 

Ex. 2. ^ {CA, A'B") = (ABy A'C) = -i, iften {AA% BBfy CCf) is an 
invohiUon. 

Ex. 3. y {AA\ BC) = (BB", CA) = (CC, AB) = -i, 

show thai {A' Ay BTCT) = (B'B, CTA') = (C/C, A^If) = -i, 

and that {AA\ BCf, B^C), {BB^, ACT, A'C) and (CCT, AB^y A'B) are invokf 
tions. 

Froject the range so that A goes to infinity. 

Ex. 4. If {ABy XJS^) « (CD, XX^)y where A, By C, D are Jticed points on 
the same line, then X and X* generate homographic ranges. 

For {AB, XX') = (DC, -T'-T), hence {AB, BG, XX') is an involution. 
Hence {ADBX) = {DACX'). 

Ex. 5. ABC and A!BfO are hfmdLogous triangles. BC and B^C meet in X, 
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CA and (TA' meet in Y, and AB and A'B^ meet in Z, OAA', OBB^, OCXf 
meet the line XYZ in X', 3^, Z'. Show that {XJty YY* , ZZ') is an invdtUim. 

For (X^rzO = 0{XABC) = A {XOBC) « {XX^ZY) = {X'XYZ), 

3. To construct with the ruler only the mate of a given point 
in a given involution. 

Let the involution be determined by the two pairs AA% 
BB'. Take any vertex F, 
and let VA, VA\ YB, 
VJffj &c. cut any line in 
o, of, hj Vy &c. Then the 
ranges AA'BB^,.. and 
a'aVh... are homographic ; 
ior{a'aVh. . .):=^{A'ABB..,) 
by projection through 
F=U^'5jr...) by invo- 
lution. Construct the homographic axis X/x of these ranges. 
We observe that F is on A/i, being the cross meet (Aa ; 
J. V). Take any point X on AA\ Let Xa' cut A/x in f. 
Let A^ cut oaf in of. Let Fa/ cut AA' in X'. Then X' is 
the mate of X in the given involution. For 
{XAA'BB',,.) = {afa'aV})...) by the homographic axis 

= {X'A'ABB.,,) by projection through F. 

Hence (X^^'jBjB'...) = {X'A'AB'B.,.). Hence X' is the 
mate of X in the involution. 

4. IfAA'y BB^, CC he three pairs of points in involtdiony 
the folkwing relations are true, viz. 

AB\ BC\ CA' =-A'B. B'C. G'A, 
AB. BG. C'A'= - A'B.B'C\ CA, 
AB . BfC CA'= - A'B'. BC. CA, 
AB.BfC. C'A'= - A'B'. BC\ CA. 

Take any one of the relations, viz. 

AB.B^C CA'= - A'B'. BC. CA. 
This is true iS, AB/BC-^AC'/i = -A'B^/B^C'-i-A'C/i, 
i.e. if AB/BC-^ACyC'C = A'B^/B^C'^A'C/CG\ 
i.e. if {AC, BG') = (A'C\ BC). 

And this is true ; hence the relation in question is true. 
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Similarly the other relations can be proved. 

Conversely, if any one of these relations he true, then AA', 
jBjB', CC are in inwlution. 

For suppose AB . B'C\ CA'= - A'B". EG. C'A ; then as 
above {AC, BC')^ (A'C, B'G) ; hence AA\ BB\ CC are in 
involution. 

Eemark that, given one of these relations, the others 
follow at once. For in the definition of involution, there is 
no distinction made between two corresponding points. 
Hence in any relation connecting the points, we may inter- 
change A and A\ or B and J5', or C and C\ or we may make 
any of these interchanges simultaneously. 

To obtain the second relation from the first, we inter- 
change C and C, to obtain the third we interchange B and 
B', to obtain the fourth we interchange B and B^ and C and 
0' simultaneously. 

Ex. 1. If (AA^y BB^, C(f) be in invciuHony then 

{A'A, BC) . (J5'5, CA) . (CrC, AB) - - 1. 

SjZ. 2. Circles of a coaxal system whose centres are A, B, C touch the sides 
qf a triangle LMN in P, Q, JJ, and circles of the same system whose centres are 
A'f J5', & pass through the vertices of the triangle; if PQR he a line, then 
{AAf, BB^y CCf) is an invdutUm, 

For LR'' : LQ^ : : A^C : A^B. 

5. If AA\ BB^, GG\ ,,. he in involution, a/nd if any fixed 
pair of corresponding points UW he taken as origins, a/nd ifPF^ 
he any variable pair of corresponding points, then 

UP. UP'-^U'P. WF' 
is constant 

It will be sufficient to prove that 

UP. UP'-^ U'P. U'P'= UA . UA'-^ U'A . U'A', 
where AA' is a fixed pair of corresponding points. This is 
ivxiQ]iPU/UA^PU'/U'A = P'U'/U'A'^P'UIUA', i.a if 
{PA, UU') = {P'A\ U'U). And this is true; hence the 
relation in question is true. 

Particular cases of this theorem are — 

AB . AB'-^ A'B . A'B'^ AG. AG'-^ A'G. AV% 
GA . GA'-^ G'A . G'A'^ GB . GlY^ G'B . G'l/. 
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Conversely, if TJTJ' he fixed points, and if PP' he variahJe 
points such that UP. UP"-^ UP. U'P' is constant ; then PP' 
generate a/n involution in which UU' are corresponding points. 

For take any point A and let A' be the position of P' when 
P is at A. Then 

UP. UP'-^ U'P. U'P'^ UA . UA'-^ U'A . U'A'; 

hence (PA, UU') = {P'A\ U'U), le. P and P' are corre- 
sponding points in the involution determined by the two 
pairs AA\ UU\ 

6. In an involution range, if a/ny two of the segments AA\ 
BB^j . . . hownded hy corresponding points overlap, then every two 
overlap ; and ifa/ny two do not overlap, then no two overlap. 

For suppose AA' and BB^ overlap, then any two others 
CC and DB^ overlap. 

-, AB.AB' AC. AC 
For 



A'B.A'B" A'C.A'C 

But since AA' and BB^ overlap, the sign of 

AB . AB'-T- A'B . A'B 

is — . Hence the sign of AG. AC'-^A'G. A'C is -. 
Hence AA' and CC overlap ; for if AA^ and CC do not 
overlap, the sign of this expression is + , as we see from the 
figures — 

A A^ C C A C C A' 

We have shown that if AA' and BB! overlap, then AA' and 
CC overlap. Hence, since OC and AA' overlap, it follows 
that CO' and BB^ overlap, ie. that every two such segments 
overlap. 

Conversely, suppose AA' and BB^ do not overlap, then CC 
and BB^ do not overlap ; for if they do overlap, by the first 
part of the proof it follows that AA' and BB' overlap. 

7. The c&nire of am, involution range is the point correspond- 
ing to the point at infinity. 

IfOhe the centre of the involution of which P and P' are a 
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pair of corresponding points, then OP. OP^ is constant; and, 
conversely, if a pair of points P and P' he taken on a line, such 
that OP . OP' is constant, then P and P' generate cm invokUion 
range of which is the centre. 

Let be the centre of the involution range (AA', BJB^, 
PP\ ...). Then 12' being the point at infinity upon the 
line, we have by definition 

{OQfAA'BB'PP') = (QfOA'AB^BP'P) ; 
.\ {OQf,AP) = {Q!0,A'P')', 
.\ OA/AQf-rr- OP/PQf= QfA'IA'O-^QiriP'O, 

and J.ft'=Pi2' and X2'^'=ll'P'; 
. •. OP. OP'— OA . 0A\ which is constant. 
Conversely, if OP. OP^ be constant, let A' be the position 
of P* when P is at A. Then we have OP . 0P'= OA . 0A\ 
Hence by writing the above steps backward we get 

{OQIAP) = {QIOA'P% 

where Q! is the point at infinity on the lina Hence P and 
P' are a pair of corresponding points in the involution 
determined by (012', A A'), \.^. P and P' generate an involu- 
tion of which is the centre. 

Ex. 1. ^ Z>e th& centre of the involution (AA, BB', CCf, ...), show that 

AB . AB'-r- A'B . A'B^ = AG -^ A'O, 

To prove this, make the relation projective by introducing infinite 
segments in such a manner that the same letters occur on each side 
of the relation. We get 

AB . AB' ~ A^B . A'B" ^AO.A n'-^ A'O . A'D,^, 

and this is a particular case of the theorem 

AB . AB" -r- A'B . A^B" ^ AC . ACf-r A'C . A'(f, 

£x. 2: Shwo that OA lOB:: AB^ : BA' ; avid dedu/ce three other rekUions 
by interchanging corre^onding points, 

Ex. S.Ifa bisect AA' and /3 Us&A BB^, shmo that 

(a) a . ^0 . a/3 ^ AB , ABf ; 

(b) 4.a0.o/3 ^AB.ABT^-A'B.A'BT; ' 
Kc) ^.AA' ,a&^ AB,A£f^A'B,A'W. 

For if be origin, then aal — hV. 

Ex. ^ JJB bisect CCf and Bf be the mate of R, then R(? = RBf, RO. 

Ex. 5. Any two homographic rangeSy whether on the same line or not, can 
be placed in two ways so as to be in inv€lvM(m. 

Yiz. by placing J on J^ and placing A and A^ on the same or opposite 
sides of I. 
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Sx. 6. Ctffh» tuDO involttUons one is overlapping and the ether not. 

XjX. 7. Any line through the radical cenitre of three circles cuts them in a 
range in involution. 

8. A point on the line of an involution range which 
coincides with its mate is called a double point (or focus) of 
the involution. 

An involution range has ttw, and only two, double points ; a/nd 
the segment joining the double points is bisected by the centre and 
divides the segment joining any pair of corresponding points 
harmonically. 

If AA\ JPF' be two pairs of corresponding points of an 
involution whose centre is 0, we have seen that 

OP.OF'^OA.OA\ 

Suppose P and P" coincid e in E. Then 0^'= OA . 0A\ 
hence OE = + VOA . 0A\ Hence there are two double 
points, ^and Psay, which are equidistant from 0. Also, since 
0^*= OF^- OA . OA' and bisects EF, it follows that 
{AA'j EF) is harmonic, i.e. EF divides the segment joining 
any two corresponding points harmonically. 

Notice that the centre is always real, being the mate of the 
point at infinity. But the double points will be imaginary 
when OA . OA^ is negative, i.e. when lies between A and 
A\ The double points cannot coincide, for then each coincides 
with 0, in which case OA . 0A'= OE^^ o ; L e. A or A' 
coincides with 0, and ^i' or ^ is anywhere, i. e. half the 
points are at and half are indeterminate, i e. the involu- 
tion is nugatory. 

9. The doubkpointso/an overlapping involution are imtiginary 
and those of a non-overlapping involution are real, 

Take the centre of the involution. Then 

OA . 04'= OB. OJB'= •• = OW^OFK 

Now in an overlapping involution OQf and AA' over- 
lap, L^ lies between A and A\ Hence OA . OA' is nega- 
tive, ie. OE'^ and OF^ are negative, ie. JE7 and F are 
imaginary. 
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Similarly in a non-overlapping involution, OW^ and OjP* 
are positive, i.e. JEJ and ^are real. 

An overlapping involution is sometimes called a 7i/egaiivt 
involution and a non-overlapping involution is called Ajpositive 
involution. 

Ex. 1. If E and F divide fiarmonicaUy the segments AA^, BB^, CCfy ... , 
$how thai {AA% BBf, CCf,...) is an incdvHon, 
Bisect the segment EF at 0. Then 

OA,OA'= OB.OB'^ .*' = OE*. 

Ex. 2. J^EandFbethe double points qf {AA\ BB^j C(f^,,.\ show thai 

AB . AB'-^ A'B . A'W = AF^^A'F?, 

_ „ ^, AB.ABf AE.AF 

J!iZ. O. Also -—j-=: tttt: =» -— • 

A'B . A'B^ A'E . A'F 

Ex. 4. Also ABf. BE . EA' -= -A'B • BTE , EA. 

Ex. 5. Also EF^, afi^^AB. ABf. A'B . A'BT. 
For EF =: a , OE = 2e if aaf'^^. 



Ex. e. uiZso 4 . 0/3 . clB = [^/^B . ^fi' + V^'J? . A'B^^, 

Ex. 7. i/* the segments AA\ BBf,... joining corresponding points have the 
earns middle point, show thai A A' , B^,.,. form an involution; and find the 
centre and double points. 

Of the point at infinity and E the middle point are harmonic "witli 
every segment AA^. Hence Of, E are the double points and Of is tlie 
centre. 

Ex. 8. If AA^y BBf he pairs of points in an invoLuMon, one of whose double 
points is at infinity , then AB = ^A'Bf . 

For E the other double point must bisect A A' and BBf , 

Ex. 9. If any two segments AA'^ BBf joining corresponding points in an 
involution have t?ie same middle point, then aU such segments have the same 
tniddle point. 

For the other double point must be ^^ 

Ex. 10. If AP . AP' = A^P . ^'P', sJiow that the points P and P' form an 
involution in which A and A' are corresponding points ; and find the centre 
and double points. 

Ex. 11. If any transversal through V {the internal vertex ef the harmonic 
triangle of a quadrilateral circumscribing a conic) cut the sides in AA^, BBf 
and the conic in PP' ; show thai {AA\ BBf^ PP^) is an involutAony the double 
points being V and tfie meet qf UW ujith the transversal. 

Ex. 12. Through a given point draw a line meeting Uco conies (or two 
pairs of lines) in points AA% BBf such that {0 A A' BBf) = {OA'ABfB). 

Join to the meet of the polars of 0. 

Ex. 13. If ABC..., A'BfCf,,, be two homographic ranges on the same line, 
and if the males ofP {^^ Qf) be P' and Q, we know that the ranges A and A' 
and the ranges P^ and Q have the same common points {E, F say) ; show thai 
P has the same fourth harmonic for P'Q and for EF, (See X. 7. IJx. 4.) 
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We have only to prove that F(^» (^^ is one of the double points of 
the inyolution determined by P'Q, EF. 

Now {PQEF) = {P'Q'EF) from the first homography 

= [pTEr) = {PP^FJET). 

Hence F'Q, EF, PP are in involution, i.e. P is a double point of the 
involution. 

Sx. 14. With the same data, P and the fourth harmonic qf P for P'q 
generate an involviion, 

10. A system of coaxal circles is cut by any transversal in 
pairs of points in involution. 

For if the transversal cut the circles in AA\ BB\ CC% . . . 
and the radical axis in 0, then 

OA . 0A'= OB. OB'^ OC. 0C'=... . 

Hence AA\ BB^, CC% ... form an involution of which is 
the centre. 

XiX. 1. Give a geometriccU construction for the dofiMe points c^f the involution 
determined on a line by a system qf coaxal circles. 

Ex. 2. A line touches tux> circles in A and A' and cuts a coaxal drde in 
B and B' ; show that {AA' , BB^) is harmonic. 

Sx. 3. Of the involution determined by a system qf coaxal circles on the line 
qf centres J the limUing points are the double points. 

XiX. 4i.Ifa line meet three circles in three pairs of points in involution, ther^ 
either the circles are coaxal or the line passes through their radical centre. 

Sx. 6. Jfeach of the sides of a triangle meet three circles in pairs qf points 
in involiUiony the drdes are coaxal. 

!EjX. 6. The three circles drawn through a given point F, one coaxal toith the 
circles a and fi, one coaxal vnth the circles /3 and 7, and one coaxal uriffi the 
circles 7 and a, are coaxal. 

Let two of the circles cut again in V^j and consider the involution 

on rr^. 

XiX. 7. Two circles a and /3 are drawn having the radical axis p vnth th^ 
circle y, and 8 and e are draum Iwxing the radical axis q with 7 ; s?iow that the 
meets of ah and of fie are concydic 

Consider the involution on the radical axis of a and 9, 

11, IfEF he the double points of an involution of which A A' 
and BB' are a/ny two pairs of corresponding points, then {AB', 
A^By EF) are in involution, and so are (AB, A^B^, EF), 

For (AB", A'B, EF) are in involution if 

(ABEF) = (B'A'FE), i.e. = (A'B'EF) ; 

and this is true, for E corresponds to itself and so does F. 
Similarly {AB, A'B", EF) are in involution* 
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:. 1. "Prcnt (hefoUowing cofutructum for the double points qf the inoolution 
AA\ BB^, CCfy... viz.— Take any point P and let the circles through PAB^ and 
PA'B cut in Q ; so let the circles through PAB and PA'Bf cuJt inR; then the 
circle through PQR cuts AA' in the required double points. 

For if the circle through PQR cut AA' in EF, then from the radical 
axis PQ we see that {AB\ A'B, EI^ are in involution ; hence 

{ABE^) = {B^A'FE) = {AfB^EF). 

So from the radical axis PR, we get {ABfEF) = (A'BEI*), 

Hence {ABEFB') « {A'BfEFB), 

Hence EF are the double points of the involution determined by AA' 
and BBf. 



:. 2. If E and F he the limiting points of the circles on the coUinear 
segments AA', BB^ as diameters, show that the circles on AB, A'Bf, and EF 
as diameters are coaocai, 

XiZ. 3. If E, F he the common points of the two homograpkic ranges (ABC...) 
and {AfB^Cf ...\ then ABf, A'B, EF are in involution, 

XiX. 4. Prooe the following construction for the common points of the two 
homographic ranges (ABC...) and {AfB^C^...) — Take any point P a/nd let ^ 
circles PAB' and PA'B cui in Q, and let the circles PACf and PA'C cut in R; 
then the circle PQR unll cut A A' in the required points. 

lEx, 6. Given two pairs of points AA', BBf of two homographic ranges <md 
one common pointf construct the other, 

12. IfAA'f BB^, CC he pairs of points in involution, €md if 
P, Q, R he the midcUe points of AA% BB", CC\ show that 

A'A\ QR+BB^. RP+ CC\ PQ+4PQ' QR-RB = o; 
and if U he any point on the same line, then 

(AZP-^A'U') QR+iBIP+B'ir) RP+{CIP + C'IP)PQ 

= -4BQ'QB'RP. 

Take the centre of the involution as origin and use 
abridged notation ; then if OA^:=ai, and so on, 

A'A^= (a—aiY^ a^-\-a^'-2aa^^ (a+a,)'-4««i- 

But a+ai= 2p and QR = r— g, 

and aa{= hh^^ €Ci=^ A, say ; 

.-. A'A\QR=:{4f^^4^){r'-q); 
.-. 2{A'A\ QR) = 4 2i>Vr~^)-4AS(r-^ 

= -4 (q-p) {r-q) (p-ii 
--4PQ.QR.RP. 
Again, if a; be the distance of U from the origin 

AIP= (x-a)\ 



XVII.] Ranges in Involution. 177 

Hence 2 { (^ tr« + A'TJ^) qR) 

r=2a^2(r-g)-.a;2ji(r-g) 

+ 2 {a» + ai*-2aai+2A} (r-g) 
= '2.A'A\ QB 
= — 4PQ. Q12 . JRP by the former part 

XjX. 1. With the same^ notation, show thai 

AB . A&IAC, A(f - PQ/PIL 

XiZ. 2« Also if E he a double point, then 

A'A^PE - B'B^/QE = 4 PQ. 

XiX. 3. Aleo, X being any point on the same line, 

jrA,jrA^,QR+jrB,jrB^ ,RP^jrc,jr(/,PQ'^o. 

'Ex. 4^ Also JTA.JrA^EF-^JrH^.FP + Jri^.PE ^o, 

Ex.5, Also JTA.JrA'-XB.JTBf + aPQ.jrO^o. 

Ex.e.Al80 R(?,PQ=^RA.RA\QR + RB.RB^.RP. 

XiX. 7. Qiven two coUinear segments AA', BB^, determine a point C ftacA 

Viat CA.CA' iCB.CB^ ::Kii. 

Determine the point R from the relation RP :RQ : :\: i. 

Through any point V draw the two circles VAA% VBW cutting again 
in V. Draw the circle through VV^, having its centre on the perpen- 
dicular to AA' through R, Th\B circle wiU cut AA' in the required 
points (see Ex. i). 

13. Take any point V on the line of the involution. 
Then OA =^ YA-YO — x-r, say ; so OA'^ ixf-r. 

. •. OA . OA'^ constant gives (a?-r) (x—f) = constant. 

Hence ^ distances of pairs of points in an involution from 
any point on the line satisfy the relation hcoif + Z («+ a:') + n = o, 
where k, I and n are constants. 

Conversely, if this relation he satisfied, the pairs of points 
form an involution. 

For kxoif-^l{x+af)-hn = o can be thrown into the form 
{x—r) (x'—r) = constant ; which is the same as 

OA . 0A'= constant. 

Or thus, li {AA', BJff, CC\ ...) be in involution, then 
(AA'BB'CC', ...) is homographic with {A'AB'BC'C, .,.). 
Hence corresponding points in the two ranges are connected 
by a relation of the form axr' + 7a? + m^ + ti = o. Also, as there 
is no distinction in an involution between A and A'y we must 
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have { = w. Conversely, if aa?'+ ? (rc+aO +^ = o, -4 and A' 
generate homographic ranges in which A and A' are inter- 
changeable. Hence A and A^ generate an involution. 

liX. L Shxno fhajt P, P^ determine an involuHon if 

AP.B'P' + X.AP+ti.B^P^ + y^O, 
provided \—fi = AB^. 

Ex. 2. Show that P, P* determine an involvUion if 

a.AP.BP' '"AB.PP'; 
and that A and B are the double pointe. 

XSz. 8. Show that P, P* determine an invohOion ifAP + BfP^ » r ; and ffiat 
one douUe point is at ir^finiiy. Find also the second double point. 

14. If {AA'f BB^j CC) he pairs ofpomts of an involution^ 
C!4 -,^^ CB ^y.CB^ .„ 

We have to prove that 

CA . BB". C'B". C'B+CB.B'A . C'A\ CB 

^CB^.AB.C'A\CB'=:o. 

This relation is of the first order in A and in A\ Consider 
the points X, X' connected by the relation 

CX.BB. C'B. OB^CB.BX. C'X\ CB 

+ CB'. XB . CX\ 0'^= o. 

Beducing to any origin, this relation assumes the form 

asr'+Lr +«!«'+» = o. 

Hence X and X' generate homographic ranges. 

Now the relation is satisfied by X = (7 and X^= C\ and 
by Z = 5 and X'- J5', and by Z = J?' and Z'= B. Hence 
the homography is that determined by (CBB^) =1 (CB^B), 
ie. is the given involution. Hence the above relation be- 
tween X and X' is satisfied by any corresponding pair of 
points of the involution. Hence the relation is satisfied if 
we replace Z, Z' by A, A', 

„^ , , AB.A'C A&.A'Cf 

Ex. L SAoio tto* AAf^ — :^ — + — ^^ » 

BC Bid 

,^ « „ AB.A'C AA'.Wa 

^•^•^^ acTa^^I^Ta^^^' 

Bx.8. .Itoo ^,.B(r^^.CA^AB. 
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CA. CS CB' 

•« e ., .r. AC. AC BCBCf 
^6. Also AB^-j^ ^^. 

IiZ. 6. Also, P being any point on the same Une, 

CA ^..^ ^ .» CB _, . ^_, Co . _ __ 

. BBf, VA' + -T^-T . BfA . FBf + --r- . -4J5 . PJ5 - o. 



Cr^' CJ?' 0B 

OA CB 

Ex.7. Also ^,BC.PA' + :p^:^.CfA.PBf^AB.PC. 
(J A' (Jiy 



V % 



CHAPTEE XVm. 



PENCILS IN INVOLUTION. 



1 The penca of Hnes VA, VA\ VB, VB\ 70, rC% ... is 
said to form a pencil in involution if 

ViAA'BB'CC'...) = ViA'AB'BCa..). 

Any ircmsversdl cuts cm involution pencil in cm involution 
rcmge; and, cowoersely, the pencil joining amy involution range 
to any point is in involution. 

Let a transversal cut an involution pencil in the pairs of 
points AA\ BB^, CO', .... Then, since 

ViAA'BRCC'...) = ViA'AB'BC'a..), 

we have r{AA'BG) = ViA'AB'C) ; hence 

{AA'BC) = (A'AB'C'). 

Hence C, C are a pair in the involution determined by the 
pairs AA', BB'. Similarly for any other pair of points in 
which the transversal is cut by a pair of lines of the invo- 
lution pencil. 

Conversely, \l{AA'BB'CC\;,)^{A'A:ffBCX^..), we have 
{AA'BC) = {A' ABC) ; hence V(AA'BC) = YiA'AB'C'). 
Hence VC, VC are a pair of rays in the involution pencil 
determined by Y(AA', BB^. So for any other pair of 
corresponding rays. 



:. 1. JfVhe aviy point on the homographic axis qf the two homographic 
ranges {ABC.,.) » (J/B^Cf...) on different lines,' show that 

r{AA\BJBf,C(f,...) 
is an involuHon penciL 

Let XT be the mates of the point X(« F') where AB and A^B^ 
meet. Then F is on ^F. Hence 

F(x-r-4Bc...) = r(jrrABc.,.) 
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- V{XfVA'W(f,„) by homography ^ r{^XA'lBfa ,,.). 
Hence F'(XZ', X4', SB', ...) is an inyolution. 

- £x. 2. Beciprocate Ex. i. 

SiX. 3. TvDo homographic pencUa have their vertices at trinity. Show thai 
any line trough their homographic pde determines an involution qf which the pols 
is the centre. 

She 4s. Any two homographic pencils can he placed in two loays so as to he in 
involuiion. 

Let the pencils be V(ABC...) = F' {A'BfCf,.X First, superpose thd 
pencils so that V is on V^ and VA on V^A\ This can be done in two 
ways. Let FX (= F'JT') be the other common line of the two pencils 
V{ABC...) = r{AB^(r...). Then in the original figure AVX= A'V'Z\ 
Second, place F on F' and VA on F^J? and FX on V'A\ The two 
pencils are now in involution ; for VA ( = V^X^) has the same mate, 
viz. V^A^ ( = VX) whichever pencil it is supposed to belong to. 

If the vertices are at infinity, place the pencils so that all the rays 
are parallel. Let any line now cut them in the homographic ranges 
(aftc...) = (a^y </...). Now slide {a'Vcf..,) along {aJbc,..) until the two 
ranges are in involution (either by Ex. 5. of XVII. 7, or by a construc- 
tion similar to the above). 

2. A pencil of rays in involution has two double rays (i.e. rays 
each of which coincides toith its corresponding ray), and the 
double rays divide harmonically the angle between every pair of 
rays. 

Let any transversal cut the pencil in the involution 
(AA% BB", CC\ ...), and let E, F be the double points of 
this involution. Then the ray corresponding to VE in the 
pencil is clearly VE itself. Hence VE is a double ray. So 
VF is a double ray. Also {AEA'F) is a harmonic range ; 
hence V{AEA'F) is a harmonic pencil. Similarly YE, VF 
divide each of the angles BVB', CVG\ ... harmonically. 

There is nothing in an involution pencil which is analo* 
gous to the centre of an involution range. In fact the point 
at infinity in the range AA\ BB", CC\ ... will project into 
a finite point on another transversal, and will project into 
the mate of this finite point. 

If, however, V is at infinity, i.e. if the rays of the pencil 
are parallel, then all sections of the pencil are similar, and 
there is a central ray which is the locus of the centres of all 
the involution ranges determined on transversals. 

Ex. 1. Jfthe angles AVA\ BVB^, CV(f,... he divided harmonuxOly by the 
same pair of lines, the pencil V{AAf, BB^, 0&,...) is in involvMon. 
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Sx. 2. J[/ <^ ijmgU» \» hiseded by the same lincy then the pencil is in 
involution. 

Sx. S. Xf the double rays qf a pencil in invdvMon be perpendicular, they 
bisect all the angles bounded by corresporuling rays. 

XSx. 4. Jf two angles AVA', BVBf bounded by corresponding rays qf a pencil 
in involution have the same bisedorsy then aU such angles have the same 
bisectors. 

!Ex. 6. Find the locus qf a point at whidi every segment (AB) of an in-^ 
vduiion subtends the same angle as the corresponding segment {AfBf). 

The circle on EF as diameter. 

Ex. 6. Through any point are drawn chords AA^, BB^, CCf, ... <^ a 
conic ; show that AAf, BBf, CCf subtend an ivwoLutwn pencil ctt any point of the 
polar qf 0. 

Sx. 7. ReciprocoUe Ex. 6. 

XiX. 8. If ABA'Bf be fourpoinis on a conic, and if through any point on 
the external side TJW of the harmonic triangle qf ABA'B^ there be drawn two 
tangents GT and OT to the conic ; sJuno that {AAf, BBf, TT) is a pencU in 
involution, the double lines being OU and OV, 

Ex. 9. Through a fixed point is draum a variable line to cut the sides of a 
given triangle in A'Bf(f ; fir\d the locus qf the point P such that 

{PBf, A'CT) = - 1. 

Now B (ACy BfP) = — I , . •. B:& and BP generate an involution 

.-. B{P) = B{Bf) = 0(3")^ 0{P)y 

. *. the locus is a conic through B and 0. 

3. If AVA'yBVB', CYC, ... le cM right angles, then the 
pencil V(AA^, BB^, CC, ...) is in involution. 
We have to show that 

ViAA'BB'CC'...) = ViA'AB'BC'C...). 

Produce AVto a, BVtoh, and so on. 
Then if we place VA on VA^, VA^ will fall on Va, and 
so on. Hence the two pencils 

ViAA'BB"...) and ViA'aB^h...) 

are superposahle and therefore homographic. But 

ViA'aB^h...) 

is homographic with ViA'AB'B..,) ; hence V(AA'BB'...y 
and Y{A'AB^B...) are homographic. 

Otherwise : — From the vertex V drop the perpendicular VO 
on any transversal AA'BB^.... Then, since AY A' is a right 
angle, we have YCP = AO. 0A\ 

Hence OA .«^'= OB . 0^= OG. 0C'=^ -- • 
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Hence (AA\ BB^^ CC\ ...) is an involution range. 
Hence V{AA\ BBfy CC, ...) is an involution pencil. 



Ifthrcugh the centre qf an overlapping involution (AA\ BB^, ...), there 
be draton VO perpendicular to AA' and such that y(^= AO . 0^', then any four 
points qf the involution subtend at V a pencil superposaible to that subtended 
by their mates. 

4. In every involution pencil, there is one pair of correspond- 
ing rays which is orthogonal ; and if more than one pair be 
orthogonal, then every pair is orthogonal (See also XX. 6.) 

Take any transversal cutting the pencil in the involution 
{AA\ BB^, CC\ ...). Through the vertex Fdraw the circles 
VAA', VBB' cutting again in F'. Let W cut AA' in 0. 
Then OA . 0A'= OV. 0V'= OB . OB". Hence is the 
centre of the involution. Hence 

oc. oc'= OA . 0-4'= or. 0V\ 

Hence the four points V, Y', C, C are concyclic. 

In this way, we prove that all the circles VAA', VBB^^ 
VCC\ ... pass through Y\ Also every circle through F7' 
cuts AA' in a pair of points PP' of the involution ; for 

OP. 0P'= OV. 0V'= OA . 0A\ 
Let the line bisecting VV^ at right angles cut AA^ in Q. 
Describe a circle with Q as centre and with QF as radius, 
cutting AA^ in PP\ Then P, P' are a pair in the involution, 
and PFP' is a right angle. 

This construction fails in only one case, viz. when YY' is 
perpendicular to AA'. In this case, the orthogonal pair are 
YY' and the perpendicular to YY' through F. 

Also if two pairs are orthogonal, every pair is orthogonal. 
For suppose AY A', BYB' are right angles. Then the 
centres of the circles AY A' and BYB^ are on AA\ Hence 
AA' bisects YY^ orthogonally. Hence the centres of all the 
circles AYA\ BYB", CYC, ... are on AA\ Hence all the 
angles AYA', BYB", CYC, ... are right angles. 

£x. 1. S?ww that a given line VX through the vertex always bisects one qf the 
angles AVA' ^ BVB', ... (if an involution ; and if it bisect tux) qf the angles, it 
bisects aU. Discuss ihe case when VX is perpendicular to one qf the double rays. 

Take AA^ perpendicular to VX, and take the centre of the circle 
on VX. 
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SiX. 2. SAoto that the pencils 

r (AA', BBf, (XT, ...) and V {AfA, B'JB, CC, ...) <lf § 4 
are supeypoaab^e. 

Far lAVIf is equal to lA'y'B or its supplement. 

Ex. 3. Qicm two homographic pencils, toe can always Jind in the first pencil 
rays VA, VB, and in the second pencil corresponding rays V^A\ VBf^ swh that 
both AVB and A'VBf are right angles. Can more than one such pair exist ? 

XSx. 4. (AA',BBf, CCff,..) is an inooluHon. Show that the circles 

PAA%PBB^,PC(/^,.., 

where P is any point, are coaxal, 

:. 5. Deduce a construction for the mate of a given point in the involudon, 

:. 6. Also given AAf and BB^, and the middle point qf C(/, constrttct 
Candif, 

Sx. 7. Given tioo segments AA^, BBf qfan involution, construct geometrically 
the centre 0, 

Sx. 8. Given a segment A A' qf an involuition and the centre 0, construct the 
mate qfC. 

Sx. 9. Given tun involutions {AA% BB^, ...) and (cuaf, W, ...)onthe same 
line : find two points which correspond to one another in bcih involutions. 

£x. 10. Jf any two circles he drawn fhrofugh AM and BB^, their radical 
axis passes through 0. 

Sx. 11. If A, A' generate an involution range, and QA be perpendicular to 
PA and QM to PA^, sJuno that if P be a fixed point, then Q generates 
a line. 

For the locus of the centres of the coaxal circles PAA^ is a line. 

5. Every overlapping pencil in involution can he projected 
into an orthogonal vnvolution. 

Let any transversal cut the pencil in the overlapping 
involution of points (AA\ J5^, CC\ ...). On AA\ BB" as 
diameters describe circles. Since AA\ BJff overlap, the 
circles will cut in two real points U and U\ Now, since in 
the pencil in involution U{AA\ BBfy CC\ ...) two pairs of 
rays, viz. UA, JJA' and JJB^ UB^j are orthogonal, hence 
every pair is orthogonal. 

Eotate U about AA^ out of the plane of the paper. With 
any vertex W on the line joining U to the vertex F of the 
given pencil, project the given pencil on to any plane 
parallel to the plane UAA\ Then VA projects into a line 
parallel to UA, and VA' projects into a line parallel to UA'\ 
hence AVA' projects into a right angle; similarly BVB^^ 
CVG\ ... project into right angles. 
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Ex. 1. {AA'.BBf, CCff,..) i8 an involuHon, Show that the cirdes <m 
AA^f BBf, (X/y ,..08 diametera are coaxcU, 

XSx. 2. Sfiow also thai AA', BBf, CCf, ... subtend right angles at tioo points 
in the plane. When are these points real 9 

6. IfP, Q, Bhethe fourth harmonics of the point Xfor the 
segments AA% BB^j CG^ of an involution range, then 

PA^ QB^.QB^ BP B^ PQ^ PQ.QB.BP _ 
XA^ ' XP"^ XB"' XQ^ X(P' XB"^ XP.XQ.XB ^' 

Join the points to any vertex V; and cut the pencil so 
formed hy a transversal aa^^ hV, (xf, p, q, r, x. Then since 
the given relation is homogeneous in each point, as in 
proving Camot's Theorem, we see that the relation is also 
true of the projections aa\ &c. of the given points. Now 
take aa' parallel to VX. Then a; is at infinity. Hence 

xc? .xp __ xc? .xp ^ xd^ ,xp _ 

xV,xq'~ ' xc^.xr^ ' xp.xq.xr^ 

Hence the giv^n relation is true if 

pa^. qr+ qV. rp + n?. pq-^-pq . ^r . 13? = o. 

But now p, q, r bisect aa^, W, cc^\ hence this relation is 
true by XVII. 12. 

If in addition to the above notation Pj, Q^, B^ bisect AA% 
BB^, CC\ show that in Examples 1-6 

B 1 ^^'^^ AC. ACT ^PQ , Xg 
^' ' XB.XBf "*■ XG.XCf "PR • XR' 

Ex. 2. AB.AB^-i-AC.ACf^PQ.XQi-r PR.XRi. 
For XQ.XQi = XB,XBf, &c. 

— ^ YA. YA' ^„ ^„ YB . YW „„ ^^ 
XA.XA' ^ XB.XBf ^ 

-Tc. xa 

where Y is any point on the same line, 

OR RP PQ 

Ex. 4. YA . YA\ -^ + YB. YBf. -^ + YC. FCT. -=|-= o. 

XPi Xq^ XRi 

Q R.XP RP.XQ P Q.XR _ 

^^^' xA:xAf "*■ xbTxw ■*■ xc:xu " ""' 

Take Y at infinity. 



XPi XQi XRi 
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'Ex.1. If (CP, AAf) - (Og, BB') - {VF^, BBT) - (QQ', AA') 

fhen {AA'j BBfy CCf) are in involuHon. 

Project C to infinity, and use the relation 

a(pi/ + W) = (p +i/) (6 + y), taking C as origin. 

Ex. 8. lf{AA\BB) = {J[C,AA') - {J[(r,BBr) « -i, 
(ften (-4-4.', BB', C(/) are in involution. 

Project X to infinity, and take the centre of the inyolution {AA'y BB^) 
as origin. 

Ex. 9. ]fAA% BB^y CCfy Dl/ he four segments in invduHon, and if 
{LP, A A') = {LQ, BBf) = (LR, (Xf) = (ZS, Dlf) / 
show that {PQRS) is independent qf the position ofL, 
For (Pg, R8) = (ABf CD) x {A^B", CD), 

Ex. 10. Deduce by Eeciprocation a property qf four pairs qf rays in 
involution, 

Ex. 11. If {AA% BBf) and (AA% Q(f) be harmmic, then 

Take A' at infinity. 

Ex. 12. Deduce the relation 

BBf.QQ^ Bf(f tfB _ 

QA. g^' ■*■ QB "*■ gB' "" °' 
Take P at infinity. 

7. By considering sections of the involution pencU 

y{AA\ BB*, CC% ...) 
show that in Examples 1-4 

- 8inu4FB.sin^FB^ _ sin^rc. sin AVCf sin'^TTg 
^* * sin A'VB , sin A^VBf " sin A'VC , sin A^VCT " siii'A'VE ' 
Ex. 2. sin-4FB.sinB'FC.sin(rF:ii'=-sinui'FB'.sinBF(r.sinCr^. 

Ex. 3. ^ VR be either of the orthogonal rays, then 

tan RVA , tan RVA' is conMa/mi, 
Draw the transversal perpendicular to VR. 

Ex. 4. If YX be any Kwe, then any pair FP, VP^ satisfies a relatior^ 
of the form 

tan -TFP. tan XFP' + J. tan XFP+i. tan -rFF + n = o, 

where I and n are constants, 

Ex. 5. ^ VA\ FJB', V(f be three bisectors of the angles BVC, CVA, AVB 
{either three external, or one external and two iniemal), then 

V{AA',BBf,ca,,„) 
is an invduiion. 

Ex. e. If VX and VY be fixed lines, and VPy VP' be variable lines 
satisfying the condition 

sin XVP -f- sin TVP = - sin XVP* -J- sin YVP', 

then VP, VP^ generate an involution. 



CHAPTEE XIX. 

INVOLUTION OF CONJUGATE POINTS AND LINES. 

1. The pairs of points on a line which are conjugate for a conic 
form an involution. 

Let I be the line and L its pole. Let AA^, BB", CC% ... 
be the pairs of conjugate points on I, Then the polar of A 
which lies on I passes through L. Also the polar of A by 
hypothesis passes through A\ Hence LA' is the polar of A, 
So LA is the polar of A\ and so on. Hence (AA'BB'CC^..) 
of poles = LiA'AB'BCa..) of polars = {A'AB'BC'G...). 
Hence {AA\ BB'f CC\ ...) form an involution. 

The double points of the involution of conjugate points on a 
line are the meets of the line and the conic. 

For these meets are harmonic with every pair of conjugate 
points on the line. 

This affords another proof that conjugate points on a line 
generate an involution. 

2. The pairs of lines through a point which are conjugate for 
a conic form an involution. 

Let L be the point and I its polar. Let LA, LA'; LB, LB^\ 
LCy LC; ... be the pairs of conjugate lines, the points AA\ 
BB^, CC% ... being on Z. Then the pole of LA which passes 
through X is on Z. But the pole of LA by hypothesis lies 
on LA'. Hence the pole of LA is JL'; so the pole of LA' is 
Aj and so on. Hence L{AA^BB'CC'».,) of polars = 
(A'AB'BCa..) of poles = LiA'AB'BC'G..,). Hence 
L{AA'y Bff, CO', ...) form an involution. 
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Tht double lines of the involution of conjugate lines through a 
point are the tangents from the point 

For these tangents are harmonic with every pair of con- 
jugate lines through the point. 

This affords another proof that conjugate lines through a 
point generate an involution. 

Sx. 1. Thrcmgh every point can be draion a pair qf lines which are conjugaU 
for a given conic and also perpendicular, 

"Ex. 2. ^ two pairs qfcomjugate lines at a point are perpendicular j aU pairs 
are perpendicular, 

XjZ. 3. Oiven that I is the polar of Ly and given that ABC is a stUf-comjugaU 
triangle, construct the tangents from L, 

3. An important case of conjugate lines is conjugate 
diameters, i. e. conjugate lines at the centre. The double 
lines of the involution of conjugate diameters are the tan- 
gents from the centre, Le. the asymptotes. 

"Ex.. 1. Conjugate diameters (^ a hyperbola do not overlap, and conjugaU 
diameters qfan eUipse do overlap, 

"Ex, 2. Through the ends P and D of conjugate semi-diameters CP, CD 
of a conic are draum parallels, meeting the conic again in Q and E ; show thai 
CQ, CE are also conjugate diameters. 

For if CLT bisect PQ and BE, and CY be the diameter conjugate 
to CX, then CJT, CY are the double lines of the involution C{PQ, DE), 
Hence C (-TF, PD, QE) is an inyolution. 



:. 3. Thejoitis of the ends of tu)o pairs qf conjugate diameters PP', BIf 
and Q(/, EE^ are parallel four by four, 

Ex. 4. Two of the chords joining the ends of diameters parallel to a pair 
qf tangents are parallel to the chord qf contact. 



:. 5. The conjugate diameters CQ, CE cutGie tangent at Pin R, Bf; show 
that HP, PR' =^ CL^, 

For P is the centre of the involution determined by the variable 
conjugate diameters CQ, CE on the tangent at P. Also in the hyperbola 
the double points are on the asymptotes. Hence 

RP,PRf^-PT^ == CJD^. 

In the ellipse the diagonals of the quadrilateral of tangents at 
P, P', D, If give a case of CQ, CE. Hence RP.PRf'^ CD*. 

Ex. 6. Parallel tangents of a conic cut the tangent at Pin R, Rf; show that 
RP,PRf=^ CD\ 

Ex. 7. The conjugate diameters CQ, CE cut the tangents at the end of 
the diameter PP' in R, Rf; show that PR . P'Rf = CD". 
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4. Defining the principal axes of a central conic as a pair 
of conjugate diameters which are at right angles, we can 
prove that — 

17^6 principal axes of a conic are always real. 

For by XYIII. 4, one real pair of rays of an involution 
pencil is always orthogonaL 

A central conic (^less it he a circle) has only one pair of 
principal axes. 

For by XVIII. 4, if two pairs of rays of the involution 
pencil are orthogonal, then every pair is orthogonal, Le* the 
conic is a circle. 

Sx. Given (he centre qf a conic and a stUf-conjugate triangle, construd the 
axes and asymptotes. 

Let be the centre and ABC the triangle. Through draw 
OAf, OB^, OCf parallel to BC, CAy AB. The asymptotes are the double 
lines, and the axes the orthogonal pair of the involution 

{AAf, BB^y CCf). 

5. The feet of (he normals ivhich can he drawn fnym any 
point to a central conic are the meets of the given conic, and a 
certain rectanffular hyperbola which has its asymptotes parallel 
to the aoces of the given conic, and which passes through the centre 
of the given conic, and through the given point 

Let be the given point. Take any diameter CP, and let 
the perpendicular OT on CP cut the conjugate diameter CD 
in Q. Then, taking several positions of P, &c., 

= c(r, r, ...) = {T, r, ...) = o{q, q, ...). 

Hence the locus of Q is a conic through C and 0. 

This conic is a rectangular hyperbola with its asymptotes 
parallel to the axes, as we see by making CP coincide with 
CA and CB in succession. Now let B be the foot of a 
normal from to the given conic, then B is on the above 
rectangular hyperbola ; for, drawing CP perpendicular to OB, 
OT meets CD, i.e. CB, in B. 



:. 1. The same conic is the locus of points Q stich thai the perperulicular 
Jrom Q on the polar qf Q passes through 0. 

For QOj being perpendicular to the polar, is perpendicular to the 
diameter conjugate to CQ, 
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Sx. 2. Tht ywnvwili ixt the four points where a conic is cut by a reetanguiar 
hyperbola which passes through the centre and has its asymptotes paraUel to the 
axes^ are concurrent at a point on the rectangular hyperbola. 

For let the normal at one of the meets R cut the hyperbola 
again in 0. 

£jZ. 3. Eight lines can be drawn from a given point to meet a given central 
conic at a given angle. 

"Ex, 4. Deduce the corresponding theorems in the case q/ a parabola. 

Here the centre H is on the carve ; hence one of the meets is the 
point n. Rejecting this, we see that three normals and six obliques 
can be drawn from any point to a parabola. 

XiX. 6. Jf OL, OMy ON, OR be concurrent normals to a conic, the tangents at 
L, 3f, N, R Uxuch a parabola which aiso touches the axes qf the conic and the polar 
of for the conic 

Beciprocate for the given conic. 

Sz. 6. is on the directrix of the parabola. 
Reciprocate for 0. 

6. A common chord of two conies is the line joining two 
common points of the conies. 

On a common chord of two conies the involution of conjugate 
pomts is the same for each conic, the double points being the 
common points. 

Ck)nversely, ifttvo conies ha/ve on a line the same involution of 
conjugate points, this line is a common chord, the double points of 
the involution being the common points of the two conies. 

Two common chords of two conies which do not cut on 
the conies may be called a pair of common chords. We know 
that a pair of common chords meet in a vertex of a common 
self-conjugate triangle of the two conies. Conversely, every 
point which has the same polar for two conks is the meet of a 
pair of common chords. 

Let E be the point. Join E to any common point A of 
the two conies. Let EA cut the polar of JE7 in P and the 
conies again in B and B^. Then {EP, AB) is harmonic, and 
also (EF, AB^). Hence B and B^ coincide, ie. EA passes 
through a second common point. So EG passes through 2). 

Hence two conies have only one common self-conjugate tri- 
angle ; for if ZrV^ TF' be a self-conjugate triangle, and VVW 
the harmonic triangle belonging to the meets of the conies, 
then IT coincides with 17, F, or TT, and so on. (See also 
XXV. 12.) 
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If^ however, the two conies touch at two points the above 
proof breaks down, and there is a/n infinite number of common 
self-conjugate triangles. 

Let the conies touch the lines OP and OQ at P and Q. 
On PQ take any two points VW such that (PQ, VW) = - 1. 
Then OVWia clearly a common self-conjugate triangle. 

Notice that if two conies have three-point or four-point con- 
tact, the common self^conji^ate triangle coincides with the point 
of contact. 

XiX. 1. The common chords which pass through one of the vertices of the 
common self-conjugate triangle of two ccnics are a pair in the invclution deter- 
mined by the pairs of tangents from this poinL 

UV, UW being the double lines. 
She. 2. Reciprocate Ex. i. 

'SsJL. 3. The conic 7 touches the conic aaithe two points L and M, and touches 
the conic fi at the two points N and R. SJtow that tu)o common chords of a and 
meet at the intersection ofLM and NR, 

7. A common apex of two conies is the meet of two com- 
mon tangents of the conies. 

At a commxm apex of two conies the involution of conjttgate 
lines is the same for each conic, the double lines being the conh 
mon tangents. 

Conversely, if two conies have at a point the same involution 
of conjugate lines, the point is a common apex, the dotible lines 
of the involution being the common tangents of the two conies. 

The join of a pair of common apexes of two conies has the 
same pole for both conies. 

Conversely, if a line have the same pole for two conies, this 
line is the join of a pair of common apexes of the conies. 

These results follow by Eeciprocation. 

8. Since two conies have only one common self-conjugate 
triangle, it follows that the harmonic triangle of the quadrangle 
of common points coincides with the harmonic triangle of the 
guadriktteral of common tangents. 

Let UVW be the harmonic triangle of the quadrangle 
formed by the common points a, b, c, d, and let AA% Bff, CC^ 
he the opposite vertices of the quadrilateral formed by the 
eommon tangents of the two conies. Then AA^ being a side 
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of the common self-conjugate triangle, must coincide with 
UY, VW, or WU, say with FIT, as in the figure. So BB" 
coincides with WU, and CC with UV. 

The polars of amy common apex of two conies for the two 
conks pass through the meet of two common chords of the conies. 

Take the common apex B. Now JB is on WUy the polar 
of V, Hence the polar of B for either conic passes through 
V, the meet of the common chords ad, he. 



The common chords ad, "be are said to helong to the com- 
mon apex B. So to every common apex helong two common 
chords. 

Similarly, the poles of any common chord of two conies for (he 
two conies lie on the jam of two common apexes of the conies ; 
and these apexes are said to helong to the chord. 

Homothetio figures. 

9. Given any figure of points P, Q, R, ..., and any point 
(called the centre of similitude), and any ratio X (called the 
ratio of simUitude), we can generate another figure of points 
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JP', Q', JB', ... thus — In OV take the point P', which is such 
that 0^'^ A . OP, and similarly construct (J', i2', .... The 
figures PQIi..- and P'Q'jB'... are called similar and similarly 
situated figures, or homotJietic figures. 

The following properties of homothetic figures follow from 
the definition hy elementary geometry — 

Corresponding sides of the two figures {e.g. PQ and P^Q^ are 
pardUel and in the ratio A {i.e. P^^=k . PQ). 

Corresponding angles of the two figures are equal 

{e.g. LPQB = IP'qB'.) 

Ex. The triangles ABC, A'B^Cf are coaxal. P, Q, R are three points on the 
axis. Sh(nc that if AP, JBQ, CR concur, so do A'F, JS'Q, (fR. 

Project the axis to infinity. 

10. If two conies are homothetic, the diameters conjugate to 
parallel diameters are themselves parallel. 

Consider the point corresponding to the centre of the 
first conic ; it will he a point in the second conic, all chords 
through which are hisected at the point, i.e. it will be the 
centre of the second conic. Take any pair of conjugate 
diameters PCP' and JDCJD' of the first conic ; and let pcp^ be 
the diameter of the second conic parallel to PCP\ Then, 
corresponding to BCiy in the first conic, we shall have dcd^ 
in the second conic which bisects chords parallel to pcp% Le. 
dcd^ is the diameter conjugate to pcp\ Hence, to a pair of 
conjugate diameters of the first conic correspond a parallel 
pair of conjugate diameters of the second conic. 

11. Two conies will he homothetic, if two pairs of conjugate 
diameters of the one are parallel to two pairs of conjugate dia- 
meters of the other. 

For then every pair is parallel to some pair. Take any 
diameter PCP' of the first conic, and through P and P' 
draw lines parallel to a pair of conjugate diameters ; these 
lines meet in a point Q on the conic. Let pcp^ be the 
diameter in the second conic parallel to PCP\ and through 
p and p^ draw lines parallel to PQ and P'Q. These will meet 
in a point q on the second conic ; for they are parallel to a 

o 
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• 

pair of conjugate diameters of the first conic, and therefore 
parallel to a pair of conjugate diameters of the second conic. 
And clearly the points Q and q generate homothetic figures, 
the centre of similitude being the intersection of Fp and Cc. 

Homothetic comes are conies which meet the line at infinity in 
the same points. 

If the conies are homothetic, their conjugate diameters are 
parallel. Hence the asymptotes, being the double lines of 
the involutions of conjugate diameters, are parallel, i.e. meet 
the line at infinity in the same points. And both conies 
pass through these points. 

Conversely, if two conies pass through the same two 
points at infinity, they are homothetic. For since the conies 
pass through the same two points at infinity, the asymptotes 
of the two conies are parallel. Hence the conjugate 
diameters, being harmonic with the asymptotes, are parallel. 
Hence the conies are homothetic. 



:. 1. Through three given points, draw a conic homothetic to a given conic. 

To draw through ABC a conic homothetic to a. Through the middle 
point of AB draw a line parallel to the diameter bisecting chords of a 
parallel to AB. This line passes through the centre of the required 
conic Similarly BC gives us another line through 0. Hence the 
centre of the required conic and three points upon it are known. 

IEmX. 2. Touching three given lines, draw a conic homothetic to a given conic. 

Draw tangents of the conic parallel to the sides of the given triangle. 
It wiU be found that we thus have four triangles homothetic to the 
given triangle. Taking any one of these triangles, and dividing the 
sides of the given triangle similarly, we get the points of contact of a 
homothetic conic. 



CHAPTEE XX. 

INVOLUTION BANGE ON A CONIC 

1. The pairs of points AA% J5JB', CC, ... on a conic are 
said to form an involution range on a conic, or briefly, to be in 
involution when the pencil V{AA', BB\ CC, ...) subtended 
by them at a point V on the conic is in involution. 

If pairs of points AA\ BR, CC, .., he taken on a conic, stick 
that {AA'BC,..) = (A'AB'C...), then {AA\ BB, GC, ...) are 
in involution. 

For V being any point on the conic, we have 

V{AA'BG,.,)=(AA'Ba,.)={A'AB'C'.,,) = r{A'AB'C\..). 

Hence V{AA^, BB^, CC\ ...) is an involution pencil Hence 
{AA^, BB", CC\ ...) is an involution on the conic. 

An involution range on a conic has ttvo double points, which 
form with any pair of points of the involution^ two pairs of 
harmonic points on the conic. 

The double points X, T are the points in which the 
double lines of the involution pencil V{AA', BR, CG\,..) 
cut the conic. • 

^ 

2. If the pairs of points AA', BB^, GC, ... on a conic he in 
involution, then the chords AA', BV, GG% ...are concurrent; 
cmd conversely, if the chords AA', BR, GG', ... of a conic he 
concutrent, then the pairs of points AA', BR, GC', ... on the 
conic are in involution. 

If {AA\ BR, GG', ...) form an involution on the conic, 
we have {AA'BRGG\ . .) = {A'ARBG'G. . .)• Hence 

{AB]A'R), {AC; A'G"), and {BC; RG% 

O 2 



r 
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being cross meets, lie on the homographic axis of these two 
ranges on the conic. Hence the triangles ABC, A'B^C 
are coaxal and therefore copolar. Hence AA\ BB', CO' 
meet in a point, i.e. GC passes through the point 0, where 
A A' and BB^ meet. So all the lines CG\ Dlf, ... pass 
through 0. 

Conversely, if AA\ BB\ CC\ ... be concurrent in 0, then 
{AA\ BB^y GG\ ...) is an involution. For if not, let C' be 
the mate of G in the involution determined by {AA\ BB"). 
Then by the first part (AA% BB', GG^') meet in a point, i.e. 
GG*' passes through 0. But GG' passes through ; and OC 
cannot cut the conic in three points. Hence G^^ coincides 
with C, i.e. C is the mate of G in the involution (AA', BB^. 
So D^ is the mate of 2>, and so on. 

Or thus, assuming the properties of poles and polara 

If {AA', BB^y GG\ ...) be an involution on the conic, then 
{AA'BB'GG'.,.) and (A'AB'BG'G,..) are homographic ranges 
on the conic ; hence the meets {A'B ; AB% {A^B^; AB), &c. 
lie on a fixed line, viz. the axis of homography. Hence 
AA^ and BB^ pass through the pole of this line ; so for 
CC, &c. 

Again, if the chords AA\ BB^, GG', ... of the conic meet 
in 0, then the meets {A'B ; AB), (A'B') AB), &c. lie on 
the polar of 0. Hence (AA'BB^GG\ . .) and (A'AB^BG'C. . .) 
are homographic ranges on the conic. Hence 

(AA\ BB", CC, ...) 
are in involution. 

The point where AA^, BB", GG\ ... meet is called the 

pole of the involution (AA^, BB^, GG\ ...), and the line on 

which {AB ; A'B'), &c. lie, i.e. the homographic axis of the 

two ranges (AA'BB',,.) and (AfAB^B,,.\ is called the axis 

of the involution. Note that the axis of the involution is the 

polar for the conic of the pole of the involution. For {AB ; A'BT) 

and {AB^\ A'B\ being cross meets, lie on the homographic 

axis of the ranges {AA^BB^ ,,,^ and {A'AB^B.,.). Hence 

is the pole of the axis of involution. The double points of the 

involution are the points X, Y where the axis of involution cuts 
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the conic. For these are the common points of the homo- 
graphic ranges (A.A'B'B! ,.^ and (Jl'J.JB'J?...). Hence, t}ie 
double points of an involution on a conic are real if the pole of the 

involution is outside the conic, 
 

3. If two segments hownded by corresponding points {such as 
AA\ BB^ of an involution on a conic overlap, every two of such 
segments overlap, and the double points are im^inary, i,e, the 
pole of the involution is inside the conic. So in a nonroverlapping 
involution on a conic, the double points are real and the pole is 
outside. 

For consider the pencil subtended at any point on the 
conic by the points in involution. 

If is on the conic, the involution is nugatory. 

4. Eeciprocally, a set of pairs of tangents to a conic are said 
to be in involution when they cut any tangent to the conic in pairs 
of points in involution. 

Again, the meets of corresponding tangents lie on a line ; and 
conversely, pairs of tangents from points on a line form an in- 
volution of tangents. 

The double lines of the involution of tangents are the tangents 
at the meets of the above line with the conic. 

Notice that if a set of pairs of tangents be in involution, the 
set of pairs of points of contact is in involution, and conversely. 

These propositions follow at once by Eeciprocation. 

£x. 1. A bundle qf parallel lines ctUs a conic in pairs qf points in tntTO- 
Itttion. 

Sz. 2. A system of coaxal circles cuts a given cirde in pairs of points in 
invduMon, 

XiZ. 3. Tioo chords AA\ BB^ of a conic cut in U, and OT is the tangent 
(xt ; show that {AA', BB^, TV) is an involution, 

XjX. 4. Beciprocate Ex, 3. 

SiZ. 6. Three concurrent chords AA' , BB^, CCf (^ a circle are draum, show 
that 

sin i AB . sin ^ B^C , sin ^ C^A^ = - sin } A'B^, sin ^ BC\ sin ^ C4, 

where AB denotes the angle subtended by AB at the centre, 

SjZ. 6. A, B, C are points on a conic, A% B^, C' are points taken on the 
cmic such that {AA', BC) = {BB^, CA) •= (CC^ AB) = -i. Show that 

{AA', BB", CG'\ {AA', B(f , BfC), {BB', AC', A'C\ and (CC', AB", A'B) 

are involutions on the conic. 
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Let the tangents at A^ Bf C meet in P, Q, R, Then AA^ passes 
through P, BBf through g, and CC^ through R, But PAj QB, RC meet 
in a point ; hence AA^, BBf, CC^ meet in a point ; i.e. (AAf, BBf, CC) 
form an involution. Hence (AfAy BfC) «* (-4-4', BC) = — i. Hence 
{A' A, BfC) = (AAfy CB), Hence {AA', CB', BC') is an involution. 
And so on. 

Sx. 7. Through a given point draw the chord XX' of a conic, such that 
(AA% XX') ~ {BB'f XX') where A, A'y B, B' are any four points on the 
come. 

Join to the meet of AB' and A'B 

Sz. 8. BE is a Jlxed diameter of a conic PQ is a variaible chord qf the 
conic. The tangent at E meets DP in A and DQ in B, JfA^B genemte an 
involution, PQ passes through a fixed point. If EA . EB he constant, the fixed 
point lies on BE. If i/EA + i/EB he constant, the Jlxed point lies on EA. 

One position of PQ is in the first case BE, and in the second case, 
the tangent at E, 

Six. 9. From a Jlxed point perpendiculars are draum to the pairs qf lines 
qf a pencil in involution, meeting (hem in AA', BB', ... ; show that the lines 
AA', BBf, ...are concurrent. 

Consider the circle on OF as diameter. 

Ex. 10. An involution qf points on a conic subtends an involution pencil at 
every point on the aocis qf Gie involution. 

XSx. 11. AA', BBf, CC', ... are concurrent chords qf a conic; show that 
{ABC. . . ) « {A'BfC. . .), Also reciprocate the proposition. 

SiX. 12. Through Jlxed points U, V are drawn the variable chords RP and 
RQ qfa conic ; show that P and Q generate fwmographic ranges on the conic, and 
that the commonpoints lie on the line UV. 

XSx. 13. Through a Jlxed point is drawn the varidUe chord PP^ qfa conic. 
A and B are Jlxed points on the conic. PB, P'A meet in Q, and PA, P'B meet in 
R. Show that Q and R move on the same Jlxed conic. 

For A {QR) « A {P'P) = B {PP') = B {QR). 

ISx. 14. Given two points P, Q on the line qf an involution, detsmUne a 
segment qf the involution which shall divide PQ harmonically. 

Project the involution on to any conic through PQ, and join the pole 
of the involution to the pole of PQ. 

XiX. 15. Through a centre qf similitude qf two circles are drawn four lines 
meeting one cirde in ABCD, A'B'CfD', and the other cirde in abed, a'hftfd'. 
Show that (ABCD) = (A'B'C'D') = (abed) = (afb^c'd'), 

For (ABCD) = (abed) by similarity. 

XiX. 16. A range on a circle and its inverse are homographic 

XiX. 17. A range in involution, whether on a circle or a liney inverts into a 
range in involution, whether on a circle or a line. 

SSx. 18. A variaible circle passes trough a Jlxed point, and cuts a given circle 
at a given angle ; show that it determines on the drde two homographic ranges. 

Invert for the fixed point. 

!Bx. 19. A variable cirde cuts two given cirdes orthogonally i show that it 
determines on each cirde a range in invdution. 

Invert for a meet of the given circles. 



V 
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Sx. 20. A xtanridhU drde cuts a given cirde and a given line orthogonaUy; 
show that it determines both on the circle and on the line a range in invo' 
htiion. 

XSx. 21. Tfie pole (/ the involution (AA^BB^,..) on a conic is the same as 
the homographic pole of the pencils suibtended by AA'BB^,.. and A^AB^B.,, 
at any two points on the conic. 

For AA^ is one of the cross joins. 

Ex. 22. Given two pencils r(ABC) and V' {A*BfC'\ draw through V and 
V* a circle meeting the pencils in the points aibc^ a^b^tf, su/th that (aaf, bb^, ocf) is 
an involiUion on the circle. 

By Ex. 21 aa^ passes through a given point, and it is easy to see that 
its direction is given. 

Six. 23. Tioo homographic ranges on the same cirde or on equal cirdes can, 
in tiDo ways, be placed ^ as to be in involution on the same cirde, 

XiX. 24. The pairs qf tangents draum to a parabola from points on a line are 
parcdlels to the rays of an involution pencil. 

Ex. 25. On a fixed tattgent of a conic are taken tioo fixed points A, B, and 
also tuH) variable points Q, jR, such that (AB, QR) —. ^i ; find the locus of the 
meet of the other tangents from Q and R, 

Ex. 26. A variable tangent to a conic cuts two fixed lines in A, A'. Show 
that the points of contact a, a' qf the other tangents from A, A' generate honuh 
gra^ic ranges on the conic. 

Let AA^ touch in a. Then the ranges a and a are in involution, and 
the ranges a and o'. Hence (o. . .) = (o. . .) •• {of, . .). 

IBx. 27. The fixed tangent OA of a conic meets a variable tangent in X, and 
the fixed tangent OB meets the paraUd tangent in Y, Show that OX . OY is 
constant. 

Let the parallel tangent meet OA in X'. Then (X, X^) generate an 
involution. Hence (X) = (X') = (r). And is the vanishing point 
of both ranges. 

Ex. 28. AA' is a fixed diameter of a conic ; ona fixed line through A* is 
taken a variable point P, and the tangents from P meet the tangent at A in Q, (/, 
Show that AQ + AQf is constant. 

Q, Qf generate an involution, of which one double point (correspond- 
ing to P being at A') is at infinity. Hence the other double point 
bisects QQ'. 'RenoQ AQ + AQf ^ 9 AO. 

Ex. 29. IfP lie m a chord through A instead qfA\ then i/AQ-^ ^/AQf 
is cotistant 

5. Given two involution rcmges on a conic or on a line^ or 
two involution pencils at a point; find the pair of points or lines 
belonging to both involutions. 

The line joining the two poles Oj 0^ of the involutions on 
the conic evidently cuts the conic in the required pair of 
points. 

If the ranges are on a line, project the ranges on to a 
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conic by joining to a point on the conic, and project back on 
to the line the common points on the conic. 

In the case of two involution pencils at a point, consider 
the involutions determined on any conic through the com- 
mon vertex. 

If either of the pairs of double points (or lines) of the given 
involutions he imaginary y the common pair of points are real; 
and they are also real when both pairs of double points are real 
and do not overlap. 

For if the involution on the conic, of which Oj is the pole, 
has imaginary double points, 0, is inside the conic ; hence 
Oj Oj cuts the conic whether 0^ is inside or outside the conic 

Also, if the double points are real and do not overlap, the 
points sought, being harmonic with both pairs, are the double 
points of a non-overlapping involution on the conic, and are 
therefore reaL 

The cases of involution on the same line or at the same 
point may be discussed as above. 

6. In a pencil in involution, one pair of rays is always ortho- 
gonal ; and if two pairs of rays are orthogonal, then every pair is 
orthogonal. 

Let the rays of the involution pencil ViAA^BB'CC^...) 
cut a circle through V in the points AA^, BB% CC\ .... 
Then AA\ Bff, CG\ ..., being chords joining pairs of points 
in involution on the circle, meet in a point 0. Take K, the 
centre of the circle, and let OK cut the circle again ui.ZZ'. 

Then VZ, YZ' is an orthogonal pair in the involution 
pencil. For, since ZZ' passes through K, ZYZ' is a right 
angle. And since ZZ^ passes through 0, ZZ' belong to the 
involution (AA', BB^, ...), i.e. VZ, YZ' belong to the given 
involution pencil Y{AA\ BB', ...). 

Again, if two pairs of orthogonal rays exist, viz. YX, FX' 
and YY, YY\ since XX' and YY' both pass through K, we 
see that coincides with K. Hence AA', BB\ ... all pass 
through K. Hence all the angles A YA\ BYB^, . . . are right 
angles.. 
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7. Chords of a conic which subtend a right angle at a fixed 
point on the conic meet in a point on the normal at the fijxed 
point. 

Let the chords QC "RR^ ... of a conic subtend right angles 
at the point P on the conic. Then P(QQ', RK^ ...) is an 
orthogonal involution pencil. Hence (QQ', BR^ ...) is an 
involution on the conic. Hence iJQ', RB!^ ... all pass through 
a point JP. Now suppose PQ to coincide with the tangent at 
P ; then P^ coincides with the normal, Q coincides with P, 
and hence Qff coincides with the normal. Hence the 
normal is one such chord, and therefore F lies on the 
normal at P. 

The point ¥ is called the Fregier point of the point P. 

XiX. 1. SJiow thai the theorem also follows ly reciprocating for the point P. 

XiX. 2. P and U are fixed points on a conic. Through U are draum ttoo lines 
meeting the conic in L, 3f , and the polar of the FrSgier point qf P in X, Y, Show 
thai LM and XY subtend equal angles at P. 

Note — the polar of the Fr6gier point of P is called the Fregier line 
of P. 

Sx. 3. In a parabola, PF is bisected by the axis. 
Take PQ parallel to the axis. 

XSx. 4. In a pardbota, the locus qfF as P varies is an equal parabola. 
!Bx. 5. In a cemJtrdl ctmic^ the angle PCF is bisected by the axes. 
Take PQ parallel to the minor axis, then F is on CQ, 

£jX. 6. In a central conic, the locus of F is a homoihetic and concejvtric conic. 

For CQ :CF ::CP :CF ::PG :0F. 

Now PO = hi/ /a, and Pg = al//b. Hence, since (PF, Og) is harmonic, 
PF can be found. Hence, CQiCF ::a^ + b^ : a^—b\ 

Ex. 7. If a triangle QPQ^, right-angled cU P, be inscribed in a rectangular 
hyperbola, the tangent at Pis the perpendicular from P on QQf, 

For, taking PQ, PQ' parallel to the asymptotes, we see that the 
Fregier point of P is at infinity. 

Ex. 8. If the chords PQ, PQf qf a conic be draum equally inclined to the 
tangent at the fixed point P, then QQ^ passes through a fixed point on the tangent 
atP, 

8. To construct the dauhle points of an involution range on a 
line or the double lines of an involution pencil. 

In the case of an involution range on a line, project the 
range on to any conic through a vertex on the conic ; deter- 
mine the double points of the involution on the conic ; then 
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the projections of these double points on the line are the 
double points of the involution on the line. 

In the case of an involution pencil, draw any conic through 
the vertex, and join the vertex to the double points of the 
involution which the pencil determines on the conic. These 
joins are the double lines. 



CHAPTER XXI. 



INVOLUTION OF A QUADRANGLE. 



1. The three pairs of points in which (my transversal cuts the 
opposite sides of a quadrangle are in involution. 

Let the transversal meet the sides of the quadrangle 
A BCD in aa^, W, ccf. Then 

A {JDWBV) = C{DWBV). 

Hence (abc'h') = {eba'V). 

Hence {aWV) = {aVcb\ 

Hence {aa\ W, c^c) is an in- 
volution, ie. {aa\ hh\ ccf) is an 
involution. 

To determine the mate dofcin 
the involution determined by 

{aa', liy 

Take any point F. On Ya 
take any point A, Let hA cut 

Fa' in 0. Let Cc cut F4 in D. Let 2)6' cut FO in -B. Then 
AB cuts oaf in the required point (f. 

SiX. L Show that each diagonal of a quadrUaterdl is divided harmonicaUy, 

Consider CC as the transTersal of the quadrangle ABA'Bf, Then 
CC^ are the double points. 

3Sx. 2. If through any point parallels he drawn to the three pairs of opposite 
sides of a quadrangle, a pencil in involution is obtained, 

Sz. 3. The same is true if the Unes be drawn perpendicular to the sides. 
Hence show that \ffour circles be cut orthogonaiUy by the same circle^ the six 
radical axes form an involution, 

Ex. 4. U^ V, W are the harmonic points (/ the quadrangle ABCD. If 
U{Pq,BC) « -I = V{PQ, CA), show thai wIpQ,AB) = -i. 
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SjZ. b. If a meet of opposite sides qf a qucidrangle be joined to the middle 
point qf the segment cut off from a given transversal hy these opposite sides, the 
three lines so formed are concurrent. 

SjZ. 6. A transversal cuts the sides qf a triangle in P, Q, R, and the lifies 
joining the vertices to any point in P', Q', Bf; show that PP^j Q</, RBf are in 
involution. 

Sx. 7. The three meets of any line with the sides of a triangle and the three 
projections of the vertices on this line form an invciuiion. 

Sx. 8. If from any point three lines he draum to the vertices qf a trianglCf 
and three other lines paraUd to the sides ; these six lines form an involution. 

£x. 9. A transversal cuts the sides of a trian^e ABC in P, Q, R, and PP\ 
Q(/f RRfform an involution on the transversal; show that AP^, B(/y CRf are 
c<mcu7rent, 

Sx. 10. Six points, A,B,C<, A% Bf, C are taken, and through any point 
are draum Oa, Oa\ 06, 01/, Oc, Od pardlkil to AA% BC, BBf, CA, CC% AB. If 
the angles aOaf, bOl/, cOcf have the same bisectors, then AA', BBf, CC are con- 
current, 

IjX. IL Hesse's theorem. If two opposite pairs qf vertices of a quadrilateral 
are conju^galefor a conic, then the third pair are cor^jugalefor the same conic. 

Let AA', BBf^ CC be the opposite pairs of vertices. Take P the pole 
of the side ABC. Let ABC cut PA' in JT, PP' in T, PC' in Z. Then 
{AJC, BY, CZ) are in involution (from quadrangle PA'BfC), Also the 
polar of A is A'P, itAAf are conjugate ; hence AX are conjugate points. 
So BY are conjugate, if BBf are conjugate. Hence CZ are conjugate. 
Hence PZ, i.e. PC', is the polar of C ; i.e. CC are conjugate. 

Involution of four-point conies. 

2. Desargues's theorem. — Any trcmsversal cuis a conic and 
the opposite sides of any guadra/ngle inscribed in the conic in four 
pairs of points in involution. 

Let ABCD be the inscribed quadrangle. Let the trans- 
versal cut the conic in pp\ 
ACmh, BD in V, CD in c, 
and AB in c\ Then 

(pp'hc) = C{pp'AD) 

= B {pp'AD) = {ppYb"). 

Hence {pp'hc) = {p'pVcf). 
Hence (pp\ W, cc') is an 
involution. Hence C(f be- 
long to the involution {pp\ IV). Similarly, oa' belong to 
this involution. Hence (j)p', hV, C(f, aoT) is an involution. 

3. The system of conies which can he drawn through four given 
points are cut hy any transversal in pairs of points in involution. 
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For pp' belong to the involution {aa% W, ccT) deter- 
mined by the opposite sides of the given quadrangle. And 
similarly for any other conic of the system. 

Note that we have above given an independent proof that 
{aa\ 66', of) is an involution. For through ABGD and any 
point jp on the transversal we can draw a conic. 

Note also that we should expect aa% hh\ cd to belong to 
the involution (|)p', gg^, ...) determined by the conies through 
the four points. For each pair of opposite sides of the 
quadrangle is a conic through the four points. 

EjZ. L Any transvfirsal cuia a conic in PQ and the successive sides qf a four" 
sided inscribed Jigure tn i, a, 3, 4 ; show that 

Pi .P3 _ Pfl.P4 ^ 

qT7q3~ ga.g4' 

and extend the theorem to any inscribed polygon of an even number of sides, 

Sx. 2. On every linOf there is a pair of points which are conjugate for ecery 
one of a system of conies through four given points. 

Viz. the double points of the involution. 

XjZ. 8. Through the centres qf a system qf four-point conies can be draum pairs 
ofparaUd conjugate diameters. 

Take the line in Ex. a at infinity. 

£z. 4. T%D0 conies can be draum to pass through four given points and to 
touch a given line. 

Draw a conic a through the four given points A, B, C, D, and through 
e, one of the double points of the involution of the quadrangle ABCD 
on the given line 2. Let I cut a again in ef. Then e, ff are a pair in 
the involution of which e is a double point. Hence / coincides with e. 
Hence I touches a. 

Ex. 6. A fixed c(mic passes through one pair AA* of an invoiiUion range, 
and TJXf are fixed points on the c<mic. PP^ is another pair of the invduMon. 
The conic meets UP again in p, and VP* again in j/. Show thai pp^ passes 
through the mate of the meet of UV and AA'. 

Ex. e. The segment between the points of contact qf a common tangent of two 
conies is divided Mrmonieally by any oppos^ pair of eommom, chords. Also the 
pdars qf a common apex of two conies form a harmonic pencil with a pair of 
common chords. 

For each point of contact^ being a coincident pair of points in the 
involution, is a double point. 

Ex. 7. A conic passes through three out of four vertices of a quadrangle, and. 
a lirie meets the six sides and the conic in an invdlutum. Show that the conic also 
passes through the fourth. 

Ex. 8. On the side BCqfthe triangle ABC inscribed in a circle (centre 0) is 
taken a point P. The line through P perpendicular to OP meets AB in Q, and 
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on QP produced is taken a point R, such that RP » PQ. Show that CR, AP 
met^ on the cirde, 

P is one of the double points on RQ. 

IjX. 0. a is the middle point of a chord of a conic ; B, C are points on the 
chord equidistant from A ; BDE and CFO are chords qf the conic ; show that EF 
aful OD cut BC in points equidistant from A, 

SSx. 10. A transoersal parallel to a side qfa quadrant inscribed in a conic 
cuts the opposite side in Oy and the conic and a pair qf opposite sides in AA'^ BB^; 
show that OA . OA' « OB , OBf, 

Sx. U. Three sides of a four-sided figure inscribed in a conic pass through three 
fixed points on a line ; show that the fourth side passes through a fourth fixod 
point on the same line. 

"Ex.. 12. Extend the theorem to any a n-sided figure. 

XiX. 13. By taking the two vertices coincident which lie on the a nth side, 
dedvAX a simpie solution qf the problem — ^Inscribe in a given conic a polygon of 
an— I sides, each side to pass through one qf a set qf an — i fixed coUinear 
points,' 

Draw tangents from the an^'^ fixed point. 

Sx. 14. Show that the problem — ' To inscribe in a given conic a polygon qfan 
sides, each side to pass through one qfa set of an fixed coUinear points * — is either 
indeterminate or impossible. 

XiX. 16. To deduce CamoPs theorem from Desargu/es*s theorem. 
Let BC cut J3i(^ in X] and B^C^ in L^. Then 

ACi . BLi . CBi = ABi . CLi . BCj from Bi Cj L, , 
and ACt . BI^ . CB^ « AB2 . CX, . BC^ from BsCaX,. 
Also CLi . CI^ . BAi . BAi = BLi . BL^ . CA^ . CA^ , 
since LiL^, AiA2% CB are in involution. Now multiply up. 

Sz. 16. A conic is described throttgh the points A, B, C, 0, where is the 
pole of the triangle ABC for the conic a. Show that a and /3 are so situated thatt 
triangles can be inscribed in fi which are self 'coiyugate for a. 

For let the polar of A for o cut fi in PP', AC in 6, AB in c, OB in JB', 
OC in C; then (PP% bB^, cC) is an involution. Also bB^ are conjugate 
for a, and so are cC'\ hence so are PP'. Hence APP' is sucJ^ a 
triangle. 

£x. 17. If two conies a and $ are so situated that triangles can be inscribed 
in fi which are se^'Cor^^ugatefor a, then the pole for a qfany triangle inscribed in 
fi lies on /3. 

XiX. 18. Reciprocate Ex. 16 and Ex. 17. 

4. If J. and D become coincident, AD becomes the tan- 
gent at A, h and c coincide, and V and cf coincide. Hence, 
if ABC he a tticmgle inscribed in a conic, cmd if (my transversal 
cut JBCy CAf AB in a\ h, V, the tangent at A in a, and the conic 
in pp\ then pp' is a pair ofpoiMs in the involution determined hy 
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Six. 1. A, B are the ends of a diameter of a ccnie, and C, D are fixed points 
en the conic; find a point P on the come, »uch that PCy PL intercept on AB a 
segment bisected by the centre qfthe conies. 

The tangent at P and CD must meet AB in points equidistant from 
the centre. 

SfX. 2. Through the fixed point B on a hyperbola are draum the lines BP, BQ 
paraUd to the asymptotes. Throfugh the fixed point on the hyperbola is drawn 
the variable chord OQPR cutting the curve again in R. Show that the ratio 
PR : QR is constant. 

This is a particular case of the theorem — ' ABCO are fixed points on 
a conic. A line through meets BC in P, BA in Qj the conic in R^ and 
CA in 17. Show that {QPRU) is constant.' 

Kow {QPRU) - {PQOT) -= B (CAOT), T being on the tangent at B. 

5. If ^ and B coincide, and also C and 2), then aa'W 
all lie on AC, at the point E, say ; ie. ^ is a double point of 
the involution. Hence, if (my transversal cut a conic inpp\ 
the tangents at A and C in cc', cmd AC vn E, then E is a double 
point of the involution determined hy ccf, pp\ 

Sx. 1. Prcoe the following construction for the double points of the involuMon 
determined by AA^, BBf — Through BBf describe any conic. Let the tangents from 
A tofuch at Lf M and the tangents from A^ at N,R ; then LN, RM cut in one 
dvUbU pointy and LR, MN cut in the other. 

Consider first the quadrangle LLNN ; then we see that LN passes 
through a double point. 

XiX. 2. The tangents of a conie at P and Q meet in T. A transversal meets 
the conic in AA'^ the tangents in BBfy and PQ in G; show thai 

CA . CBT, BA' « CA'. BC . &A. 

£x. 3. The tangents at the points PQR on a conic meet in P'Q^Rfj and the 
correspmding opposite sides of the triangles PQR, P'(/Rf meet in P"(/'R^'; 

sJiowihat (PP",tfRf), {Qtf',RfP% {RR",P'(/) 

are harmonic ranges. 

Sz. 4. The tangents of a conic at P and Q meet in T. A transversal parallel 
to PQ cuis the conic in A A' and the tangents in BB^; show thoit AB = A'B'. 

For one double point is at infinity. 

XiZ. 6. Any transversal cuts a hyperbola and its asymptotes in AA', BB'; 
show that AB = A'ff. 

"Ex. 6. The tangents of a conic at P and Q meet in T. A line parallel to QT 
cuts PT in i, Pq in N, and the cmic in M and R. Show that LJP = LM . LR. 

'Ex.. 7. Two parabolas tcith paraUd axes touch at P. A transversal is drawn 
cuttiTig the tarigent at P in 0, the diameter through P in E, and the curves in QQ^, 
RRf. Show that 0^» - 0Q.0<^=- OR.ORf. 

6. If A, B and C coincide, then a\ c' and & coincide, and 
a, V and c coincide. Hence, if a system of conies he drawn 
having three-point contact at A, and passing through JD, then any 
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trcmsversal cuts the conies in pairs of points in involution, one 
pair being the points on AD a/nd on the tangent at A. 

"Ex.. The common tangent of a conic and its circle of curvature at Pis divided 
harmonically by the tangent at P and the common chord* 

7. If A, Bf C and D coincide, then a, a', h, V, c, d all 
coincide in the point "E, where the tangent at A cuts the 
transversal. Hence, a system of conies having four-point 
contact at a point is cut by any transversal in pairs of points in 
involution, of which one double point is on the talent at the 
point. 

Ex. 1. The tangent at the point R to the cirde qf curvature at the vertex of a 
c(mic cuts the conic in P, Q, and the tangent at the vertex in T. Show that 

{TR,PQ)^^i. 
For B is the other double point. 

"Ex.. 2. ^two conies have four-point contact at a point, the pdars of any point 
on Ihe tangent at this point coincide, 

Ex. 3. If two conies touch, and if the polars qf every point <m the tangent at 
the point ofcmtad coinctde, the two conies have four-point contact at this point. 

For the opposite common chord coincides with the tangent. 

!Ex. 4. Two equal parabolas which have the same axis have four-point contact 
at infinity. 

8. If a transversal cut two pairs of opposite sides of the 
quadrangle ABCB in aa\ W, and any two corresponding points 
Pj p' "be taken in the involution {aa\ W) ; then the six points 
A, B, C, D, p, p' lie on a conic. 

For draw a conic through ABCBp ; then the conic passes 
also through jp' by * reductio ad absurdum.' 

!Bx. 1. ABCB, ahcd are two quadrangles inbcribed in a conic; db, cd meet 
AD, BC in E, F, O, H; ad, be meet AB, CD in E% F% Q% H'; show that 
E, F, 0, H, jB', F', Q\ fi" ' are eight points on a conic. 

Let F'daE' meet AD, BC in K, L. Then (ad, E'F^, KL) are in invo- 
lution. Hence EFQHE'F' lie on a conic. And so on. 

Ex. 2. A line cuts two conies in AB, A'Bf, and E, F are the double points of 
the involution AA! , BBf (or ABf, A'B) ; show that a conic through the meets of 
the given conies can be drawn through E, F. 

Ex. 3. AB, BC, CD, DA touch a conic. Through U (the meet of AC, BD^ is 
drawn, any chord PQ of the conic; show that the six points A, B, C, D, P, Q lie 
on a conic. 

Ex. 4. Four points A, B, C, D are taken on a cirde ; AB cuts another circle 
in A'Bf, and CD cuts this circle in C'D^; BD cuts A'Df, BfC in E, F; and AC 
cuts A'jy, BfC in H, Q; show that EFQH lie on a coaocal drde. 
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9. l^cery rectangular hyperbola which circumscribes a triangle 
passes through its orthocentre ; and, conversely, every conic which 
circitmscribes a triangle and passes through its orthocentre is a 
rectangular hyperbola. 

Let D be the orthocentre of the triangle ABC. Let be 
the centre of a r. h. through ABC. Let the line at infinity 
cut the r. h. in pp\ and the sides of the quadrangle ABCJD 
in aa\ bV, ccf. Join these points to 0. Then Op and Op\ 
being the asymptotes of the r. h., are orthogonal. Also Oa 
and Oa% being parallel to AD and BC, are orthogonal ; so 
Ob and OV are orthogonal, and Oc and Ocf are orthogonal. 
Hence {pp\ oo', bb\ cd) is an involution. Hence 

(j?p', aa', bb\ cc') is an involution. 

Hence the conic ABCpp^ passes through D. Hence any 
r. h. through ABC passes through the orthocentre of ABC. 

Conversely, let be the centre of a conic through ABCD. 
Let the line at infinity cut this conic in pp% and the sides of 
the quadrangle ABCD in aa\ bb% cc\ Then {pp\ aa\ bV, cc') 
is an involution. But aOa\ bOb\ cOd are right angles. 
Hence pOp* is a right angle. But Op, Op' are the asymptotes 
of the conic. Hence the conic is a r. h. 

Ex. 1. Exi&ry C(mic through the meets qf two r. h.s is a r. h. 

For let the meets be ABCD, Then if D is not the orthocentre of ABC, 
let 1/ be. Then the two r. h.s pass through ABCDI/y which is impos- 
sible. Hence D is the orthocentre. 

£jZ. 2. Every r. h. which passes through the middle points of the sides of a 
triangle passes through the circum-cerUre, 
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POLE-LOOUS AND CENTBE-LOCUS. 

L The polars of a given point for a system of four-point conies 
are concurrent. 

Let X be the given point. Let the polars of X for two 
conies a, /3 of the system meet in X'. Consider the involu- 
tion (pp'y qg^f rr^, . . .) determined by the conies a, 13, y, ... of 
the system on the line XX\ Since 

{XX\ pp') and {XX', qg") 

are harmonic, XX' are the double points of the involution. 
Hence {XX\ r/), &c., are harmonic. Hence XX' are con- 
jugate points for every conic of the system. Hence the 
polars of X for the system are concurrent in X\ 

Clearly the polars of X' for the system pass through X. 
Hence X, X' are called conjugate points for the system of four- 
point conies, ' 

SiX. \. Of a system of four-point conies, the diameters bisecting chords in a 
fixed direction are concurrent, 

Sz. 2. The polars of a given point for the three pairs qf opposite sides qf a 
quadrangle are concurrent. 

For each pair is a conic of the system. 

Sz. 3. The polars qf a given point for a system qf conies touching tt4X) given 
lines at given points meet in a point on the chord qf contact, . 

For the chord of contacty considered as two coincident lines, is one of 
the four-point conies. 

2. Criven a system offourpoint conies and a line I, the locus 
of the poles of I for conies of the system, is a conic, which coin- 
cides with the locus of points which are conjugate to points on I 
for conies of the system. 
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Let the poles of I for conies a, /3, y, ... of the system be 
i, ilf, ^, ... ; and let Z', T', ... be the conjugate points of 
the points X, F, ... on Z for the system. Then the polars 
of Z, r, ... for a are XZ', LY\ ... . Hence 

(zr...) = z(Z'r'...). 

So (Zr. . .) = JMT (ZT'. . .). Hence i (ZT'. . .) = JMT (ZT' . . .). 
Hence LMX!Y',,. lie on a conic. Hence all the points 
Z'F'. . . lie on a conic which passes through X and Jf. Simi- 
larly the locus passes through K... . Hence all the points 
LMN,,. and all the points X'Y\,. lie on a single conic, 
called the pole-hciis of the line I for the system of four-point 
conies. 

The pole-locus is also called the elevenrpoint conic because 
it passes through eleven points which can be constructed 
at once from the given line and the given quadrangle. 

Three of these points are the harmonic points of the 
quadrangle. For U is conjugate to the point in which VW 
cuts I ; and so on. 

Six more of these points are the fourth harmonics of 
a for AD, h for AC, c for DC, a' for BC, V for BB, c' for 
BA, taking the transversal of the figure of XXI. i as Z. For 
the polar of a for every conic of the system passes through 
the fourth harmonic of a for AB, since A and B are on the 
conic. 

The last two points are the double points of the involution 
determined by the conies on Z. For these are clearly con- 
jugate for each conic of the system. 

Sx. \» IJl vary, aH the deven'point conies pass through three fixed points. 

IjX. fi, ][fthe quadrangle he a square, the pole-locus is a rectangular hyper* 
bola. 

Sx. 3. If I pass through one qfthe harmonic points qf the given quadrangle, 
the pole-locus hrmks up into a pair qf lines. 

Let I pass through W. Then UV contains four of the eleven points, 
viz. W and the fourth harmonics of W for AC and BD, Hence the 
locus cannot be a curved conic ; hence it is two lines. It is easy to 
show that UV contains five points, and that the other six {W counting 
twice) lie on the fourth harmonic of I for WA, WD. 

XjX. 4. Tflpass through Ay then the pde'locus tottches I at A. 
For the conjugate points on I coincide at A. 

P 2 
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liX. 6. If I pass through A and C, the pde-locus is I and another line. 

Sx. 6. The polars qf any two points for conies qf a four-point system form 
tivo homographic pencils. 

For ^{LMN...) « T^(LMN...). 



:. 7. T?ie pencil of tangents at one of the four common points of a system 
of four-point conies is homographic ivith that at any other of the four points. 



3. Taking I at infinity we deduce the following theorem — 
The locus of the centres of a system of conies circumscribing a 
given quadrangle is a conic which passes through the harmonic 
points of the quadrangle, through the middle points of the six 
sides of the quadrangle, and through the common conjugate 
points for the system on the line at infinity. 

The following is a direct proof of this proposition. 

Let ABGB be the given quadrangle, and the centre of 
one of the circumscribing conies. Join to the middle 
points w, n, r, s of the sides AB, BC, CD, DA ; and draw 
Om% On\ W, Os' parallel to AB, BG, CD, DA. 

Then since Om bisects a chord parallel to Om\ Om and 
Om' are conjugate diameters. So On, M, and Or, 0/y and 
Os, Os^ are conjugate diameters. Hence [mm', nn', rt^^ ss') 
is an involution. Hence (mnrs) = {m'nYs^). But the 
rays of {m'nVsf) are in fixed directions. Hence {nmrs) 
is constant. Hence the locus of is a conic through the 
four points w, n, r, s. 

Now define this locus by five of the centres, then the 
locus passes through the middle point of the side A3. 
Similarly the locus passes through the middle point of 
every side. 

The locus also passes through the harmonic points of the 
quadrangles ; for these are the centres of the three pairs of 
Unes which can be drawn through the four points. 

The locus also passes through the common conjugate 
points on the line at infinity ; for these, being the double 
points of the involution in which the line at infinity cuts 
the conies, are the points of contact of the conies which can 
be drawn through the four points to touch the line at in- 
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finity, i. e. are the centres of the two parabolas which can 
be drawn through the four points. 

Notice that the centre-locus by the former proof also 
passes through the conjugate point for the system of every 
point at infinity. 

If the quadrangle is re-entrant, it is easy to see that the 
sides of the quadrangle cut the line at infinity in an over- 
lapping involution. Hence the common conjugate points 
at infinity are imaginary, and the centre-locus is an eUipse. 
So if the quadrangle is not re-entrant, the centre-locus is a 
hyperbola. 

XjX. 1. Oiven four points on a coniCt and a given point on the centre-locus as 
centre, construct the asymptotes. 

Hx. 2. Five points ABODE are takers. Show that the five oonics which 
bisect fhe sides of the fixe quadrangles BCDE, ACDE, ABLE, ABCE and ABCD 
meet in a point, 

£x. 3. ^ a pair of opposite sides qf the quadrangle be paraiUel, the centre- 
locus is a pair qf lii%es. 

Sx. ^ If a pair of sides, not oppositef be paraUld, the cmtre'hous is a 
paraboia. 

!Bx. 5. Xf ^<^ pairs of sides, not opposite, be parallel, %e cemtrelocus is a 
line {flnd the liiie at ir^nity), 

SjX. 6. A variable line cuts off from two given conies lengths which are 
bisected at the same point P, Show that the loctts of P is the centre-locus belonging 
to the meets qf the conies. 

£x. 7. Thepoiars of any point on the centre-locus for conies qffhe system are 
parallel, 

XiX. 8. The asymptotes of any conic of the system are parallel to a pair of 
conjugate diameters of the centre'locua. 

Let be the centre of that conic of the system which meets the line 
at infinity in pp\ Now the centre-locus meets the line at infinity in 
the double points c, / of the involution {pp^, . . .). Hence (pp', ^) »= _ i. 
Hence Z {pp*, ^) = — i whore Z is the centre of the centre-locus. 
But Ze, Zf are the asymptotes of the centre-locus. Hence Zp, Zp^ are 
conjugate diameters of the centre-locus. And Zpj Zp^ are parallel to 
Op, Opf , which are the asymptotes of the conic whose centre is 0. 

^ Sx. 9. Jf (me of the four-point conies be a circle, the centre-locus is a rect- 
angular hyperbola. 

For the common conjugate points at infinity, being conjugate for 
a circle, subtend a right angle at any finite point, i.e. the asymptotes 
of the centre-locus are perpendicular. 

£x. 10. Tfie axes of every conic circumscribed to a cyclic quadrangle are in 
the same directions. 
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SjX. 11. Thb loGus of the centres of rectangtdar hyperbolas circumscribing a 
given triangle is the nine-point circle. 

Sz. 12. If two of the four'point conies be rectangular hyperbolas, the centre- 
locus is a drde. 

Ex. 13. The nine-poirU circles qf the four iria/ngles formed by four points 
meet in a point, 

Ex. 14. Given three points A, Bj C on a circle, and the ends P, Q qf a dia- 
meter ; show that the centres of the rectangular hyperbolas BCPQ, CAPQ, ABPQ 
lie on the nine-point circle qf ABC. 

The centre of the r. h. BCPQ is the middle point of BC, for the tan- 
gents at B and C are perpendicular to PQ, 

Ex. 15. The locus of the centres ofaU conies through the vertices of a triangle 
and its centroid is the maximum inscribed ellipse. 

4. To find the centre of the centreAocus. 

Sinc6 ms and nr are parallel to BD, and since mn and sr 
are parallel to AC, hence mnrs is a parallelogram. Also 
the centre of any conic circumscribing a parallelogram is 
the meet of the diagonals. Hence the required centre is 
the meet Z of mr and m. Similarly Z is on the join of the 
middle points oi AC and BD. 

Note that Z is the centre of mass of equal masses at 
A, B, G, B. 

Ex. 1. Several conies have three-point contact at A and pass through B. 
Show that the centres of the conies lie on a conic whose centre is such fhcd 
3 . ^0 = OB. 

Ex. 2. The six fourth harmonics of the ends of the six sides of a quadrangle 
for the meets unth any transversal lie on a conic ; and the lines joining opposite 
pairs of these points meet in a point. 

Project the transversal to infinity. 



CHAPTEE XXIII. 



INVOLUTION OF A QUADEILATERAL. 




1. The three pairs of lines which join a/ny point to the opposite 
vertices of a quadrilateral are i/n, involution. 

Let be the point, and 
AA', BB\ CC the opposite 
vertices of the quadrilateral. 
Let OA cut A'B" in G and 
A'B in H. Then (AA'BC) 

= (HA'BG) = A {HA'BC) 
= {GA'G'B')z=z 0{AA'G'B^). 
Hence 

{AA'BG) = {A'AB'G'). 
Hence (AA', BB", GC) is an 
involution. 

Six. 1. Pr&oe the theorem hy considering the section of the quadrangle OABC 
by A^S^. 

IEjX. 2. Deduce a construction for the mate OCf of OC in the invdution 
determined by {AA\ JBB')- 

Sx. 3. Deduce the property of the harmonic points qfa quadrants, 

!Ex. 4. If any point he joined to the vertices of a triangle and to the meets of 
any line with the sides of the triangle, the pencil so formed is in irvoduMon, 

SjX. 6. Jfanypoivd be joined to the vertices ABC qfa triangle, and if OAf 
OB^, OCf be dravmparaM to BC, CA, AB, then {AA% BB^, CCf) is an invo' 
lution, 

Ex. 6. ^ any point be joined to the vertices ABC of a triangle, and A^B^Cf 
be points on the sides qf the triangle, such that {AAf, BB^, C&) is an invotu- 
Uon ; then A'BfC^ are coUinear. 

Ex. 7. The perpendiculars through to OA, OB, OC meet BC, CA, AB in 
coUinear points. 

Ex. 8. The six radical aoces qffour circles through the same point form an 
involution. 
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Sz. 9. The orthogonal projections of the vertices of a quadrilateral on any line 
are in involution. 

Ex. 10. IfAA% BBf, C(f he the vertices themselves, 

then AB.AB'-r-AC. AC^ = A'B, A'B^ ~ A^C.A'C, 

For the ratios ABf -^ AC, &c., are not altered by orthogonal projec- 
tion. 

Ex. 11. Also ifP,Qy R Used AA\ BBf, CCf, 

thenAB.AB^-T-AC.AC^PQ-^PR, 

For PQR are coUinear. 

Ex. 12. An infinite numher of pairs qf lines can he found which divide the 
diagonals of a quadrilatercU harmonically. 

The pair of lioes through any point are the double lines of the 
involution {AA% BBf, C(f). 

Involution of four-tangent Conios. 

2. The pair of tangents from omy point to a conic and the 
pairs of lines joining this point to the opposite vertices of ant/ 
quadrilateral circumscribing the conic are four pairs of lines irh 
involution. 

c 




Let AA% BB\ CO' be the vertices of the quadrilateral. Let 
OP, OF' be the tangents from the point 0. Let the meets 
{OF] AB), {OF'; AB\ (OF; A'B'), {OF'; A'B') be called 
i, Jf , N, B. 

Then (FF'AE) = {LMAB) = (NEB" A') = {FF'JffAy 
Hence {FF'AB) = {F'FA'B^. Hence [FF\ AA\ BB') is 
an involution. Hence OB, OB' belong to the involution deter- 
mined by {FF\ AA'). Similarly 0(7, 00' belong to this 
involution. Hence (PP', AA\ BB\ CC) is an involution. 
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3. The system of conies which can he- drawn to touch four 
given lines is such that the pairs of tangents from any point to 
conies of the system form cm involution. 

For the tangents OP, OP' to any conic of the system 
belong to the invohition {AA, BBf, CC"), determined by 
the opposite vertices of the given quadrilateral of tangents. 

Note that we have above given an independent proof that 
{AA'j BB', CC) is an involution. For touching the four 
given lines and any other line OP we can draw a conic. 

Note also that we should expect OA, OA' ; OB, OB ; OC, OC 
to belong to the involution (PP', C^> . • •) of tangents. For 
each pair of opposite vertices may be considered to be a conic 
which touches the four lines ; and OA, OA' are the tangents 
from to the conic {A, A')* 

4. If two sides BA and AB^ coincide, we get the 
theorem — If a triangle BA'B^ 'be circumscribed to a conic, ami 
if A be the point of contact of BB'; then the tangents from 
are a pair in the involution {AA', BB^, 

If the sides CB and C'B coincide and also the sides CB' 
and C^, we get the theorem — If a conic touch the lines CB, 
CBf at B and B', then the tangents from are a pair in the 
involution {CO, BB^ of which OCis a double line. 

If the sides BA, AB' and B'A^ coincide, we get the 
theorem — If a system of conies have threepoint contact with the 
line BB' at B^ and touch a line through B, then the tangents 
from form an involution of which OB, OB' are a pair. 

For three-point contact and three-tangent contact are 
equivalent. 

If all four sides coincide, we get the theorem — The tangents 
from Oto a system of conies having four-point contact at a point 
B' form an involution of which OBf is a double line. 

Ex. L Tfie pencil formed by the pairs of tangents from any point to two 
cirdes and the joins qf the point to the centres qf similitude is in involution. 

Ex. 2. If the line joining the centres qf simUiiude SS^ of two circles cut the 
circles in AA^, BJBf ; then AA\ BB^, 88^ are in involution. 

SiX. 8. If VP, VQ he the tangents from any poirU V to a conic, and if i, a, 
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^j ^he the successive vertices of a four-point flgure circumsaribed to the coniCf 
show that sin PFi .sin PF 3 sin PFa.sin Pr4 

ain QV 1 . ain QV s sin QF 2. sin 9^4 
!EiX. 4. Extend the theorem to any on-point drcumscribed polygon, 

"Ex. 5. Through every point can he dravm a pair of lines which are conjugal 
for every conic ofafouT'tangent system. 

Viz. the double lines of the involiition of tangents. 

XiX. 6. Through every point can he drawn a pair qf lines to divide the 
diagonals of a given guadarHateroA harmonically ; and these meet any inscribed 
conic in Jiarmonic points. 

For they are the common conjugate lines through the point. 

SjX. 7. Through every point can he drawn tux> conies of a four'tangent 
system ; and the tangents to these conies at the point are the common conjugo^ 
lines at the point. 

Draw a conic a of the system to touch OE, one of the double lines 
of the involution of tangents at 0. Then, since 0^ is a double line, OE 
is the other tangent from to a. Hence a passes through 0. 

SjX. 8. The tangents at one qf the intersections (/ two conies inscribed in the 
same quadriUxteral are harmonic with the lines joining the point to any two 
opposite vertices qfthe guadrHateral. 

XiZ. 9. ABC is a triangle and a given point Through 0, and paraJllA to 
the sides BC, CA, AB, are drau}ti the lines OJT, OT, OZ ; show that the double 
lines of the involution {JTA, TBj ZC) are the tangents at to the two parabeias 
which can he inscribed in ABC so as to pass through 0. 

Ex. 10. P, Q, R are the points of contact of the lines BC, CA, AB voith a 
conic, and OT, OT^ are the tangents from any point ; show that (BC, PA, TT^) 
and {RQ, AA, TT^) are involutions, 

Ex. 11. If OP, OQbe a pair in the involution obtained by joining Olothe 
three pairs of opposite vertices qf a quadrilateral, the lines OP, OQ and the sides qf 
the quadrilateral touch a conic. 

Ex. 12. Three vertices qf a four'point figure circumscribed to a conic lie on 
three fixed lines through a point; show that the fourth vertex lies on a fourth fixed 
line Vvrough the same point, 

Ex. 13. Extend the theorem to any an-point figure, 

Ex. 14. By taking the two sides coincident which pass through the arUh vertex, 
deduce a simple solution of the problem — * Cirtrnmscribe fo a given conic a polygon 
of 2n-i vertices, each vertex to lie on one of a set of an-i fixed ooncunrent lin^s* 

Ex. 15. Show that the problem — ' To circumscribe to a given comic a polygon 
of an vertices, each vetiex to lie on one qf a set qf an fixed concurrent lines' — is 
either indeterminate or impossible, 

5. The three circles on the diagonals of amy quadrilaterdl as 
diameters are coaxal. 

The three middle points of the diagonals of a quadrilateral lie 
on a line (called the diameter of the quadrilateral). 
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The directors of a system of conks UmcMng the sides of a 
quadrilateral are coaxal, a/nd three circles of the coaxal system are 
the three circles on the diagonals as diameters* 

The centres of a system of conies touching the sides of a quad' 
rilateral lie on a line which also corUains the middle points of the 
diagonals of the quadrilateral. 

Let AA^, BB'y CC be the opposite vertices of the quadri- 
lateral. Let the circles on AA' and BB^ as diameters meet 
in and (y. Then in the involution pencH {AA\ BBf, CC% 
since AOA' and SOB^ are right angles, COC is a right angle. 
Hence the circle on CC^ as diameter passes through ; and 
similarly through (/, Hence the circles on AA', BB^, CC^ 
as diameters are cpaxal. Hence their centres, viz. the middle 
points of AA% BB^, CG% are collinear. 

Again, the tangents OP, OP^ from to any conic touching 
the sides of the quadrilateral belong to the involution 
O {AA', BB", coy Hence POP" is a right angle. Hence 
the director of this conic passes through ; and similarly 
through 0'. Hence this director, and similarly all the 
directors, belong to the above coaxal system. But the centre 
of a conic is the same as the centre of its director. Hence 
the centres of the conies lie on a line, viz. the line of centres 
of the coaxal system of circles. 

The locus of centres is the diameter of the quadrilateral ; 
for three circles of the system are the circles on AA% BB^, CC^ 
as diameters. 

The radical axis of the coaxal system of directors is the 
directrix of the parabola of the system of conies. 

For the directrix is the limit of a director, and the radical 
axis is the limit of a coaxal, when each becomes a line. 

The limiting points of the coaxal system of directors are the 
centres of the rectangular hyperbolas of the system of conies. 

For when the coaxal becomes a point, the director becomes 
a point, and the conic becomes a rectangular hyperbola, the 
director being the centre of the r. h. 

Note that the director of a conic which consists of two 
points is the circle on the segment joining the points as 
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diameter, and the centre of the conic is the point half-way 
between the points. 

Ex. 1. The directors qf all conies t&uckfng iujo given lines OP^ OQ ai P, Q are 
coaxcdy the axis being the radical axis qf the point and the circle on PQ as 
diameter. 

Six. 2. TJie polar cirde of a triangle circumscribing a conic is orthogonal to 
the director cirde. 

Let ABC be the triangle. Take any fourth tangent A'B^C Then 
the circle on AA' as diameter passes through the foot D of the perpen- 
dicular from A on BC. Now A and D are inverse for the polar circle. 
Hence the polar circle is orthogonal to the circle on AA\ and similarly 
to the circles on BBf, CC ; and hence to the director, for this belongs 
to the same coaxal system. 

Sx. 3. The locus of the centre of a rectangular hyperbola which touches a given 
triangle is the polar cirde qf the triangle. 

For the polar circle cuts orthogonally the director circle which is the 
Centre in a r. h. 

£fX. 4. If the nine-point cirde qf a triangle circumscribing a r, h, pass 
through the cenbe of the r. h, ; show that the centre also lies on the circum-drde, 
and that the centre qf the circum-drde lies onthe r, h. 

The centre lies on the nine-point circle and on the polar circle and 
therefore on the circum-circle, as the three circles are coaxal. Let the 
asymptotes meet the oircum-circle in P, Q. Then ABC, OPQ are inscribed 
in the same conic, hence PQ touches. the r. h. Hence the point of 
Qontact is the centre of the circle. 

Sx. 5. The diameters qf the five quadrilaterals which can be formed by five 
given linss are concurrent. Prove this, and deduce a construction for the centre of 
a conic, given five tangents. 

£jX. 6. The axis of the parabola inscribed in a quadrilateral is parallel to the 
diameter of the quadrilateral. 

Sx. 7. The diameter of a quadrilateral circumscribing a conic touches the 
centre-locus of the quadravjgle formed by the points ofcontaxt 

Otherwise the conic would have two centres. 

£x. 8. Steiner's theorem. The orthocentre qf a triangle circumscribing a 
parabola is onthe directrix. 

For the involution subtended at the orthocentre by the quadrilateral 
formed by the sides of the triangle and the line at infinity is or- 
thogonal. ' 

£jX. 9. The directrices of aU parabolas touching a given triangle are con- 
current. 

£iX. 10. Gaskin's theorem. The cirde circumscribing a triangle which is 
self -con jugate for a conic is orthogonal to the director cirde of the coni^. 

Take any tangent to the conic. Then from this tangent and the 
given self-conjugate triangle XJVW, we can construct three other 
tangents such that TJVW is the harmonic triangle of the quadrilateral 
so formed. Let AA\ BB\ CCf be the opposite vertices of this quadri- 
lateral. 

Then the circle about WW is clearly orthogonal to the circles on 
AA', BB^j C0 as diameters, for it cuts these diameters in inverse points. 
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Hence the circle about WW being orthogonal to three circles of a 
coaxal system is orthogonal to the director which belongs to the coaxal 
system. 

Bz. IL ThB centre of a cirde circumscribing a triangle adf-conjugate for a 
parabola is on the directrix. 

£jX. 12. The cirde circumscribing a triangle sdf'Conjugate for a rectangular 
hyperbola passes through the centre. 

Sz. 13. Qiven five poirds on a conic, five sdf-con,jugate triangles can be found, 
viz, the harmonic triangles of the inscribed quadrangles obtained by omitting one 
point; show that the ten radical axes of the cirdes circumscribing these triangles 
pass through the centre of the conic. 

"Ex. 14. Show that hcoy and only two, rectangular hyperbdas can be drawn to 
touch four given lines. 

Let the lines be a, b, c, d. Let the circle about the harmonic triangle 
of the quadrilateral meet the diameter of the quadrilateral in L 
and L\ Then L and L^ are the limiting points of the directors. 

First take L, and let a' be the reflexion of a in L. Construct the 
conic touching a, b, c, d, a^. Then the centre of the conic, being the 
meet of the diameter of the quadrilateral and the line half-way between 
a and a', is L. Hence L is the centre of the director. But the coaxal 
with centre at L has zero radius. Hence the conic is a r. h. 

So L^ gives another r. h. And there are only two ; for the centre 
must be at L or at L^. 

SjX. 16. Any transversal cuts the diagonals AA^y BB^, CCf of a quadrilateral 
circumscribed to a conic in the points P, Q, R^ and points P^, (/, R^ are taken 
such that {AA\ PP'\ {BBf, Qqf), {C(fy RBf) are harmonic; show that F'qfR' 
and the pole of the transversal for the conic are coUinear. 

Project PQR to infinity. 

6. The loms of the poles of a given line for a system of four- 
tangent conies is a line. 

Let P and Q be the poles of the given line LM for two of 
the conies; and let LM, 
FQ cut in U. Then UL and 
UP are conjugate lines for 
two conies of the system, i. e. 
UL and UP are harmonic 
with two of the pairs of 
tangents from U. Hence 
UL and UP are the double 

lines of the involution of tangents from U to the system of 
conies. Hence UL and UP are harmonic with every pair of 
tangents from U, i. e. are conjugate for every conic of the 
system. Hence the pole of LM for every conic of the 
system lies on PQ, i. e. PQ is the locus of the poles of LM. 
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Taking LM at infinity, we again see that — 
The locus of the centres of a system of four-ta/ngent conies is a 
line. 

ff IjX. T?ie three poles of a line for the three opposite pairs of vertices of a qwidri' 
lateral are coUinear, 

7. By reciprocating the properties of the pole-locus (or 
directly) we can investigate the properties of the pdar- 
envelope of a point for a system of four-tangent conies. 

Sz. Fr<yin the fixed point 0, tangents OP and OQ are drawn to one of a system 
of conies inscribed in the same quadrUaterdl. If AA' he a pair of opposite vertices 
qfthe quadrilateral, and if PP^, Qtf be such thai P{OP^, AA'), Q{0(/, AA') 
are fiarmonic, then the envelope qf the chords PQ, PP', Q(/ is a single conic. 



CHAPTEE XXIV. 



CONSTEUCTIONS OF THE FIRST DEGEBE. 

1. Examples of constructions in which the ruler only is to 
be used, 

Sx. 1. Given the segment AC bisected in B; prove the following construction 
for a paraUd to AC ffvrough P — Through B draw any line, cutting PA in E and 
PC in D; then if CE, DA meet in Q, PQ is the required line. 

For B bisects AC, hence PQ cuts AC at infinity, since P(^AC, BQ) is 
harmonic. 

£x. 2. Given thoo parallel segments AB and CD, prove the following construe' 
tion for bisecting each — Let CB, AD meet in W, and AC, BD in V, then VW 
bisects both segments. 

For U is at infinity. 

XiX. 3. Given a pair of parallel lines, draw through a given pdfU a parallel 
to both. 

Use Ex. a and then Ex. z. 

Sz. 4. Given a parallelogram, bisect a given segment. 

Let AB be the segment. Through A and B draw parallels to the 
sides of the parallelogram meeting again in C and D, Then CD 
bisects AB. 

Sx. 6. Given two lines AB and CD which meet in an inaccessible point U, 
construct any number of points on the line joining U to a given point 0. 

Through draw LOM^ and MOI/ meeting AB in LM and CD in i'Jf' . 
hetLL', MM' meet in W, Then U{AC, OW) is harmonic; hence the 
required line is the polar of W for AB and CD, To construct any 
other point on the line, draw any two lines WNN' and WRBf meeting 
AB in N, R, and CD in N', Bf, Then, a point on the required line is 
the meet of NW and N'R, 

JiX. 6. Construct lines which shall pass through the meet of a given line with 
the line joining two given points, when this Ictst line cannot be drawn, 

IjX. 7. Given a segment AC bisected at B, join any point Pi to ABC, on P^B 
take any point Q, join CQ cutting AP^ in Li , join AQ cutting CPi in L^ , join 
L1L3 cutting BPi in L.^ then LiL^ = L^L^, and L^L^ is parallel to AC, Again, 
let AL2, BL^ cut in P2, and let CPj cui L^L^ in L^, then L^L^ = L^L^. Again, 
let AL^y BL^ cut in Pg, a/nd lei CP^ cut L^L^ in L^, then L^L^ = L^L^. And 
so on. 

The first part comes from the quadrilateral P^L^QL^Pi. The rest 
follows by Elementary Qeometry. 
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This enables us to divide a bisected segment into any number of 
equcU parts. To divide AC into n equal parts, construct the points 
LiL2...Lj^^i. Let ALi and CL^^i meet in V. With Fas vertex project 
L1L2 ... -Z^n-fi ^^ ^o ^^^• 

2. To constnict a five-point conic. 

Let A, B, Cy B, E be the five given points on the conic 
We shall construct the conic by finding the point in which 
any line AG through A meets the conic again. (See figure 
of XV. 1.) Let AG and CD meet in L, and AB and BE in 
M. Let LM cut BG in N. Then, by Pascal's theorem, NE 
cuts AGva. the required point F on AG. And since AG ^a 
any line through A, we shall thus construct every point on 
the conia 

If any two of the points are coincident, the necessary 
modification of this construction is obvious, remembering 
that to be given two coincident points is to be given a point 
and the tangent at the point, and that the two coincident 
points lie on the tangent. 

The case of three points being coincident is discussed in 
XXV. 17. 

Sx. Construct the polar of a given point for a five-point conic. 

3. As an example of coincident points, let us constmct a 
conic to touch two given lines at given points, and to pass through 
a given point. 

Suppose the conic is to touch OP and OQ at P and Q, and 
to pass through A, Here B and C coincide with P, and 
the line BC coincides with OP. So B and E coincide with 
Q, and BE coincides with OQ. Hence the construction is — 
To find where any line AG through A cuts the conic again, 
let ^G^ and P<2 meet in i, and AP and OQ mM; let ZM 
cut OP in N; then NQ cuts AG in the required point F. 

Sx. 1. Given four points and the tangent at one of them, construct the conic. 

Sx. 2. Find a point P at which the five points A, B, C, By E, no three of 
which are cdlinear, subtend a pencil homographic icith a given pencil. 

Take DI/ and DI/ so that D (ABCI/I/) shall be homographic with 
the given pencil. Draw a conic through ABC to touch BD^ at B. Con- 
struct the point F in which BE' cuts this conic, and construct the 
point P in which FE cuts this conic. P is the required point. 
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4. Ab an example of cases in which some of the given 
points are at infinity, let us constntct a conic, given one 
asymptote, the direction of the other asymptote, and two other 
points. 

Let I be the given asymptote, and m any line in the 
direction of the other asymptote, and A and B the two 
given points. We may take C and I) to be the points at 
infinity on I, and E to be the point at infinity on m. Then 
M is the point at infinity on AB, 

Hence the construction is — To find wh^re anj^ line AG 

through A cuts the conic again, let AG and I meet in L, 

and l^t,a parallel through L to AB cut a parallel through 

B to I in. N, Then a parallel through ^ to w cuts AG in 

the required point F, 

Sx. 1. Qiven four points and the direction of an asymptote, construct t?ie 
conic, 

Sx. 2. Given three points on a conic and a tangent at one of them, and the 
direction qf one asymptote ; construct the conic, 

Sx. 3. Given three poirUs and the directions of both asymptotes, construct the 
conic, 

!ESx. 4. Given one point and both asymptotes, constntct the conic. 

Ex. 5. Given four points on a conic and the direction of one asymptote ; 
construct the meet of the conic unth a given line dravm paraUel to the asymptote, 

£x. 6. Given ^ree points on a conic and the directions of both asymptotes ; 
find the mwt of the conic loith a given line pardUd to one of the asymptotes. 

Ex. 7. Given four points on a conic and the direction of one asymptote; find 
the direction of the other, 

5. As an example of drawing a parabola to satisfy given 
conditions, let us construct a parabola, given three points and 
the direction of the axis. 

Let ABC be the given points, and I any line in the direc- 
tion of the axis. We may consider D and JS to coincide 
at the point at infinity upon I, so that the line BE is the 
line at infinity. Then M is the point at infinity on AB, 

Hence the construction is — To find where any line AG 
through A cuts the conic again, let AG cut a parallel 
through C to Z in X ; let a parallel through L to AB cut BC 
in N\ then a parallel through ^ to Z cuts AG in the re- 
quired point j^. 
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"Ex.. Construct a parabolay given two points and the tangent at one of thenij 
and tfte direction of the axis. 

6. Given five points on a conic, to construct the tangent at 
one of them. 

Let A, B, Cf Df E be the five given points, and suppose F 
to coincide with A ; then AF is the tangent at A. Hence 
the construction — Let AB and BE meet in M, and BC and 
AE in Ny and let MN cut CB in L ; then LA is the tangent 
at A, 

Sz. 1. Given four points on a conic, and the tangent at one of them ; construct 
the tangent at another of them, 

Ex. 2. Given three points on a conic, and the tangents at tuco of them ; am- 
struct the tangent at the third. 

Ex. 3. Given both asymptotes of a hyperbola, and one point; constnict the 
tangent at this point, 

XiX. 4. Given three points on a parabola, and the direction of the axis ; con- 
struct the tangent at one qf the given points, 

Ex. 6. Given tuH) points on a parabola, the direction of tfie axis, and the 
tangent at one qf the points ; construct the tangent at the other point, 

XiX. 6. Given four points on a coniCf and the direction of one asymptote; ccn- 
struct that asymptote. 

Ex. 7. Given three points on a conic, and the directions of both asyn^totes ; 
construct the asymptotes. 

Ex. 8. Given tun points on a conic, aind one asyn^tote, and the direction qf 
the other; construct the other asyn^tote. 

7. Given five tangents of a conic, to construct the points of 
contact 

Let ABy BC, CE, EF, FA be the five given tangents. 
Then in the figure of XV. 4, if D is the point of contact of 
CE, we may consider CB, BE to be consecutive tangents 
of the conic. Hence the construction — Let BE and CF 
meet in 0; then AO cuts CE in its point of contact. So 
the other points of contact can be constructed. 

Hence given five tangents, we can at once construct five 
points ; so that every construction which requires five points 
to be given, is available if we are given five tangenta 

SjX. L Given four tangents and the point of contact of one of them, construd 
the points qf contact of the others. 

Sx. 2. Given three tangents of a conic, and the points of contact of two of 
them ; constntct the point of contact of the third. 
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XiX. 8. Qicen both asymptotes of a hjfperbola, and one tangents, construct the 
point of contact of the tangent 

Sx. 4. Given four tangents ofaparahoia, construct ihep<nnt8 of contact^ and 
the direction of the axis. 

Etc. 6. Given tu)o tangents of a parabola^ and their points qf contadj construct 
the direction qf the axis. 

8. Given five tangents of a coniCj to construct the conic ty 
tangents. 

Let GB, BGj CD, BE, EH be the given tangents. Now 
every tangent cuts GB. Hence if we construct every other 
tangent from points on GB, we shall have constructed every 
tangent of the conic. On GB take any point A. Let AD 
and BE meet in 0. Let CO meet EH in F. Then, by 
Brianchon's theorem, FA touches the conic, La AF is the 
other tangent from any point A on GB. 

Ex. 1. Givm fowr tangents of a conic, and the pdrU of contact of one qf them ; 
construct the conic by tangents. 

Ex. 2. Given four tangents of a parabola, construct the conic. 

Ex. 3. Given three tangents of a conic, and the points qf contact of turn of 
them ; construct the conic. 

Ex. 4. Given the asymptotes of a coniCy and one tangent; construct the conic, 

Sx. 5. Given two tangents ofaparahoia, the point of contact of one of them, 
and the direction of the axis ; construct the parahdla. 

Ex. 6. Given five tangents of a conic, construct the tangent paraiUeL to one 
them* 

Ex. 7. Given four tangents of a paraibola, construct the tangent in a given 
direction, 

Ex. 8. Construct the pole of a given line for a flve'tangent conic,^ 
Ex. 9. Ditto for a five-point conic, 

9. Given three points on a conic and a pole and polar, to 
construct the conic. 

Let A, B, C be the three given points, and the pole. 
Let OA cut the polar in a, and take A^ such that {Oa, AA') is 
harmonic. Similarly construct /3 and B', Through ABGA'B^ 
construct a conic. This will be the required conic ; for 
since (Ool, AA^) and (0^, BB') are harmonic, we see that 
a^ is the polar of 0. 

A reciprocal construction enables us to solve the problem — 
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Given three tangents of a conic, and a pole and polar, to con- 
struct the conk. 

A simple case of each problem is — Given three points {or 
three tangents) cmd the centre, to construct the conic. 

We obtain two more points (or tangents) by reflexion in 
the centre. 



CHAPTEE XXV. 

OONSTEUCTIONS OF THE SECOND DEGREE. 

L Construct the points in which a given line cuts a conic 
given hy five points. 

Let A, B, C, D, Ehe the five given points. Let the given 
line cut DA, DB, DC in a, 6, c, and cut EA, EB, EC in 
a', V, <fj and cut the conic in x, y. Then 

{xyabc) = 2) (xyABC) = E{xyABC) = {xyaVcf). 

Hence x, y are the common points of the two homographic 
ranges determined by {dbc) and {afh'c'). Hence the two 
required points x, y can be constructed by XVI. 6. 

2. Given five tangents to a conic, to construct the tcmgentsfrom 
any point to the conic. 

Let three of the given tangents cut the other two in ABC 
and A'B^C\ If a tangent from the given point P cut these 
tangents in Z and X% then {ABCX) = {A'BfC'T) ; hence 
P{ABCX) = F(A'B'G'X'). But BX and PX' coincide; 
hence one of the tangents from P is one of the common 
lines of the pencils P{ABC) and P{A'B^C'). Hence the re- 
quired tangents are the common lines of the homographic 
pencHs determined by P {ABC) and P {A'B'U). 

3. Given five tangents to a conic, to construct the points in 
which any line cuts the conic. 

Construct first by XXIV. 7 the points of contact, and then 
proceed by § i. 

Given five points on a conic, to construct the tangents from any 
point 
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Construct first by XXIV. 6 the tangents at the points, 
and then proceed by § 2. 

4. If instead of five points, we are given four points and 
the tangent at one, or three points and the tangents at two 
of them ; or if, instead of five tangents, we are given four 
tangents and the point of contact of one, or three tangents 
and the points of contact of two of them, the necessary 
modifications of the above constructions are obvious. 

SjX. 1. Cvnslmd a line to cui four given lines in a given cross ratio and to 
pass thnmgh a given point. 

Let three of the lines cut the fourth in BCD. Take A such that 
{ABCD)y is equal to the given cross ratio. Draw a conic to touch the 
three given lines and also to touch the fourth at A. Through the 
given point draw a tangent to this conic. This is the required line. 
There are therefore two solutions. 

Sx. 2. Give the reciprocal construction, 

Sx. 3. TTirough a given point draw a line to cut three given lines in A, B, C, 
so that AB I EC is a given ratio. 

5. Given five points on a conic, to construct the centre^ the 
axes J cmd the asymptotes. 

Let Ay By C, Dy E be the five given points. Through A draw 
AG parallel to BC, and construct the point A' in which AG 
cuts the conic again. Let AC and BA^ cut in H, and AB 
and A'C cut in K. Then HK bisects both BG and AA\ 
Hence HK is a diameter. Similarly construct another 
diameter. Then these diameters meet in the centre. 

To construct the axes and asymptotes, we must first con- 
struct the involution of conjugate diameters. To do this — 
Through the centre draw Oa parallel to BG, and let Oa^ be 
the diameter bisecting AA^ and BG. Then Oa, Oaf are a pair 
of conjugate diameters. Li the same way determine another 
pair Ohy Ob\ Then the rectangular pair of the involution 
determined by {oaf, W) are the axes ; and the double lines 
of the same involution are the asymptotes. 

If the diameters are parallel, the conic is a parabola ; and 
the direction of the diameters is the direction of the axis of 
the parabola. 
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!Bx. 1. Qiven. five points en a come, construct a pair of conjugate diameters 
which shaU make a given angle with one another. 

Let CP and CD be a pair of conjugate diameters. Take CI/ such that 
LFQUf is equal to the given angle. Then the required lines are the 
conunon rays of the homographic pencils generated by CD and CI/, 

XiX. 2. Through a given point draw a line meeting four given lines a>, a^, &, 
1/ in points Ay A% B, B^, such thai OA . OA^ = OB . OjB'. 

Through draw a parallel to either asymptote of the conic through 
the five points a6, at/, afb, a!\/ , and 0. 

SjZ. 3. Through a given point C draw a line meeting five given lines a^ a', h,}/,cf 
in five points Ay A\ B, B^, Cf such that {AA^y BB^, C(f) may be an involution, ._ 

6. If we are given five points on a conic, the conic can be 
constructed by Pascal's theorem (see XXIV. 2). If we are 
given five tangents of the conic, the conic can be constructed 
by points (see XXIV. 7) or by tangents (see XXIV. 8), 

Given four points and one tangent, to construct the conic. 
Let ABCD be the given points and t the given tangent 
Let t cut the opposite sides of the quadrangle ABCD in aa\ 
hb\ cc'. Take 6, f the double points of the involution 
(aa\ hV, cc'y Then the two conies satisfying the required 
conditions are the conies through ABCBe and through 
ABCBf. For let the conic through ABCBe cut t again in 
e'. Then ee belong to the involution (aa% hh\ ccT), and e is 
a double point of this involution ; hence e' coincides with e, 
i.e. t touches the conic through ABCBe. So it touches the 
conic through ABCBfi 

7. Given fmr tangents and one point, to construct the conic. 
Let OE, OF be the double lines of the involution sub- 
tended by the given quadrilateral at the given point 0, Then 
it is proved, as above, that the required conies are those 
touching the given lines and also touching OE or OF. 

SiZ. 1. S?iow thai when four points are given and one tangent, the soluiicm is 
unique if the line pass through one of the harmonic points. 

The other conic degenerates into a pair of opposite sides. 

Sz 2. Show that there is ru> curved solu;tUm if the line pass through two 
harmonic points. 

Sz. 3. Reciprocate Ex, i and Ex. a. 

SjZ. 4. Describe a parabola through four given points. 

£iZ. 5. Omstrud a parabola, given three tangents and one point. 
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8. Given three paints and two tangents, to construct the conic. 
Let the three points be A, B, C, and the two tangents 

TL and TL\ liet 
AB cut TL and 
TV in c and c', 
and let ^C cut TL 
and TIJ in h and 
V. Take z, gf, 
the double points 
of the involution 
{AB, c(f), and y, y' 
the double points 
of the involution 
(AC, W\ Let any 
one, yz, of the four lines ye, y/, 'i/z, y^/ cut TL and TL' in 
P and P'. 

Then one conic satisfying the required conditions is the 
conic which passes tlirough A and touches OL and OL' at P 
and P'. For let this conic cut AB again in B'. Then £r is a 
double point of the involution {AB, od) and also of the in- 
volution {AB^, cc\ Hence B and B' coincide, i. e. the conic 
passes through B, Similarly the conic passes through C 

So by taking any of the lines y/, \fz, y V instead of yz, we 
obtain another solution. Hence the problem has four solu- 
tions. 

Note that since there are only four possible positions of the 
polar BB' of T, we have proved that — If the sides BC, CA, 
AB of a triangle cut two lines TL and TL' in aa', hi/, cdy and 
if the double points xaf, yy', z/ of the involutions (BG, aa% 
(GA, W), {AB, ccf) he taken, then the six points xccfyi/zi^ lie 
three by three on four lines. 

9. Given two points and three tangents, to construct the conic. 
Let A and B be the given points, and LM, MN, NL, 

the given tangents. Take MY, MY the double lines of 
the involution M {AB, LN), and take NZ, NZ' the double 
points of the involution N{AB, LM). Let T be the meet 
of one of the lines MY, MY' with one of the lines NZy 
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NZ\ Describe a conic to touch TA and TB at A and B 
and to touch MN. 

This is a conic satis- 
fying the required con- 
ditions. For let ML* 
be the second tangent 
from M to this conic. 
Then MY is a double 
line of both the invo- 
lutions M{ABy NL) 
and M (AB, NL'). 
Hence ML' coincides 

with ML, Le. the conic touches ML, So the conic touches 
NL. 

By taking one of the other four meets instead of the meet 
of MY and NZ, we obtain three other solutions. 

10. Given a triangle self-conjugate for a conic, and either two 
points on the conic, or one point on the conic and one tangent to the 
conic, or two tangents to the conic, to construct the conic. 

^y ^^ 9i ^ we are given a self-conjugate triangle and 
one point, we are given three other points ; and if we are 
given a self-conjugate triangle and one tangent, we are given 
three other tangents. In any of the above cases therefore 
the conic ean now be constructed. 

11. K we are given a focus, by XXVIII. 8 we are given 
two tangents. Hence the follovmig problems belong to this 
ehapter, but in each case a simpler solution can be given. 

Given a focus and three points, to construct the conic. 

Take the reciprocals of the given points for any circle vdth 
centre at the given focus, and draw a circle to touch these 
lines. The reciprocal of this circle is the required conic. 
Since four circles can be drawn, there are four solutions. 

Given a focus and tujo points and one tangent. 

Reciprocation gives four solutions, two of which are 
imaginary. 

Given a focus and one point and two tangents. 

Eeciprocation gives two solutions. 
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QAven a focus and three tangents. 

Beciprocation gives one solution. In this case we can 
also solve the problem by determining the second focus by 
means of the theorem that two tangents to a conic are 
equally inclined to the focal radii to their meet. 

12. To construct a conic, given a self-conjugate triangle and 
a pole and polar. 

Let ABC be the self-conjugate triangle, and let L be the pole 

of I. Let LA meet BC 
AC B in A\ and Z in -D ; let 

LB meet CA in B^, and 
ImE; let LC meet AB 
in (7, and I in F. 

Now A and A^ are 
conjugate points for the 
required conic, and so are 
L and D, Hence the re- 
quired conic must pass 
through XX', the double 
points of the involution 
(AA% LB). So the conic 
must pass through the double points YT of the involution 
(BB", LE), and through the double points ZZ' of the invo- 
lution (C(7, LF). 

Also the six points XX'YTZZ' lie on a conic. For draw 
a conic through XX'YTZ. Then since LB are harmonic 
with XX', and LE with YY, I is the polar of L ; also 
{LFj ZZ') = — I, and the conic passes through Z ; hence the 
conic passes through Z'. 

Again, the conic through XXIYTZZ' satisfies the required 
conditions. We have proved that Z is the polar of L. 
Let BG and B'O' meet in H. Then the opposite vertices of 
the quadrilateral BG, GB, BG\ G'B are BBf, GC, and Am 
Now BB are conjugate for the conic, and so are GG' ; hence 
so are AH. Hence the polar of A passes through H ; and 
also through A\ Hence BG is the polar oiA\ so GA is the 
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polar of B^ and AB is the polar of 0. Hence ABC is a self- 
conjugate triangle for the conic. 

This completes the theoretical solution of the problem ; 
and we have shown that one, and only one, conic can be 
drawn satisfying the given conditions. Practically the above 
solution is worthless ; for any pair of the points XX', FZ' , 
ZZ' may be imaginary. The following is the practical con- 
struction when the conic is real. 

We have already found two points upon CL. To find two 
points on C4. Let AC cut I in $. Then AC are conju- 
gate points ; and so are ^(J, for (J is the pole of LB, Hence 
the two points upon CA are the double points of the involu- 
tion (-4(7, JB'Q). So two points can be found on CB. Hence six 
points on the conic are known, viz. those on CA, (XB, and 
CL. Now if the conic is real, one of the points ABC (say G) 
is inside the conic, and hence CM, CB, CL all cut the conic 
in real points. Hence, by trying J.5C in succession, we get 
six real points on the conic. 

If on trial we find that neither A nor B nor C gives six 
real points, we conclude that the conic is imaginary. 

We see again that two conies cannot have two common self' 
conjugate triangles ; for since two such triangles more than 
determine a conic, the two conies would be coincident. 

XiZ. 1. Given a pentagon ABCDE^ construct a cwiic for which each vertex is 
the pole of the opposite side. 

Let AB and CD meet in F. The required conic is the one for which 
ADF is self-conjugate, and E is the pole of BC, 

£x. 2. For this conic, the inscribed conic and the circumscribed conic are 
reciprocal. 

Hz. 3. Given the centre qf a conic and a se^'Conjugate triangUy constnut the 
asymptotes. 

Draw OJT, OF, OZ parallel to BC^ CA, AB \ then the asymptotes are 
the double lines of (-4X, BY, CZ). 

SSx. 4. Given a poie and polar and a stUf-conjujgats triangle^ construct the 
tangents from the pots, 

!Bx. 6. Given four poifUs A, B, Cj D and a line L With A as pde of I and with 
BCD as a self-conjugate triangle^ a conic is drawn; similarly the conies {B, CDA\ 
{C, DAB), {D, ABC) are drawn. Show that these four conies meet I in the same 
twopoini, 

13. Given five points on each of ttoo conies, to construct the 
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C(m\c which passes through the meets of these conies and also 
through a given point. 

Through the giyen point L draw any line I ; and construct 
the points pp% q^ in which I cuts the two conies. Then if 
M be the other point in which the required conic cuts I, we 
know that pp\ q^y LM are pairs in an involution. Hence 
M is known, ie. a point on the conic is known on every 
line through L, 

Given five points on each of two conicsj to construct the conic 
which passes through the fovr meets of these conies and also 
touches a given line. 

Construct the points in which the given line cuts the 
given conies, viz. pp', qq*. Then the points of contact of the 
required conies are the double points 6, /of the involution 
determined by pp% qq[. Then, taking either e or f we con- 
tinue as above. 

SSx. Give the reciprocal constmcHons, 

14. Given three points on a conic and an involution of con- 
jugate points on a line, to construct the conic. 

If the given involution has real double points, draw a 
conic through the three given points and the two double 
points. This conic clearly satisfies the required conditions. 

If the given involution is overlapping, proceed thus — Let 
^, ^, be the given points, and I the line on which the 
involution of conjugate points lies. Let BC cut Z in P, and 
take P', the mate of P, in the involution. Also take P'' such 
that (BC, PP'') = - 1. Let P^ cut P'P'' in a, and take A' 
such that (A A', Pa) = - 1. So, using CA and QQ", B' can 
be constructed. 

Then the conic ABCA'B' is the required conic. For since 
(BC, PP'') = - 1 = {AA', Pa), P''a is the polar of P. 
Hence PP' are conjugate points. So QQ' are conjugate 
points. Hence the involution (PP', QQ^) (which is the given 
involution) is an involution of conjugate points for this 
conic. 

If the given involution is overlapping, we have solved 
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the problem — To draw a conic through five given points, two 
of which are imaginary, 

15. Construct a conic to pass through four given points and 
to divide a given segment harmonically. 

Let LM be the given segment. Let E, F be the double 
points of the involution determined by the given quadrangle 
ABGB on LM, Let the double points P, Q of the involu- 
tion {LM, EF) be constructed. Then the conic through 
ABCDP is the required conic. For let LM cut this conic 
again in Q[, Then FQ' belong to the involution of the 
quadrangle on LM, Hence {P(^, EF)=^ — i, Hence Q^ 
coincides with Q, And {LM, PQ) = — i. Hence the conic 
cuts LM harmonically. 

If the double points E, F are imaginary, construct the 
involution of which L, M are the double points, and let 
P, Q be the common points of this involution and that of 
the quadrangle on LM, Then the required conic is ABCDP, 
For, as before, LM cuts the conic again in Q, and 

{LM,PQ) = ^i, 

Also, since E, F are imaginary, this construction is real. 

Six. Construct a conic which shall jhuss through four given points and through 
a pair (not given) of points of a given involution on a line, 

16. The following proposition will be used in the suc- 
ceeding constructions — 

If a variable conic through four fixed points A, B, C, D meet 
fixed lines through A and B in P and Q, then PQ passes through 
a fi^xed point upon CD, 

For consider the in- 
volution in which.cz> 
cuts the conic and the 
four sides AP, BQ, AB, 
PQ of the quadrangle 
ABPQ. Five of these 
points are fixed, viz. 
the meets with the 
fixed lines AB, AP, BQ, and the meets C, D with the conic. 
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Hence the sixth meet is fixed, i.e. PQ passes through a fixed 
point on CD. 

The theorem may also be stated thus — 

A system of conies pass through ABCD. A fixed line 
through A cuts these conies in PP\..f and a fixed line through 
B cuts them in QQ^„.. Then aU the lines PQ, P'Qfy... are 
concurrent in a point on CD. 

If A and B coincide, the theorem is — 

A system of conies touch at A and pass through CD. A 
fixed line through A cuts these conies in P, P V . . , and another 
fixed line through A cuts them in Q, Q^.... Then all the Unes 
PQ, P'Q^,... are concurrent in a point on CD, 

If Ay B and C coincide, the theorem is — 

A system of conies have three-point contact at A and pass 
thnmgh JD. A fixed line through A cuts these conies in P, P%.,.j 
and another fioced line through A cuts them in Q, Qf^ .... Then 
all the lines PQ, P^Q^,,,. are concurrent in a point on AD. 

. 1. Reciprocate aU these theorems, 

:. 2. Given three meets ABC of two five-point conies^ prove the following 
eonsitructum for the fourth meet D — Take any two points L, M on either come, and 
construct the points I/, M^ in which AL, BM cut the other conic. Join the meet of 
LM, L'Mf to C, Then D is the meet qfthis line with either conic 

£x. 8. Given two meets A, B qf twofiwe^point conicSt prove the following con- 
struction for the other meets C and D — Take any two points Lj M on either coniCj 
and construct the points L\ "Mf in which AL, BM cut the other conic £Jf, L^M^ 
meet in one point on CD. Similarly construct another point on CD, Now oou' 
struct the points in which the joining line cuts either conic. 

Sx. 4. Reciprocate the two preceding constructions, 

£z. 6. Prove tlie following construction for the directions of the axes qfa conic 
given by five points — Draw a circle through three Ay B, C of the given points; 
now construct the fourth meet P of the conic and the cirde ; then the directions qf 
the axes Insect Vie angles between AB and CP, 

> 

17. Given five points on a coniCy three of which are coincident, 
to construct the conic. 

Let ABC be the three given coincident points, and BE 
the other given points. Then to be given ABC is equivalent 
to being given the point A, the tangent at Ay and the circle 
of curvature at A, Let AD, AE cut this given circle in 
I/y E', Then BE, B^E' meet on t|ie common chord of the 
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circle and the conic. Hence the point P where this chord 
cuts the circle can be constructed. Now P is on the conic. 
Hence we know four points J., 2), ^, P on the conic and the 
tangent at one of them. Hence the conic can be con- 
structed. 



Ohimn^ by itsing the reciprocal theorem, a solviion qf the problem — 
Given Jive tangents of a conic, three qf which are coincident, cotislruct the conic. 

Notice that the circle of curvature has three-tangent contact with 
the conic as well as three-point contact. 



CHAPTEE XXVI. 

METHOD OF TRIAL AND EBBOB. 

1. Given two homographic ranges {ABC.) and {dbc .,.) on 
different lines, and given two points V and u, find two points 
XY of the first range, such that the angles XVY and a?vy 
may have given vidues, x and y being the points corresponding to 
X and T in the homographic ranges. 

Try any point P on AB as a position of X. To do this, 
take Q on AB, so that the angle PVQ is equal to the given 
value of XVY. Take p and q, the points corresponding to P 
and Q, in the homographic ranges. Also take r on a^, so that 
the angle pvr may be equal to the given angle xvy. Then if 
r coincides with q, the problem is solved. 

If not, try several points Pjy P^... . Then 

{rir2-") = v{r,r^..-) 

= ^ ( Pi JPi • * • ) since the pencils are superposable 

= (pj^2 ...) = (PjPj ...) since the ranges are homographic 

Hence the ranges (^i3'2---) ^^^ (^i^2---) *^® homographic 
Now if q and r coincide, q will be a position of y. Hence y is 
either of the common points of the homographic ranges 
(g, q.2'") and {r^ rj . . .). Hence Y and X are known. 

The problem has four solutions. Two are obtained above, 
and two more are obtained by taking the angles PVQ and 
pvq in relatively opposite directions. 

Notice that we need only make three attempts ; for the 
common points of two homographic ranges can be deter- 
mined if three pairs of corresponding points are known. 
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The above process may be abbreviated by writing (r) for 
the range (r, r^ .), and so on. 

The method is called by some writers the method of 
False Positions. 

3Sx. 1. Find corresponding segments JTY, X'Y' of two given homographic 
ranges which shall he of given lengths. 

"Ex., 2. Qiven two homographic ranges en the same linoy find a segment XX' 
bounded by corresponding points, {i) which is bisected by a given point, or 
(ii) which divides a given segment harmonically. 

If XX' satisfies either condition, X and X^ generate ranges wliich 
are in involution and therefore homographic. 

Ex. 8. Find also XX% given that (i) AX : BX' is a given ratio, or (ii) UuU 
XX' is of given length, or (iii) that XX' divides a given segment in a given 
cross ratio, 

"Ex., 4. If A, A' generate homographic ranges on two lines, sihow that through 
a/ny given point two of the lines A A' pa^. 

"Ex. 5. Find corresponding points X, X' of two homographic ranges on 
different lines, such that XO and XfC/ meet at a given angle, and Cf being 
given points. 

The pencils at and 0' are homographic. 

Ex. 6 . Given on the same line the homographic ranges (ABC ...)^ {A'B'Cf ...), 
and the homographic ranges (LMN,..) = {L"M"N",,.); find a point X which 
hchs the same mate in both ranges, 

Ex. 7. If A and A' generate homographic ranges on two lines, and B and B' 
generate homographic ranges on two other lines, find the positions qfA,B, A', B> 
that both AB and A'Bf may pass through a given point. 

2. Between two given lines place a segment whose projections 
on two given lines shall he of given lengths. 

Let the projections lie on the lines AB and CD. On AB 
take a length LM equal to the given projection on AB; 
through L and M erect perpendiculars to AB to meet the 
given lines in X and Y. Let the projection of XF on CD 
be PQ. If PQ is of the required length, then the problem 
is solved. 

If not, make PQ' of the required length. Then the ranges 
generated by ^ and P are homographic, being superposable. 
Again, the ranges P and X are homographic, by considering 
a vertex at infinity. Similarly 

range X = range L = range M = range T = range Q, 

Hence the ranges Q^ and Q are homographic. Either of 
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the common points of these ranges gives a true position 
of «. 



:. 1. Ontuoo given lines find points A and B, such thai AB subtends given 
angles at two given points. 

Sx. 2. Throfujgh a given point draw two lines, to cut off segments of given 
lengths from two given lines. 

Ex. 3. Given two fixed points and (/ on two fixed lines, through a fixed 
point V draw a line cutting the fixed lines in points A, A', such that (i) OA . O^A' 
is constant, or (ii) OA : C/A' is constant. 

Sx. 4. Through a given point draw a line to include with hoo given lines a 
given area. 

XiX. 6. Two sides qf a triangle are given in position and the area is given ; 
show that the base in two positions subtends a given angle at a given point 

Sx. 6. Given four points A, B, C, D on the same line, find two points X^ T 
on this line, such that {AB, JOT) and {CD, XT) may have given values. 

Sx. 7. Given two fixed points A and B, find two points P, Q onthe line AB, 
such that {AB, PQ) is given and also the length PQ. 

"Ex. 8. Given three rays OA, OB, OC, find three other rays OX, OY, OZ, such 
that the cross ratios {AB, XT), {BC, TZ), {CA, ZX) may have given 
values. 

Ex. 9. Find the lines OX, OX' such that {AA', XX') may be a given cross 
ratio and XOX* a given angle, OA and OA' being given lines. 



:. 10. Solve fhe equation aa? +bx-k-c^ oby a geometrical construction. 

'^ The roots are the yalues of x at the common points of the homo« 
graphic ranges determined by axaf + bx + c = o. 

OEjX. 11. Solve geometrically fhe equations 

ys2x + a, z^my-¥b, x^nz-^-c. 

Obtain the common points of the homographic ranges {x, x') deter* 
mined by y « te + a, a = my +b, a/=^ m + c. 

Ex. 12. Solve geometrically the equations 

xy + lx + my + n = o, xy+px + qy + r ^ o. 

3. Criven Uoo points L, M on a conic, find a point P onthe 
conk, such that PL, PM shaU divide a given segment TJY in 
a given cross ratio. 

Take any position of P, and let PL, PM meet UV in A, B, 
and take B^ such that {TJY, AB^) is equal to the given cross 
ratio. Then (A) = L(A) = L(P) = M (P) = M(B) = {B\ 
Also, since ( UY, AB^) is constant, we have {A) = (jB'). Hence 
(B) = (jB'). Hence the required position of B is either of 
the common points of the homographic ranges generated by 
jBand^'. 
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Qwe ivoo points L,I£ on a conic, find a point P onthe conic such that the 
bisectors of the angU LPM may have given directions. 

Draw parallels to PL, PM through a fixed point. 

4. Inscribe m a given conic a polygon of a given nwmiber of 
sides, so that each side shall pass through a fixed point 

Consider for brevity a fournsided figure. It will b^ found 
that the same solution applies to any polygon. 

Suppose vre have to inscribe in a conic a four-sided figure 
ABCD, so that AB passes through the fixed point Uy BC 
through 7, CD through TF, and DA through X. On the 
conic take any point A. Let A U cut the conic again in B, 
Let BV cut the conic again in C Let CW cut the conic 
again in D. Let DX cut the conic again in A\ So take 
several positions of A. 

Then the range on the conic generated by J. is in involu- 
tion with the range generated by B, since AB passes 
through a fixed point U, Hence (-4) = {B), So 

(B) = (C) = {B) = {Ay 

Hence the ranges (A) and {A') on the conic are homographic. 
A true position of J. is either of the common points of these 
homographic ranges. 

Note that in the exceptional case of XXL 3. Ex. 14, the 
common points lie on the line ; and the above solution 
becomes nugatory. 

Sx. 1. Describe ahoui a given con.ic a polygon such that each vertex shall lie 
on a given line, 

Insrcribe in the conic a polygon whose sides pass through the poles 
of the given lines^ and draw the tangents at its vertices. 

XiX. 2. Inscribe in a given conic a polygon of a given number of sides, such 
that each pair of consecutive vertices determine ujith two given poirUs on the conic 
a given cross ratio, 

Ex. 3. In the given figure ABCB inscribe the figure NPQB, so that RN, PQ 
meet in the fixed point TJ, and NP, RQ in the fixed point V, 

Ex. 4. Construct a polygon, whose sides shaU pass through given points 
and whose vertices shaU lie on given lines. 

Sx. 6. Construct a polygon, whose vertices sh(M lie on given lines and whose 
sides shall subtend given angles at given points. 

Ex. 6. Construct a triangle ABC, such that A and B sfidll lie on given lines, 
and that the angle C shall be equal to a given angle, whilst the sides AB, BC, CA 
pass through fixed points, 

B 2 
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Ex. 7. A ray of light starts frwn a given pointy and is reflected successively 
frwn n given lities ; find the initial dirediim that the final direction may make a 
given an^e with the initial directum. 

Ex. 8. Given two homographic ranges {ABC...^ = {A'BfCf ...)cn a conic^ 
find the corresponding points X^ X', »uch that XX' may pass trough a given 
point, 

THir 9. Given two points AA' on a conic, find two points XX' also on the 
coniCj such that {AA', XX') has a given vcUice and XX' passes through a given 
point. 

Ex. 10. Through a given point A is drawn a chovd PQqfa conic ; BC are 
fixed points on the conic ; find the position o/PQ when PB and QC meet at a given 
angle. 

Ex. 11. Through two given points describe a circle which shaU cut a given arc 
qf a cirde in a given cross ratio. 

Ex. 12. Through four given points draw a conic which shaU cut pfffrom a 
given line a length which is eUh&r given or subtends a given angle at a given 
point. 



,yy 



CHAPTER XXVII. 

IHAeiNABY POINTS AND LINES. 

1. The Principle of Continuity enables us to combine the 
elegance of geomehical methods with the generality of 
algebraical methods. For instance, if we wish to determine 
the points in which a line meets a circle, the neatest 
method is afforded by Pure Geometry. But in certain 
relative positions of the line and circle, the line does not 
cut the circle in visible points. 

Here Algebraical Greometry comes to our help. For if 
we solve the same problem by Algebraical Geometry, we 
shall ultimately have to solve a quadratic equation ; and 
this quadratic equation will have two solutions, real, coin* 
cident and imaginary. Hence we conclude that a line always 
meets a circle in two points, real, coincident or imaginary. 

Another instance is ajQforded by XXIII. 5. Here we 
prove the proposition by using the points and (/ in which 
the circles on AA^ and BB^ as diameters meet. But these 
circles in certain cases do not meet in visible points. But 
we might have proved the same proposition by Algebraical 
Geometry, following the same method. Then it would 
have been immaterial whether the coordinates of the points 
and (/ had been real or imaginary, and the proof would 
have held good. Hence we conclude that we may use the 
imaginary points and (X as if they were real. 

In all i^olutions by Algebraical Geometry, points and 
lines will be determined by algebraical equations. Hence 
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imaginary points and lines will occur in pairs. Hence we 
shall expect that in Pure Geometry, imaginaiy points and 
lines will occur in pairs. 

2. The best way of defining the position of a pair of 
imagmary points is as the double points of a given over- 
lapping involution ; and the best way of defining the position 
of a pair of imaginary lines is as the double lines of a given 
overlapping involution* 

Thus the points in which a line cuts a conic are the 
double points of the involution of conjugate points deter- 
mined by the conic on the line ; and these double points, ie. 
the meets of the conic and line, are imaginary if the involu- 
tion is an overlapping one. 

So the tangents from any point to a conic are the double 
lines (real, coincident, or imaginary) of the involution of 
conjugate lines which the conic determines at the point. 

Note that a pair of imaginary points is not the same as 
two imaginary points. For if AA' are a pair of imaginary 
points and BB^ another pair of imaginary points, then AB 
are two imaginary points but are not a pair. 

3. The middle point of the segment joining a pair of imaginary 
points is redL 

For it is the centre of the involution defining the imaginary 
points. 

A pair of imaginary points A A' is determined when tee hnow 
the centre and the square {a negative quanity) 0A\ 

For the involution defiining the points is given by 

OP. OF'^^OAK 

The fourth harmonic of a real point for a pair of imaginary 
points is real. 

For it is the corresponding point in the defining in- 
volution. 

The product of the distances of a pair of imaginary points from 
any real point on the same line is real and positive. 

Let A A' be the pair, and F any real point on the line 
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AA\ Take the middle point of the segment AA^. Then 

TA . FA'= (OA - OP) (OA'- OF) 

= {OA - OF) (- OA - OP) = OP'* - 0A\ 

Now 0-4.' is negative, or the involution would have real 
double points. Hence FA . FA^ is real and positive. 

4. Two conies cut in four real pomts, <yr in two real a/nd two 
imaginary jpoints, or in four imaginary points. 

Since a conic is determined by five points, two conies 
cannot cut in more than four points^ unless they are 
coincident. 

Also we can draw two conies cutting in four points, e. g. 
two equal ellipses laid across one another. 

Now if we were solving the problem by Algebraical 
Geometry, and were given that the problem could not have 
more than four solutions, and that it had four solutions in 
certain cases, we should be sure tl^at the problem had in all 
cases four solutions, the apparent deficiencies, if any, being 
accounted for by coincident or imaginary points. 

Hence it follows by the Principle of Continuity, that 
two conies always cut in four points, real, coincident, or 
imaginary. 

Also imaginary points occur in pairs. Hence two or four 
of the points may be imaginary. 

5. If two conies cut in two real points, the line joining the 
other common points is real, even if the latter points are 
imaginary. 

For, by the principle of continuity, Desargues^s theorem 
holds, even if two or four of the points on the conic are 
imaginary* Let any line cut the conies in pp^ and qq^ and 
the given real common chord in a. Then the real point a\ 
taken such that {aa^, pp\ qq^) is an involution, lies on the 
opposite common chord. Hence the opposite common chord 
is real, being the locus of the real point a\ 

If two conies cut in two real and two imaginary points, one 
pair of common chords is real and two imaginary. 
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For if a second pair were real, the four common points 
would be real, being the meets of real lines. 

6. One vertex of the common self-conjugate triangle of two 
tonks i8 akoaya redL 

Take any line I ; then the locus of the conjugate points 
of points on I for both conies is a conic. Take any other 
line m ; the locus of the conjugate points of points on m for 
both conies is a second conic. These conies hare one real 
point in common, viz. the conjugate point of the meet of I 
and f». H^ice they have another real point in common, 
say U. 

Take the conjugate point Q onl oi U for both conies and 
the conjugate point i? on m of ^ for both conies. Then QB . 
18 clearly the polar of U for both conies ; for the polar of U I 
for both conies passes through Q and B. Hence U' is a real | 
vertex of the common self-conjugate triangle of the two conies. 

Similarly, the other two points, real or imaginary, in 
which the conies cut, are the other two vertices of the 
common self-conjugate tiiangle. 

7. The other two vertices of the common self-conjugate triangle 
of two conies are real if the conies cut in four real points or four 
imaginary points ; hut if the conies cut in two real and ttco 
imaginary points, the other two vertices are imaginary. 

If the four intersections are real, the proposition is 
obviously true. 

If the four intersections are imaginary, one conic must be 
entirely inside or entirely outside the other. Hence the 
polar of the real vertex U cuts the conies in either two non- 
overlapping segments AA^, BB^, or in one real segment and 
one imaginary, or in two imaginary segments. Now the other 
two vertices VW are the points on the polar which are con- 
jugate for both conies, i.e. are the common pair of the two 
involutions of conjugate points on the polar. And the double 
points AA^, BB" of these involutions are either real and non- 
overlapping, or one pair (at least) is imaginary. Hence by 
XX. 6, VW are real. 
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If two intersections are real and two imaginary, the meets 
of the given i^ common chord and of the^U common 
chord (which is known to be real) gives a real position of {7. 
But the opposite chord does not cut either conic ; hence V is 
outside both conies. Hence the polar of Z7, passing through 
the fourth harmonic of TJ for the two real points, cuts the 
two conies in overlapping real segments. Hence YW^ being 
the double points of the involution determined by these 
segments, are imaginary. 

8. One pair of common chords of two conies is alwaiys real. 

If all four intersections are real, it is clear that the six 
common chords are all real. 

If all four intersections are imaginary, then UVW are real. 
Take any point P and its conjugate point P' for the two 
conies. Then the common chords through U are the double 
lines of the involution U{VW, PP^) ; for the polar of P for 
these common chords passes through P\ and the polar of F 
passes through W. Hence the common chords through TJ 
are both real or both imaginary. 

Also the common chords through two of the three points 
UVW must be imaginary ; for otherwise the four real com- 
mon chords would intersect in four real common points of the 
conies. Let the chords through V and W be imaginary. 

Then taking P inside the triangle UYW, we see that since 
YiJJW, PP') overlap, P* must lie in the external angle F; 
so P' must lie in the external angle W, Hence P' lies in the 
internal angle U. Hence Z7(FTF, PP') does not overlap; 
hence the double lines of the involution are real, ie. the 
conmion chords through U are real. 

If two intersections are real and two imaginary, we have 
already proved that two common chords are real. 

9. Two conies have four common tangents, of which either ttvo 
or four may he imaginary. 

Ifttoo conies have two real common tangents a/nd two imaginary, 
the intersection of the real and also of the imaginary tangents 
is real ; and the other four common apexes are imaginary. 
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One side of the common self-conjugtxte triangle of two conies 
is always real ; the other two sides are reed if the fofwr common 
tangents are aU real or aU imaginary ; otherwise the other two 
sides are imaginary. 

One pair of common apexes of two conies is Qdways real. 
These propositions can be proved similarly to the corre- 
isiponding propositions respecting common points and common 
chords (or by Keciprocation). 



:. IftMo conies have three^point contact ai a point, t/iey have a fourth real 
common poinf, and a fourth real common tangent. 



CHAPTEE XXVIII. 

CIECULAE POINTS AND CIRCULAR LINE^. 

1. The circular Unes through any point are the double 
lines of the orthogonal involution at the point. 

JSvery pair of circular lines cuts the line at infinity in the 
same two points (called the circular points)* 

Take any two points P and Q» Then to every ray in the 
Orthogonal involution at P there is a parallel ray in the 
orthogonal involution at Q, or briefly, the involutions are 
parallel. Hence the double lines are parallel. H^nce the 
circular lines through P and Q meet the line at infinity in 
the same two points. 

The notation 00,00' will be reserved for the circular points. 

Any two perpendicular lines are harmonic with the circular 
lines through their meet. 

For by definition the circular lines are the double lines of 
an involution of which the perpendicular lines are a pair. 

The points in which a/ny two perpendicular lines meet the lime 
at infinity are harmonic with the circular points. 

For the circular lines through the meet of the lines are 
harmonic with the given lines. 

2. The triangle whose vertices are any point C and the circular 
points, is self-conjugate for any rectangular hyperbola whose centre 
is at G, 

For (7 00 , C 00 ' being circular lines are harmonic with every 
orthogonal pair of lines through (7, and are therefore har- 
monic with the asymptotes, i.e. with the tangents from C 
to the r. h., and are therefore conjugate lines for the r. h* 
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Also G is the pole of 00 oo ^ Hence Coo 00 ' is self-conjugate 
for the r. h. 

:. 1. AVi rectangular hyperbolas have a common pair qf conjugate points. 
, 2. Every conic for which the circular points are conjugate is ar. h. 

3. AU circles pass through the circular points. 

Let C be the centre of any circle. Then Coo , Coo ' are the 
asymptotes of the circle. For Coo , Coo ' are the double lines 
of the orthogonal involution at C, i. a are the double lines of 
the involution of conjugate diameters of the circle. Now a 
conic passes through the points in which the line at infinity 
meets its asymptotes. Hence the circle passes through 00 
and 00 '. 

Notice that we have proved that Coo , Coo ' touch at 00 , 00 ' 
any circle whose centre is at C. 

4. Every conic which passes through the circular points is a 
circle. 

Let C be the centre of a conic through 00 , 00 '. Then 
since the lines joining the centi'e of a conic to the points 
where the conic meets the line at infinity are the asymptotes 
of the conic, we see that Coo , Coo ' are the asymptotes of the 
conic. Hence the involution of conjugate diameters of which 
the asymptotes are the double lines must be an orthogonal 
involution. Hence every pair of conjugate diameters is 
orthogonal. Hence the conic is a circle. 

We now see the origin of the names circular points and 
circular lines. The circular points are the points through 
which all circles pass. A pair of circular lines is the limit 
of a circle when the radius is zero ; the circle degenerating 
into a real point through which pass imaginary lines to the 
circular points. So that a pair of circular lines is both a 
circle and a pair of lines. 

5. Concentric circles have double contact, the line at infinity 
being the chord of contact. 

For all circles which have C as centre, touch Coo at 00 
and Coo ' at 00 ^ 
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Sx. L Every aemicwrde is divided harmonically by the circular points. 



2. The circle which circumscribes a triangle which is seif^conjugaie for a 
rectangidar hyperbola passes through the centre. 

For five of the vertices of the two triangles consisting of the given 
triangle and Coo oo ^ lie on the circle. 

Xhc. d. Gaskin's theorem. The circle dbout a triangle s^f conjugate for a 
conic is orffiogonal to the director. 

Let F be a common point of the circle and the director. Let the 
polar of V for the conic meet the circum-circle in o, o' ; Too , Foo ' in 
i, ^ ; and the tangent at F to the circum-circle, and oo oo ^ in 7, y. 
Then Yojof is a self-conjugate triangle. Hence wt! are conjugate points 
for the conic. Again, Foo » Foo ' are conjugate lines, for the tangents 
from F are orthogonal ; hence &W are conjugate points. And {oa!^ /3/9^, 
ff) is an involution. Hence y)f are conjugate points. Hence the polar 
of y passes through 7. Now V is at infinity, hence its polar F7 passes 
through C ; i. e. the tangent to the circum-circle at F coincides with 
the radius of the director circle. 



:. 4. The axes qfany one </ the system of conies through four given points 
on a cirde are in fixed directions. 

Take any point F and join F to the points at infinity AA', BBf, . . . 
on the conies. Then V{AA'j BS^,„.) is an involution pencil parallel 
to the asymptotes. But Foo , Foo ' is one pair, corresponding to the 
circle. Hence the double lines are at right angles, and therefore bisect 
the angles AVA'^ BVB^y .... Hence the axes are parallel to these double 
lines, and therefore are in fixed directions. 

IjX. 6. TiDo conies are placed toifh their aoces paraUet; show that their four 
meets are coTu^ydic. 



:. 6. Give a descriptive proqf of the property qf the director cirde qf a 
conic 

Let A and B be any fixed points, and let PA and PB be any two 
lines through A and B which are conjugate for a conic. Draw the 
polar & of B cutting PA in Q. Then Q is the pole of PB. Hence 

A(P)^A{Q)^{Q)^B{P). 

Hence the locus of P is a conic through A and B. 

Now let R be any point on the director circle. Then Rco , i^oo ^ are 
conjugate for the conic, since the tangents from J2, being perpen- 
dicular, are harmonic with Reo , jRoo \ Hence the locus of i2 is a conic 
through 00 and 00 ^, i. e. is a circle. 

6. If the pendl V{ABG ^ ) be turned bodily through cmy 
a/ngle about Vmto the position F(-<i'jB'C...), then the common 
lines of the two homographic pencils V{ABG.,.)and V{A^B'C't*-) 
are the circular lines through F. 

The pencils, being superposable, are homographic. Hence 
if they cut any circle through Fin abc ... and a'Vc'. ..., the 
two ranges {abc.,.) and {ofbY »..) on the circle are homo.- 
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graphic. One point on the homographic axis of these ranges 
is the meet of M and a'\>. But these lines are parallel. 
Hence this point is at infinity. So every point on the axis 
is at infinity. Hence the common points of the ranges 
{dbc ,..) and (a^&V ...) are the meets of the circle with the 
line at infinity, i e. are oo go ^ Hence the common lines of 
the pencils Y(ABC..,) and F(A'JB'C'...) are Foo, Foo'. 

Hence — The legs of a consia/nt cmgle divide the segment joining 
the circular points in a constant cross ratio. 

Let the constant angles be ALA\ BMB", CNCy .... 
Through any point F draw a circle and let parallels through F 
to LA, MB, NC, ..., LA% MB", NC... cut this circle in 
a^h^c,..,, a% V, c'. . , . Then, as above, oo oo ' are the common 
points of the homographic ranges {abc ...) and (a'&V...) on 
the circle. Hence 

(oO 00 ', aa*) = (OO 00 ', 1)1/) = (oO 00 ', cc') = .... 

Hence F(oo oo ' aa') is constant* But the parallel lines LA 
and Ya cut oo oo ^ in the same point j so LA^ and Vc^ cut 
00 00 ' in the same point. Hence i (oo oo ', AA') is constant. 
Hence LA and LA' divide the segment oo oo ^ in a constant 
cross ratio» 

7. Coaocal circles are a system of four-point conies. 

For two circles meet in two points (real or imaginary) 




on the radical axis and also in the circular pointa The 
adjoining ideal figure explains the relation of coaxal circles 
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to the circular points, A and B are the confhion finite 
points on the radical axis, and 12 is the point at infinity on 
the radical axis. 

L and U are the limiting points. For since LA and LB 
are circular lines through A and j&, X is a point-circle of the 
system. So for L\ Also JjL'Q* is the common self-conjugate 
triangle of the coaxal system. 

Foci of a Conic. 

8. T^oery conic has four foci, which arc inside the conic and 
lie two on each axis, those on either axis being equidistant from 
the centre. 

The tangents from a focus of a conic to the conic are the 
double lines of the involution of conjugate lines at the focus, 
i. e. are the double lines of an orthogonal involution, i. e. are 
circular lines, i e. pass through 00 , 00 ^ Hence a focus is an 
internal point, since the tangents from it are imaginary. 

Also every intersection 8 of the four tangents from 00 , 00 ' 
to the conic is a focus of the conic. For £foo , 5oo ' being the 
tangents from 8 and also circular lines, the involution of 
conjugate lines at 8 is orthogonal, i e. iS is a focua Hence 
the foci of a conic are the other four meets of tangents to the 
conic from 00 and 00 '. 

Consider the adjoin- 
ing ideal figure. Here 
SS^FF' are the fod. 
Also C is the centre ; 
for the lines 8S, FF, 
o:i oQ^ form a self-conju- 
gate triangle, hence G 
is the pole of 00 00 ^ 
Again, 8^ and FF^ are 
the axes. For 

C(oooo',iSfJP) 
is a harmonic pencil 
(from the quadrangle 
SF8'F') ; hence 88" and FF are orthogonal Hence 81^ 
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and FF\ being orthogonal conjugate lines at the centre, 
are the axes. Hence the foci lie two by two on the 

axes. 

Again, FF cuts 00 00 ' in a point 11, such that (Ci2, FF") 
is harmonic; hence C bisects FF\ So C bisects SS'. 

Hence the foci on each 
axis are equidistant from 
the centre. 

It will be instructive 
to draw an ideal pic- 
ture showing the rela- 
tion of a parabola and 
of a circle to its focL 

In the case of a para- 
bola 00 00 ^ touches the 
conic. Hence F' coin- 
cides with 00' and F 
with 00 . Also C and 
S' coincide at the point 
of contact of 00 00 '. 

In the case of a 
circle, 00 and 00 ' are on 
the conic ; and all the 
foci coincide with the 
centre C. 

Sx. 1. The sides of a triangle ABC touch a conic a and meet a fourth tangent 
to a in A'B^Cf ; show that the doutHe lines of the iamodtutvm subtended by {AA% 
BB', CCf) ai a focus are perpendicular. 

Being conjugate lines at a focus. 

Sx. 2. The circle described aJbout a triangle which dreumscribes a parabola^ 
passes through the focus. 

For fiye of the vertices of the two triangles consisting of the given 
triangle and Soo co ^ lie on the circle. 

Sz. 3. A cirde is drawn U)ith centre on the directrix qf a parabola to pass 
through the focus. At Rj one of the meets of Pie parabola and the cirde, are 
drawn the tangents to the circle and pardbolaj meeting the parabola atui cirde 
again in P and Q. Show that PQ isa common tangent to the two curves. 

Let be the centre on the directrix, and let the tangents from O 
to the parabola meet the line at infinity in A and A^ Then con- 
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sidering the triangles OtiCi' and Scooo^} we see that the conies are 
related as in Ex. 14 of XTV. a. 

9. The fod on one axis (called the focal axis) are real, and 
the foci on the other axis (called the nonrfocal axis) are 
imaginary. 

Take any point P, and through P draw the orthogonal 
pair of the involution of conjugate lines at P, cutting one 
axis in G and H and the other axis in g and h. Then P6r 
and PH are harmonic with Poo and Poo ' since GPH is a 
right angle, and vdth the tangents from P since PG and 
PH are conjugate. Hence PG and PH are the double lines 
of the involution P(oo 00', S^, FF') to which the tangents 
belong. 

Hence P (SS", GH) and Pi^FF", gh) are harmonic. And 
C bisects SS" and FF\ Hence CS'^CG, CH and 

CF^=Cg.Ch. 

But on drawing the figure, we see that if CG and CH are 
of the same sign, Cg and Ch are of opposite signs. Hence, 
taking CG . CH positive, CS^ is positive and CF^ is nega- 
tive. Hence S and S^ are real and F and F^ are imaginary. 

Six. L Show that gh subtends a right an^e at S and ai S', 

Now Cg.Ch = —CQ.CHhj elementary geometry '^-CS^ = CS. CS^. 
Hence SS^gh lie on the circle whose diameter is gh. 

"Ex.. 2. Any line through is co^pigate to the perpendiadar line through H; 
and the same is true ofg and h. 

XjX. 8. In a parabola, 8 bisects OH. 

10. Confocal conies are a system offour^angent conies. 

For if S and S' be the real foci, the conies all touch the 
lines Soo , S^ao , Sao ', and S^ao \ 

Hence, the tangents from any point to a system of confocals 
form an involution^ to which belong the pairs {PSy PS% 
(PF, PF') and (Poo , Poo 0, -P ^^ i^ given point. 

Through every point ca/n he drawn a pair of lines which are 
conjugate for every one of a system ofconfocals> 

s 
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Viz. the double fines Pff, "BB. of the above involution. 

PG^ (md PH are perpendiadar. 

For they are harmonic with Poo , Poo '. 

The pairs of tangents from any point to a system of con- 
focdls and the focal radii to the point have a common pair of 
bisectors. 

For the double lines FG and PH of the involution are 
perpendicular. 

SSz. 1. In aparabdUtj PG and PH are the bisectors 0/ the angles between PS 
and a parallel through P to the axis. 

Sz. 2. From a given point 0, lines are drawn to touch one 0/ a system qf 
cov^focal conies in P and Q ; show thai PQ and the normals at P and Q touch a 
fixed parabola which touches the axes of Uie cot\focals. 

Viz. the polar-envelope of the point for the system of four-tangent 
conies. The normal PQ at P touches the polar-enyelope, because it is 
conjugate to OP for every conic of the system. Also co oo ' and the 
axes touch, since they are the harmonic lines of the quadrilateral. 

Sx. 8. The directrix of the parabola is CO, C being the common centre. 

For the tangents at to the two confocals through are two positions 

ofpg. 



4. The cirde about OPQ passes through a second Jixed point. 

Let the normals at P and Q meet in R. Then the circle about OPQ 
is the circle about PQR, which passes through the focus of the para- 
bola. 

Ex. 6. The locus of the orthocentre of PQR is a line. 
Viz. the directrix of the parabola. 

Ex. 6. Hie conic through OPQ and the foci passes through a fourth fixed 
point. 

Let the perpendiculars at <S, S^ to OS, OSf meet in U. Then 

s{uo, PQ) = s" (uOy pg) - -I. 

11. ITic locus of the poles of a given line for a system of con- 
focals is the normal at the point of contact of the given line with 
a confocal. 

For let the given line I touch a confocal ^t P, and let PG 
be the normal, and PH{= I) the tangent to this confocal. 
Then PG and PH are perpendicular. Hence P(GH, oo 00 ') 
is harmonic. But PH is one of the double lines of the 
involution of tangents from P to the confocals, being the 
pair of coincident tangents from P to the confocal which 
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Pff touches. And Poo , Poo ' is a pair of this involution. 
Hence IPGr is the other double line. Hence P6r and P^, 
being harmonic with every pair of tangents, are conjugate 
for every confocal. Hence the locus of the poles of I 
ia PG. 

Reciprocation of circular points and lines. 

12. Circular lines are the double lines of the orthogonal 
involution at a point P. Hence, the reciprocal of a pair of 
circiUar lines is a pair of points on a line p which are the 
double points of the involution on the line which subtends 
an orthogonal involution at the origin of reciprocation, 
in other words, are the meets of p with the circular lines 
through the origin of reciprocation. 

Circular points are the points on the line at infinity which 
are the double points of the involution on the line at infinity 
which subtends an orthogonal involution at 0. Hence tfie 
reciprocals of the circular points are the double lines of the 
orthogonal involution at 0, i. e. are the circular lines through 
the origin of reciprocation. 

The reciprocal of a circle for the point is a conic with focus 
atO. 

For since the circle passes through the circular points, 
the reciprocal touches the circular lines through 0, Le, is 
a focus of the reciprocaL 

To reciprocate confocal conies into coaocal circles. 

Confocal conies are conies inscribed in the quadrilateral 
Sco , iS'oo , /Soo % S^ao \ Eeciprocate for S. Then since Sx , 
^00 ' touch the given conies, the circular points lie on the 
reciprocal conies, i. e. the reciprocal conies are circles. Also 
the given conies have two other common tangents ; hence 
the reciprocal conies have two other common points, i. e. are 
coaxal circles. 

To reciprocate coaxal circles into confocal conies. 

Coaxal circles are conies circumscribed to the quadrangle 
ji^oo 00 '. (See figure of § 7.) Eeciprocate for Z. Then 

s 2 
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the given conies pass through four fixed points, two on each 
circular line through the origin of reciprocation. Hence the 
reciprocal conies touch four fixed lines, two through each 
of the circular points ; i. e. the tangents to all the reciprocal 
conies from 00,00^ are the same, L e. the reciprocal conies are 
confocal. 



CHAPTER XXIX. 



PROJECTION, BEAL AND IMAGINABY. 



1. To project a given conic into a circle cmd at the same time a 
given line to infinity. 

Take K, the pole of the given line I which is to be projected 
to infinity. Through K draw two pairs of conjugate lines 
cutting I in AA\ BB'. 

On AA' and BB' as diameters describe circles cutting in 
V and F'. About A A' rotate 
Fout of the plane of the paper. 
With Fas vertex project the 
given figure on to any plane 
parallel to the plane VAA\ 

Then KA will be projected 
into a line parallel to VA, and 
KA' into a line parallel to VA\ 
Hence AKA' will be projected 
into a right angle. So BKB' 
will be projected into a right 
angle. Again, since KA and 
KA' are conjugate for the given 
conic, their projections will be 

conjugate for the conic which is the projection of the given 
conic. So KB and KB' will be conjugate in the figure 
obtained by projection. Again, K is the pole for the given 
conic of the given line I which is projected to infinity. 
Hence in the second figure, K is the pole of the line at 
infinity, i. e. is the centre of the conic. 
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Hence in the second figure KA^ KA' and KB^ KB^ are 
two pairs of orthogonal conjugate lines at the centre, i.e. the 
second conic has two pairs of orthogonal conjugate diameters. 
Hence the second conic is a circle. 

2. The above construction fails when the line to be 

projected to infinity is the line at infinity itself. The 

I- 

problem then becomes — 

To jprojed a given conic into a circle, so that the centre of the 
conic may he projected into the centre of the circle. 

If the conic is an ellipse, this can be done at once by 
Orthogonal Projection. If the conic is a hyperbola, we must 
use an imaginary Orthogonal Projection. If the conic is 
a parabola, the projection is impossible. 

"Ex. Project a system of homotheHc conies into cirdes. 

3. To project a given conic into a circle and a given point into 
its centre. 

Take K to be the given point and I its polar. 

To project a given conic, so that one given point may he pro- 
jected into the centre a/nd another given point into a focus. 

To project L into the centre and K into a focus, take I in 
the above construction to be the polar of L instead of the 
polar of K, using K and I as before. Then L is projected 
into the pole of the line at infinity, i. e. into the centre, and 
K is projected into a point at which two pairs of conjugate 
lines are orthogonal, i. e. into a focus. 

To project a given conic, so that two given points mo/y he pro- 
jected into its fod. 

To project K, K^ into the foci. Take L and i', the double 
points of the involution {PP', KK), P and P' being the 
points in which KK' cuts the conic. Now project K into a 
focus and L into the centre. Then {KK\ LL^) is harmonic ; 
also i' is at infinity, for since {PP\ LL^) is harmonic, i' is 
on the polar of L. Hence KK^ is bisected at L, i. e. JT 
is the other focus. 

£x. 1. Project a given conic in a given plane into a circle in another 
given plane. 

Take the line AA^ parallel to the intersection of the two planes, and 
take V in the plane through AA' parallel to the second plane. 
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XiX. 2. Project a given conic into a parabola, and a given point into its focus, 
and a given point on the conic irdo the vertex of the parabola. 

Suppose we want to project S into the focus, and P into the vertex 
of a parabola. Let SP cut the conic again in P^. Take the tangent at 
P^ as vanishing line. 

!E!x. 3. Project a given conic into a rectcmgiUar hyperbola, and a given point 
into a focus. 

Let two conjugate lines at S cut the conic in P and P^. Take PP' as 
vanishing line. 

4. In the fundamental construction of § i, if the point K 
be outside the conic, the pencil of conjugate lines at JT is not 
overlapping ; hence the segments AA\ BB^ do not overlap ; 
hence the points Y and V are imaginary. In this case we 
say that the vertex of projection is imaginary, and that we 
can by an imaginary projection still project the conic into a 
circle and I to infinity. Also by the Principle of Continuity 
proofs which require an imaginary projection are valid ; in 
fact we need not pause to inquire whether the projection 
is real or whether it is imaginary. 

Prove Pascals theorem hy projection. 

See figure of XV. i. Project MN to infinity and the 
conic into a circle. Then in a circle we have AB parallel to 
BE, and BG parallel to EF^ It follows by elementary 
geometry that AF is parallel to CD. Hence in the original 
figure L is on MN, 

XSz. L Prone by Projection that the hamumic triangle (i) qf an inscribed 
quadrangle, (ii) of a circumscribed quadrilateral are self-conjugate for the 
conic. 

Project in each case into a parallelogram. Notice that a parallelo- 
gram inscribed in a circle must be a rectangle. 

SjX. 2. A, B, C, D are four points on a conic. Show thcut the harmonic 
triangle qf the quadrilateral AB, BC, CD, DA is generally not self-conjugate, 

Sx. 3. Show that the harmonic triangles of a quadrangle inscribed in 
a conic and of the quadrilateral of tangents out the vertices of the quadrangle are 
coincident, 

Ex. 4. A, B, C, D, A% B^, (f, 2/ are eight points on a conic. AB, CD, A'B^ , 
(fD^ are concurrent, and so are BG, DA, BfC^, D^A^ ; show that CA, DB, CfA^, 
D^B^ meet in a point, and thai a conic can be draion UyuxMng A' A, B^B, 
ac, D^D at A, B, C, D, 

Ex. 5. The chords PP^, QQ^ REf, S8^ of a conic meet in 0. Show that the 
two cmics OPQRS and OP^QfR^Sf touch at 0. 

Project the conic into a circle and into its centre. Then the two 
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conies are the reflexions of one another in 0. Hence the tangents at 
coincide. 

Sz. 6. JS tnoo homcHogofus triangles be inscribed in {or circumscribed to) a 
conic, the c. qfh. is the pole of Vie a. qfh. 

Project the polar of the c. of h. to infinity and the conic into a circle. 
Then in the new figure each triangle is the refiexion of the other in the 
centre. Hence the sides are parallel. Hence the a. of h. is at 
infinity ; i. e. the a. of h. is the polar of the c. of h. Hence the same 
is true in the original figure. 

SjZ. 7. Ttoo ?iomologous triangles are inscribed in (or circumscribed to) 
a conic ; show that any trans/oersal through the centre of homology cuts the sides in 
pairs of points in involution. 

Sx. 8. Beciprocate Ex. 7. 

Ex. 9. A is a fixed point; P is any point on its polar for a given conic ; 
the tangents from P meet a given line in Q, R. Sfiow that the meets of AR, PQ 
and ofAQ, PR lie on a fixed line. 

Project the conic into a circle and A into its centre. 

Ex. 10. The lines joining the vertices of a triangle ABC inscribed in a conic to 
a point meet the conic again in a, b, c ; and Ab, Be, Ca meet the polar of in 
R, P, Q. Show that the lines joining any point on the conic to P, Q, R meet BC, 
CA, AB in colUnear points. 

Ex, U. The lines AB and AC touch a conic at B and C. The lines PQ and 
PR touch the conic at Q and R. Show by Projection that the six points 
A, B, C, P, Q, R lie on a conic. Through A is drawn a line cutting the conic in 
L and M and cutting QR in N, and a point U is taken such that (LM, NV) = — i. 
Show that U lies on the conic ABCPQR. 

Ex. 12. If from three coUinear points JT, Y, Z pairs (\f tangents be draum to 
a conic, and if ABC be the triangle formed by one tangent from each pair, and 
JDEF the points in which the remaining three tangents meet any seventh tan/gent, 
the lines AB, BE, CF meet at a point on JTTZ. 

Reciprocating, we have to prove the theorem — * If AOA^, BOA', COCf 
be chords of a conic, and P any point on the conic, then the meets of 
AB, PCf, of BC, PA', and of CA, PB' lie on a line through 0.* Project 
to infinity the line joining to the meet of AB, PCf, and at the same 
time the conic into a circle. The theorem becomes — ' If AA% BBf, CC^ 
be parallel chords of a circle and P a point on the circle such that PCf 
is parallel to AB, then PBf is parallel to CA and PA' to BC* This 
theorem follows by elementary geometry. 

Ex. 13. ABC is a triangle inscribed in a conic of which is the centre. OA', 
OB^, DC bisect BC, CA, AB. Through P, any point on the conic, are draum lines 
paraUel to OA', OB', OC meeting BC, CA, AB in X, Y, Z; show that X, Y, Z 
are coUinear. 

By an Orthogonal Projection, real or imaginary, project the given 
conic into a circle with as centre. Then in the circle, OA' is perpen- 
dicular to BC, OB' to CA, and OCf to AB. Hence the theorem becomes — 
*■ The feet of the perpendiculars drawn from any point situated on a 
circle upon the sides of a triangle inscribed in the circle are coUinear.' 

Ex. 14. Reciprocate Ex. 13. 

Ex. 15. Through a fixed point is draum a chord PP' qfa conic ; show that 
the locus of the middle point ofPP' is a homothetic conic through and through 
the points of contact of tangemtsfrom 0. 
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5. To prqjed cmy two given vmagmary points into the circular 
points^ 

Let the two imaginary points E, F be given as the double 
points of the overlapping involution (AA\ BB"). Take any 
point K in the given plane and proceed as in § i to project 
the angles AKA' and BKB' into right angles and AA' to 
infinity. Then KE and KF are the double points of the 
orthogonal involution K{AA\ BB'\ and E and F are at 
infinity ; hence E and F are the circular points. 

If E and F are real points, we can project them into the 
circular points by an imaginary projection ; and proofs in 
which imaginary projection is employed are valid by the 
Principle of Continuity. 

To project a/ny two imaginary lines into a pair of circular 
lines. 

Let the given lines KE, KF be defined as the double lines 
of the involution K{AA\ BB'). Draw any transversal 
AA'BB^. Then proceed as in § i to project the angles AKA^ 
and BKB^ into right anglea Then KE and KF, being 
the double lines of an orthogonal involution, are circular 
lines. 

To project any conic into a rectangular hyperbola. 

Project any two conjugate points into the circular points. 

To project a system of angles which cut a given line in two 
homographic ranges, into equal a/ngles. 

Project the common points into the circular points. 

!Bx. 1. Deduce the construction for draunng a conic to touch three lines and to 
pass through two points from the construction for drawing a circle to touch 
ihree lines. 

XjZ. 2. The pole-locus of fofuur given points A, B, C, D and a given line I, 
touches the sixteen conies which can he drawn through the common conjugate 
points on I to touch the sides qfone of the triangles ABC, ACJ), ADB, BCD. 

Project these conjugate points into the circular points ; then I goes 
to infinity. Also AD, BG meet the line at infinity in points harmonic 
with the circular points ; hence AD, BC are perpendicular. Similarly 
BD, AC are perpendicular, and also CD, AB, Also the pole-locus 
becomes the nine-point circle of each of the four triangles ; and this is 
known to touch any circle which touches the sides of any one of the 
four triangles. 
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6. To project any two conies into circles. 

Project any two common points into the circular points^ 
or project one conic into a circle and a common chord to 
infinity. 

There are six solutions, as there are six conmion chords. 
But the projection is only real if we take a real common 
chord which meets the conies in imaginary points, for the 
line at infinity satisfies these conditions. 

To project a system of four-point conies into a system of coaxal 
circles. 

Proceed as above. 

"Ex. 1. Points P, Q, R are taken on BC, CA, AB, and conies are described 
through AQRLM, BRPLM^ CPQL3f, where L, M are any two points. Show that 
these covwis meet in a point. 

Project LM into the circular points. 

Sx. 2. Given two kingents and two points on a coniCj Vie locus qf (he meet of 
the tangents at these points is tux) lines. 

Sx. 3. Two conies pass through ABCD. AEF, BGH cut the conies in 
EG, FH ; show that CD, EG, FH are concurrent 

£x. 4. A variahle conic passing through four fixed points A, B, C, D 
meets a fixed conic through AB in PQ ; show that PQ passes through a 
fixed point. 

Ex. 5. Af B, Cj D are four fixed pdnJts on a fixed conic, BCy DA meet in F, 
and AB, CD meet in G, A variable conic through ACFG cuJts the fixed conic 
again in PQ. Show that PQ passes through the pole qf BD for the fixed 
c<mic. 

Sx. Q,Ifa conic pass fftrough two given points and touch a given conic at a 
given point, its chord of intersection with the given conic passes through a 
fixedpoint. 

Ex. 7. On each side (J7W) of the common Sf^-conjugate triangle of two conies 
lie two common apexes {BBf) and the two poles {PP^ and QQf) qf itco common 
chords (be and ad) of the conies. Also {PP^, BBT) and {QQf, BBf) are 
harmonic. 

See figure of XIX. 8. B, B^ lie on UW because BB^ and UW are both 
sides of the self- conjugate triangle. P, P' lie on VW because be passes 
through F ; so Q, Q' lie on JJW. Now project be into the circular points. 
Then P and P' are the centres of the circles, and B and Bf are the 
centres of similitude. Hence {PP', BB^) = — i. So by projecting ad 
into the circular points, we prove that {QQ^, BBf) « — i. 

Ex. 8. Bedprocoite Ex, 7. 

Ex. 9. Of two circles, the poles of the radical axis and the centres of similitude 
form a harmonic range. 

Ex. 10. If tangents be drawn from any point on any common chord of 
two conies, touching one conic in AB and the other in CD j show ffiat the lines 
AC, AD, BC, BD meet two by two in the common apexes corresponding to 
the common chord. 
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Sz. IL Jf ihrough any common apex of two conies a line be drawn cutting 
the conies in the points AB and CD, at which the tangents are ab and cd ; show 
thoit the points ax;^ ad^ bCj bd He two by tun on the corresponding common 
chords, 

'Ex.. 12. If the joins of any point on any common chord of two conies to 
the poies of this chord cut the contcs in AB and CD; sAotr that the lines 
AC, ADy BCy BD meet two by two in the common apexes corresponding to the 
common chords. 

"SSx, 18. ]f three conies have two points in common, the opposite common 
chords qfthe conies taken in pairs, are concurrent. 

Sx. 14. If three conies have two points in common, the three pairs qf common 
apexes corresponding to the chord lie three by three on four lines. 

"Ex. 16. Reciprocate Ex. 13 and Ex. 14. 

SiZ. 16. Two conies a and /3 meet at B, C, and touch at A. DEG touches a 
at E and fi at 0. DFH touches a at F and fi at H. Show that EF, BC, GH 
meet (<xt K say) on the tangent at A, and that the poles qf BC for a and 
lie on DA and divide it ?iarmonically. Show also thai 

A {KD, BC) = D{AK, EF) ^ K{FH,AC) = -i. 

Six. 17. Tho envdope of a line which meets two given conies in pairs 
tf harmonic points is a conic which toucfies Uie eight tangents to the conies 
at their meets. 

Let the conies meet in ABCD, Project AB into the circular points. 
Then by Ex. a of III. 6, the envelope of the line is a conic which 
touches the four tangents at C and D. So by projectinK CD into the 
circular points, we prove that the envelope touches the tangents 
at A and B. 

Ex.. 18. Proce Ex. it by one projection. 

Ex, 19. If the given conies be two parabolas with axes parallel, the envelope 
is a parabola urith axis parallel to these axes. 

Ex. 20. The locus of a point the tangents from which to two given conies are 
pairs of a harmonic pencil is a conic on which lie the eight points in which the 
given conies touch their common tangents. 

Ex. 21. Tux> equal circles touch. Show that the locus of a point, the pairs qf 
tangents from which to the cireles are harmonic, is a pair qf lines. 

For if the circles touch at A and the common tangents touch 
them at BC, DE, the lines BAE, CAD contain the eight points, four 
being at A. 

Ex. 22. ^SA, SA', S^A, &A' be the common tangents qftwo circles ^ S and 
S^ being the centres qf simUiiude, and if the angles at A and A' be right, show 
that the above locus breaks up into a pair of lines. 

For the four polars of the other two common apexes bisect the 
angles between SS^ and AA\ 

Ex. 23. The tangents to a system offour-point conies at their meets form four 
homoffraphic pencils. 

Ex, 24. Beciprocaie Ex. 23. 

Ex, 26. If two conies be so situated tf^at two qf their meets AB subtend 
at another meet C an angle which divides harmonically the tangents at C, the 
same is true for AB at D, for CD at A, and for CD at B. 
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Apply Ex. 33 to the four conies consisting of the two given conies 
 and the pair of lines AC, BD and the pair AD, BC. 

XiX. 26. In 8uch comes, 1M envelope qf the lines which divide the two conies 
hartnoniccUly degenerates into two points. 

£x. 27. Reciprocate Ex. 95 and Ex. a6. 

!Bx. 28. Four parabolas are drawn toith their axes in the same direction 
to touch the four triangles formed hyfo/uar points ; show that they have a common 
tangent, 

A particular case of the more general theorem — 'Four conies are 
drawn to touch two given lines and to touch, &c.' 

Beciprocate, and project the given points into the circular points* 

XiZ. 29. A polygon is inscribed in one qf a system of four-poirU conies, and 
each side but one Uniches a conic of the system ; show thctt the remaining side 
also touches a conic qf the system^ 

For the theorem is true for coaxal circles by Poncelet*s theorem. 
XiX. 30. Reciprocate Ex, 29 ; arid deduce a property ofconfocal conies. 

7. To project any two conies into confocal conies. 

Let the opposite vertices of the quadrilateral circumscribed 
to both conies be AA', BJB^y C(7'. Project AA' into the 
circular points ; then the conies have the foci BB\ CC in 
common, ie. are confocal. 

To project a system of conies inscribed in the same quadrilateral 
into confocal conies. 

Project a pair of opposite vertices of the circumscribing 
quadrilateral into the circular points. 

£x. 1. A variaNe conic Umches four fixed lines ; from the fixed points B, C 
taken on two qf these lines the other tangents are drawn ; find the locus of their 
meet. 

Project BC into the circular points. 

£iX. 2. The line PQ touches a conic. Find the locus of the meet qf tangents qf 
the conic which divide PQ (i) harmcnicaUy, (ii) in a constant cross ratio, 

"Ex. 9. If a series of conies be inscribed in the same quadrilateral of which 
A A' is a pair of opposite verticeSj and from a fixed point 0, tangents OP, OQ be 
drawn to one of the conicSy the conic drawn through OPQJlA' wiU pass through a 
fourth fixed point. 

Project AA^ into the circular points, and see Ex. 4. of XXYIII. la 

SiX. 4. Beciprocate Ex. 3. 

Sx. 5. Xf two conies be inscribed in the same quadrilateral, the two tangents 
at any of their meets cut any diagonal qf the quadrUoiteraZ harmonically. 

Ex. 6. Given the cross roitio ofapencUy three of whose rays pass through fixed 
points and whose vertex moves along a fixed line, the envelope of the fourth ray is a 
conic touching the three sides qfthe triangle formed by the given points. 
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SiX. 7. ThA hxMA of the point where the intercept of a variaMe tangent of a 
centrcU conic between two fixed tangents is divided in a given ratio is a hyperbola 
whose asymptotes are parallel to the fixed tangents. 

This is a particular case of the theorem — 'If a tangent of a conic 
meet two fixed tangents AB, AC in P, Q and a fixed line I in Uj and if 
B be taken such that (PQ, BU) is constant ; then the locus of i2 is a 
conic through the meets By C of I with the fixed tangents/ To prove 
this project BC into oo oo ', Then we have to prove that — * If through 
the focus S of a conic, a line SB be drawn making a given angle with 
a variable tangent QB, then the locus of 12 is a circle/ This can be 
proved by Geometrical Conies. 

8, To project any two conies into homothetic conies. 

Project any common chord to infinity. The new conies 
wUl pass through the same two points at infinity, and hence 
are homothetic. (See XIX. 1 1, end.) 

To project a/ny two conies which have double contact into homo- 
thetic and concentric conies. 

Project the chord of contact to infinity. The pole of the 
chord of contact projects into the conmion centre. 



The point V ona conic is connected toith tioo fixed points L and M. Show 
that chords of the conic which are divided JiarmonicaUy by VL and VM pass 
through a fixed point 0. Also as V varies, the locus of is a conic touching the 
given conic at tv?o points on the join qf the fixed points L and M. 

9. To project a/ny two conies having double contact into con- 
centric dreles. 

Project the two points of contact into the circular points* 
Then the conies will both pass through the circular points, 
i.e. will both be circles. Also they will both have the same 
pole of the line at infinity, i.e. they will be concentric. 

SiX. 1. Conies having the same focus and corresponding directrix can be pro- 
jected into concentric circles, 

Por the focus S has the same polar, and the tangents from S are the 
same. Hence the conies have double contact. 

XSx. 2. Through the fixed point is drawn a chord CAB of a conic, and on 
OAB is taken the point P such that {OABP) is constant. Find the locus qfP. 

10. The lines which join pairs of corresponding points of two 
homographic ranges on a coniCy touch a conic having double 
contact tvith the given conic at the common points of the ranges. 

Let (ABC.) and (A'^'C..,) be the two homographic 
ranges, and E, F their common points. Project the conic 
into a circle and the homographic axis EF to infinity. Then 
Ef F are projected into the circular points. 
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Now in the second figure, AB' and A'B meet on the 
homographic axis. Hence AV and A'B are parallel So 
AC^ and ^"^Oare parallel, and so on. Hence the arcs AA\ 
BB^y CC\ ... are all equal. Hence the envelope of A A' is 
a concentric circle, i.e. a circle having double contact with 
the circle which is the projection of the given conic at 
the circular points E, F. Hence in the original figure the 
envelope of AA' is a conic having double contact with the 
given conic at the double points of the two homographic 
ranges. 

SjX. 1. Ttoo conies have double contact, and a tangent to one conic meets the 
other conic in A and A'. Show thtxt A and A' generaite homographic ranges, and 
find the common points of these ranges. 

'Ex.. 2. // {ABC.) and {A^ &€',..) he two homographic ranges on a conic, 
show that the locus of the poles (^ AA', BB>, „, is a conic having double contact 
toUh the given conic, 

XjX. 3. TTie points of contact qf the tangents AA% BBf, CC\ ... form a range 
on the envelope homographic ivith the ranges ABC... and A'BfC'.... 

ISz. 4. Show that the tangents cU ABC... and A'BfC^ ... cvi^ the homographic 
aods in homographic ranges. 

For equal angles cut the line at infinity in homographic ranges. 

'Ex. 6. If be the pole qfthe homographic axis qfthe two homographic ranges 
on a conic, then 0{ABC,..) = 0{AfBfC\..). 

Ex. 6. IfaJllut one of the sides of a polygon pass through fixed points and 
all the vertices lie on a conic, then Vie envdope qf the retnaining side is a conic 
having double contact with the given conic. 

For the last side determines homographic ranges on the conic. 

Ex. 7. If all hut one of the vertices of a polygon move on fixed lines and all 
the sides touch a conic, the locus of the remaining vertex is a conic having double 
contact luith the given conic. 

Ex. 8. Two sides qf a triangle inscribed in a conic pass through fixed points ; 
show that the envelope qfthe third is a conic touching the given conic at the meets 
of the given conic with the join of the given points.. 

Six. 9. A triangle PQR is inscribed in a conia; PQ, PR are in given dtrso 
tion ; show that QR envdopes a conic. 

En. 10. The envelope of chords of a conic which subtend a given angle at a 
given point on the conic is a conic having double contcut unth the given conic 

Ex. 11. A, B care tico fixed points on a conic, and P, Q tun varidble points 
on the conic such that {AB, PQ) is constant j show that PQ envelopes a conic which 
touches the given conic at A and B. 

Ex. 12. Show also UuU the U)cus qf the meet qf AQ and BP, and the locus of 
the meet qf AP and BQ, are both conies having double contact with the given conic 
cU A and B. 

For A {ABQ. ..) ^B (ABP. ..) and A {ABP. . .) - ^ UBQ. . . ). 
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:. 13. Inscribe in a given conic a polygon qfany given number of sides, each 
side qf which shall touch some Jtced conic having double contact loith the given 
conic. 

SSz. 14. J^ tangents he drawn from points on a conic to a conic having double 
contact wi^ it, the poirUs of contact generate homographic ranges on the conic, 

XSx. 16. A conic is drawn through the common points E, F qf tux) homographic 
ranges A, B, C, ... and A', Bf, C^, ... on the same line. A pair of tangents 
moves so as to pass through a pair qf points qf these ranges. Shmo that the points 
of contact generate homographic ranges on the coniCj whose common points are E 
and F, 

"Ejl. 16. ^290 ifPbe any point, and PA cut the conic in act, and A' a cut 
the conic in of; show that oaf generate homographic ranges en the conic, 

XjX. 17. Through a point P is drawn a chord cutting a conic in a a, and a 
point a' is taken on the conic such that the angle aaa' is constant; show that aa' 
generate homographic ranges. 

Here AB...A'Pf... is at infinity. 

Sz. 18. BjedprooatA exan^es 15,16 and 17. 

SSx. 19. Jftioo conies a and fi have douible contact at the points L and M ; 
and throfugh LM be described any conic y, then the opposite two common chords of 
ay and fiy meet on LM. 

Sx. 20. Any angle whose legs pcus through L and M respectively, intercepts 
chords on a and fi which meet on LM. 

A particular case of Ex. 19. 

Six. 21. V ^^^ hyperbolas have the same asymptotes, any tujo liries parallel to 
the asymptotes intercept parallel chords qf the hyperbola. 

Six. 22. Any two lines parallel to the asymptotes qf a hyperbola intercept 
parallel chords on the hyperbda and its asymptotes. 

XSx. 28. Reciprocate Ex. aa. 

Ex. 24. If tangents at the two points P, Qon one qf two conies having double 
contact at L and M meet the other in AB and CD, show thai two qf the chords AC, 
AD, BC, BD meet PQ on LM, and the other two meet PQ in points UV such that 
a conic can be drawn touching these chords at U and V and touching the conies at 
L and M. 

Sx. 25. Bedprocate Ex. 94. 

XiX. 26. If a tangent to a conic meet a homothetic and concerUric conic in P 
and P', show that CP and CP' generate homographic pencils whose common lines 
are the common asymptotes, C being the common centre. 



CHAPTEE XXX. 

GENEEALISATION BY PROJECTION. 

1. In the previous chapter we have investigated theorems 
by projecting the given figure into the simplest possible 
figure. In this chapter we shall deal with the. converse 
process, viz. of deriving from a given theorem the most 
general theorem which can be deduced by a projection, real 
and imaginary. This process is called Generalising hy Pro- 
jection. 

In our present advanced state of knowledge of Pure 
Geometry, Generalisation by Projection is not a very valuable 
instrument of research. In fact the student will often find 
that it is more easy to prove the generalised theorem than 
the given theorem. 

Many things are as general already as they can be. For 
instance, if we generalise by projection a point, a line, a conic, 
a harmonic range, a range having a given cross ratio, two 
conies having double contact, and so on, we obtain the same 
thing. 

2. The properties of any figure have an intimate relation 
with the circular points 00,00'. Hence the generalised figure 
will have an intimate relation with the projections of the 
circular points. But in the second figure there will also be 
a pair of circular points. Hence, to avoid confusion, we 
shall call the projections of the circular points -bj and m. 

3. Since any two points can be projected into the circular 
points, the circular points generalise into any two points w 
and tsr', real or imaginary. 
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Since a pair of circular lines pass through the circular 
points, a pair of circular lines generalise into a pair of lines, 
one through w and one through 'bj'. 

Since all circles pass through the circular points, a drcle 
generalises into a conic which passes through «r and vr', where 
i!7 and ^ are any two pointe. 

Since concentric circles touch one another at the circular 
points, concentric circles generalise into conies touching one 
another at 'sr and at tsr^ 

Since the line at infinity touches a parabola, a parabola 
generalises into a conic touching the line 'srsr^ 

Notice that we cannot generalise the distinction between 
a hyperbola and an ellipse ; for by an imaginary projection a 
pair of real points may be projected into a pair of imaginary 
points and vice versIL 

Since a rectangular hyperbola is a conic for which the 
circular points are conjugate, a rectangular hyperbola gene- 
ralises into a conic for which -bt, -or' are a pair of conjugate 
points. 

Since the centre of a conic is the pole of the line at 
infinity, the centre of a conic generalises into the pole of the 
line -nrtsr'. 

Hence a circle on AB as diameter generalises into a conic 
passing through ABws/, and such that the pole of the line 
'urm' is on AB, 

Since parallel lines meet on the line at infinity, parallel 
lines generalise into lines which meet at a point on the line 
tartsx • 

Note that throughout this chapter, bt and -bt^ are any two 
points, real or imaginary. 

4. If B bisects the segment AG, then the range (AC, BD) 
is harmonic; hence ^B bisects AC generalises into ^li AC 
meet tsrtsr' in J, then B is such that {AC, BI) is harmonic, -or 
and «/ being any two points.' 

Oeneralise by Projection the theorem — * Oiven two concentric 
circles, amy chord of one which touches the other is bisected at the 
point of contact^ 

T 
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The result is — ' Given two conies touching one another at 
any two points vr and at', if any chord PP' of one, touch the 
other at Q and meet «r«/ in J, then {P'P^ QI) is harmonic' 

Or, without mentioning «r and «/, — * Given two conies 
having douhle contact, if any chord PP' of one, touch the 
other at Q and meet the chord of contact in J, then {PP^f QI) 
is harmonic' 

The student shoiild convince himself by trial that the 
second theorem can be projected into the first, and that the 
second theorem is the most general theorem which can be 
projected into the first. 

Generalise by Projection the following theorems — 

Sx. 1. Given three concentric circles, any tangent to one is ctUhy ^ ether two 
in fowr points whose cross ratio is constant, 

SiZ. 2. The middle points qf parotid chords qf a circle lie on a line which 
pa^sses through the centre of the circle, 

Ex. 3. If the directions of tu?o sides cf a triangle inscribed in a circle 
are given, then the envelope of the ^ird is a concentric circle. 

"Ex, 4t, Given four points on a conic, the locus qf the centre is the conic 
through the middle points qf the six sides qf the quadran/gle formed by thefimr given 
points. 

5. li AYA' is a right angle, then VA and YA' divide the 
segment joining the circular points harmonically ; hence a 
right angle A YA' generalises into an angle A YA\ such that 
YA and YA' divide the segment joining any two points «r, 
«/ harmonically. 

Crenerdlise by Projection the theorem — * The perpendiculars to 
the sides of a triangle at the middle points of the sides meet at the 
centre of the drcumrcircleJ' 

The result is — *If the sides BC, CA, AB of a triangle 
meet the segment joining any two points w and is/ in. L, My 
N ; and if Z, J", Z be taken such that (w«/, Zi), (-Grw', T3f ), 
(«r«/, ZN) are harmonic ; and if D, E^ F be taken such that 
{BC, DL)y (CA, UM), {AB, FN) are harmonic ; then DX, 
EY, FZ meet at the pole of wcr' for the conic which passes 
through ABC'eT'c/,* 

Generalise by Projection the following theorems — 

Ex. L A tangent of a circle is perpendicular to the radius to the point 
of contact. 
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Sz. 2. The feet of the perpendiculars from any point on a circle on the sides 
of an inscribed triangle are coUinear. 

Ex. 3. The locus of the meet of perpendicular tangents qf a conic is a concentric 
cirde, 

Ex. 4. The cirde dboui any triangle self •cov^jugate for a conic is orthogonal to 
its diredor cirde. 

Ex. 6. The chords of a conic which subtend a right angle at a fixed point on 
the conic pass through a fixed point on the normal at the point, 

Ex. Q. If a triangle PQRj right-angled ai P, he inscribed in a rectangular 
hyperbola^ the tangent at Pis the perpendicular from P on QR. 

6. Since all circles pass through the circular points, a 
system of circles generalises into a system of conies passing 
through the same two points ('sr and ts/). 

Since coaxal circles pass through the same four points of 
which two are the circular points, coaxal circles generalise 
into a system of conies which pass through the same four 
points (of which two are tar and m). 

Since the limiting points of a system of coaxal circles are 
the two vertices of the common self-conjugate triangle which 
lie on the line joining the poles of 00 00 ', the limiting points 
generalise into the two vertices of the common self-conjugate 
triangle of a system of four-point conies which lie on the 
line joining the poles of any common chord (crw'), i.e. they 
generalise into any two vertices of the common self-conjugate 
triangle. 

Since the centres of similitude of two circles are the two 
intersections of common tangents which lie on the line 
joining the poles of 00 00 ' for the circles, the centres of simi- 
litude of two circles generalise into the two intersections of 
common tangents of two conies (through tsr and -bj') which 
lie on the line joining the poles of any common chord (©-bt') 
for the conies, Le. they generalise into any pair of opposite 
common apexes of two conies. 

7. Generalise by Projection the theorem — *Any common tan- 
gent of two circles subtends a right angle at either limiting 
point. 

The result is—' If 'bj and -bj' be any two common points 
of two conies, and if L and i' be the two vertices of the 

T 2 
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common self-conjugate triangle which are collinear with the 
poles of mts'^ then any common tangent of the conies sub- 
tends at X (and at L*) an angle whose rays divide the 
segment «j«r' harmonically.* 

In other words, — * Any common tangent of two conies sub- 
tends at any vertex of the common self-conjugate triangle 
an angle which divides harmonically every common chord 
which does not pass through this vertex.' 

Generalise by Projection the theorems — 

Sx. 1. Any transversal meets a system of coaxal cirdes in pairs of points in 
involution. 

SiZ. 2. The circle qfsimUiiTide ofttco circles is coaxal toith them. 

8. Since a focus of a conic is one of the four meets of the 
tangents from the circular points to the conic, a focus of a 
conic generalises into one of the meets of the tangents from 
aiiy two points (w and -cr') to the conic. 

The two foci of a conic generalise into a pair of opposite 
vertices of the quadrilateral of tangents from any two points 
(«r and -c/). 

Since the line joining the circular points touches a para- 
bola, the focus of a parabola generalises into the meet of tan- 
gents from any two points {yr and «r') lying on any tangent 
of a conic. 

Since confocal conies touch the same four tangents from 
the circular points (viz. Saoy S^co, 5 00', iS^'oo ')> confocal 
conies generalise into conies inscribed in the same quadri- 
lateral (of which tar and ^a/ are a pair of opposite vertices). 

Since conies which have the same focus 8 and the 
same corresponding directrix I touch S 00 , Soo\ where I 
meets these lines, conies which have the same focus 8 and the 
same corresponding directrix I generaKse into conies having 
double contact, the common tangents passing through S 
(and through vr and ts/)y and touching the conies ^t points 
on I, 

A conic havi/ng 8 as focus generalises into a conic touching 
any two lines {S'o and Sts') through & 
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9. Generalise hy Projection the theorem — *The circle which 
circumscribes a tricmgle whose sides touch a parabola passes 
through the focus of the parabola. ' 

The result is — * The conic which passes through the points 
A, B, C, «r, «/, where «r and -oar' are any two points, and A, 
JB, C are the yertices of a triangle whose sides touch a conic 
which touches the line '6t«/, passes through the meet of 
tangents to the latter conic from -bj and w\* 

In other words — 'The conic, which passes through five 
out of the six vertices of two triangles which circumscribe 
a given conic, passes through the sixth also'. 

IjX. 1. Given two points on a conicj flnd the locus of the pole of their join, 
given also either (i) tux> tangents, or (ii) a tangent and a point. 

Generalise by Projection the following theorems — 

£z. 2. Any line through a focus qfa c<mic is perpendicular to the tins joining 
its pole to the focus, 

£x. 3. Given a focus and two tangents qfa conic, the locus of the other focus 
is a line, 

Sx. 4. The Ucus of the centre of a circle which touches tux) given circles 
is a conic having the centres of the cirdes as foci, 

!EjX. 6. The locus of the centre of a circle which passes through a fixed point 
and touches a fixed line is a parabola qf which the point is the focus. 

"Ex. 6. Confocal conies cut af right angles. 

Ex. 7. The envelope of the polar of a given point for a system qf confocals 
is a parabola touching the axes of the confocals and having the given point on its 
directrix. 

10. Since the rays of an angle of given size divide the 
segment joining the circular points in a given cross ratio, 
a constant angle generalises into an angle whose rays divide 
the segment joining any two points («r and «/) in a constant 
cross ratio. 

Generalise by Projection the theorem — * The envelope of a chord 
of a conic which subtends a constant angle at a focus 8 is another 
conic having 8 as focus; and the two conies have the same 
directrix corresponding to 8.' 

The result is — *The envelope of a chord of a conic which 
subtends at 8, one of the meets of a tangent from any point 
fST with a tangent from any point m', an angle whose rays 
divide -cjot' in a constant cross ratio, is another conic. 



278 Generalisation by Projection. [ch. 

touching Sra and Sw'; and the two conies have the same 
polar of iS.' 

In other words — * If 8Q, and SB. be the tangents from any 
point /S to a conic, the envelope of a chord 'P'P' of the conic 
such that S{QBPP^) is constant, is a conic having double 
contact with the given conic at the points of contact of 
SQ and SB: 

£iX. 1. OenercUiae-^^fa regular polygon.* 

A regular polygon >mAy be defined as a polygon which can be 
inscribed in a circle so that each side subtends the same angle at the 
centre of the circle. 

Generalise by Projection the following theorems — 

£jX. 2. The enoelope of a chord of a cirde which aubtends a given angle at any 
point of the circle is a conceninc circle, 

Ex. 3. If from a Jixed point 0, OP be dravm to a given circle, cmd TP 
be drawn making the angle TPO constant, the envelope ofTPisa conic mth as 
focus, 

Ex. 4. If from a focus of a conic a line be drawn making a given angle wiOi 
a tangent, the locus of the point of intersection is a circle. 

Ex. 5. The locus qf the intersection of tangents to a parabola which meet 
at a given angle is a hyperbola having the same focus and corresponding 
directrix. 

11. Generalise — -^ The bisectors ofa/n an^e? 

If AD, AE are the bisectors of the angle BAC, then 
A {BC, BE) is harmonic, and also J. (00 00 !, BE) since EAD 
is a right angle. Hence the bisectors of the angle BAC 
generalise into the double lines of the involution 

A {BC, OTtsr'), 
where -or and -e/ are my two points. 

Ex. Generalise by Projection — * The pairs of tangents from any point to 
a system of cor^ocals have the same bisectors.* 

12. Generalise — * a segment divided in a given ratio,' 

Let AB be divided at C in a given ratio. Then ACiCB 
is constant ; hence {AB, tJQ) is constant, where 12 is the 
point at infinity upon AB, Hence a segment AB divided in 
a given ratio at C generalises into a segment AB divided at C 
so that {AB, CI) is constant, I being the meet of AB and 
the segment joining any two points {w and -cr'). 
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Hz. 1. Generaliae the equation AB-k-BC+CA « o conmecting three coUinear 
points. 

The given equation may be written 

- (AC, BXl) + I - (AB, C?n) « o. 

This generalises into -{ACyBl^ + i — (AB, CI) « o, i. e. into 

AB,CI+AI.BC + AC,IB - o. 

Hence the generalised theorem is— *If Ay jB, C, D be any four 
collinear points, then 

AB,CD + AC.DB + AD,BC '=-0: 

Ex. 2. IfABCD he cdainear, show that the ratio AB-^CD generaUaes into 
-{BC,AE)-r{DA,CE). 

Ex. 3. ^ AB and CD be paraM and if AC, BD meet in M, show thai 
the ratio AB-i-CD generalises into (AC, MB), E being the meetqfAB and CD. 

13. Two fixed points A and B on a conic are joined to a 
variable point P on the conic, and the intercept QB cut off from 
a given line I hy PA and PB is divided at M in a given ratto ; 
show that the envelope of PM is a conic touching parallels to I 
through A a/nd B, 

Let 12 be the point at infinity on I, Then {QB, M£l) is a 
given cross ratio. Hence P (AB, MQ) is given. Project A 
and B into the circular points and let I be the projection of 
12. Then P(oo 00 ', MI) is given, i.e. IPM is a given angle. 

Hence the theorem becomes — * A fixed point I is joined 
to a variable point P on a circle, and PM is drawn making 
a given angle with IP : show that the envelope of PM is a 
conic touching Zoo and Joo ', ie. is a conic having I as 
focus/ And this is true (see VIII. 17). Hence the original 
theorem is true. 

Generalisation by Beciprooation. 

14. If we first generalise a given theorem by projection 
and then reciprocate the generalised theorem, we obtain 
another general theorem. This process is called Generalising 
by Projection and BeciproccUion, or briefly Generalising by Be- 
ciprocaMon, 

Generalise by Beciprocalion the theorem — ^All normals to a 
circle pass through the centre of the circle,^ 

Generalising by Projection we get — *If t be the tangent 
at any point P of a conic which passes through any two 
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points w, t/, and if the line n be taken such that i and n 
are harmonic with P^ and P«3^, then n passes through the 
pole of mv/ for the conic/ 

Eeciprocating this theorem we get — * If on the tangent at 
any point T of a conic, a point ^ be taken such that the 
segment TN is divided harmonically by the tangents from 
the fixed point 0, then JV lies on the polar of for the conic' 
This is the required theorem. 

ISx. GenkeraliBii by Projection (md ReciprocaHon (he theorem — ^ The envelope of 
a chord qfa drde which subtertda a oonstarU angle cU the centre is a cortcentric 
circle,* 



• CHAPTEE XXXI. 



HOMOLOGY. 



1. Two figwres in the same plane are said to be m 
homology which possess the following properties. To every 
point in one figure corresponds a point in the other figure, 
and to every line in one figure corresponds a line in the 
other figure. Every two corresponding points are collinear 
with a fixed point called the centre of homology^ and every 
two corresponding lines are concurrent with a fixed line 
called the cms of homology. The line joining any two 
points of one figure corresponds to the line joining the two 
corresponding points of the other figure. The point of 
intersection of any two lines of one figure corresponds to the 
point of intersection of the two corresponding lines of the 
other figure. 

The two figures are said to be homologous, and each is 
called the homologue of the other. The figures may be said 
to be in plane perspective ; and the centre of homology is 
then called the centre of perspective, and the axis of homo- 
logy is called the axis of perspective. 

2. Homologous figures exist for — 

If we take two figures in different planes, each of which is the 
projection of the other, and if we rotate one of the figures about 
the meet of the two planes u/ntil thepla/nes coincide, then the 
figures will he homologous. 

For let ABC be the projections of A'1B!0' from the vertex 
Y. Then AA', BB', CO' meet in F. That is, the triangles 
ABC, A'B!C' (in different planes) are copolar. Hence they 
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are coaxal ; i.e. 5(7, J5'C' meet in a, and C4, C'A' meet in )3, 
and ^5, A'B' meet in y on the meet of the two planes. 
Similarly every two lines which are the projections, each of 
the other, meet on the intersection of the two planes. 




Now rotate one figure about the line a^y until the two 
figures are in the same plane. Then the two triangles are 
still coaxal (for 5C, B'C' still meet at a, and so for the rest). 
Hence the two triangles are also copolar ; i.e. AA'^ BB*, CC^ 
meet in a point. Call this point 0. Then may be defined 
as the meet of AA' and BB', and we have proved that every 
other line such as CO' passes through 0. 

Now the two figures are in the same plane. Also to every 
point in one figure corresponds a point in the other figure, 
viz. the point which was its projection ; and to every line 
corresponds a line, viz. its former projection. Also, cor- 
responding points are concurrent with a fixed point 0, 
and corresponding lines are collinear with a fixed line a^y. 
Also, the join of two points corresponds to the join of the 
corresponding points ; for in the former figure the one is 
the projection of the other. For the same reason, the meet of 
two lines corresponds to the meet of the corresponding lines. 

Hence the two figures are homologous. 
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3. If two figures are homologous, and we turn one of them 
about the axis of homology^ the figures wiU he the projections, 
each of the othen 

For suppose the tkree lines BC, CA, AB in one figure to 
be homologous to B^C, C^A\ A'B' in the other figure. Let 
BC, B'C meet in a, let CA, C'A' meet in )3, and let AB, 
A'Bf meet in y. Rotate one of the figures about the axis of 
homology a^y, so that the figures may be in different planea 
The figures will i»ow be each the projection of the other. 

For the triangles ABC, A'B^C (in different planes) are 
coaxal ; hence they are copolar. Hence AA', BB\ GO' meet 
in a point F. This point Y may be defined as the meet of 
AA' and BE^} and we have proved that in the displaced 
position the join CC of any two homologous points passes 
through a fixed point Fl Hence the homologous figures in 
the displaced position are projections, each of the other. 

A homohgue of a come is a conic. 

For after rotating one figure about the axis of homology, 
the figures are each the projection of the other ; and the pro- 
jection of a conic is a conic. 

A homohgue of a figure has aM the properties of a projection of 
the figure. 

For it can be placed so as to be a projection of the figure. 

Hence a range and the homologous range are homographic ; 
also a pencil and the homologous pencil are homographic. 

4. If one of two figures in perspective (i.e. either homologous 
or each the projection of the other), he rotated about the axis of 
perfective, the figures will be in perspective in every position ; 
and the locus of the centre of perspective is a circle. 

For take any two corresponding triangles ABC and A^B'C* 
Then in every position these triangles will remain coaxal ; 
hence in any position they will be copolar, i.e. CC will pass 
through the fixed point Y determined as the meet of AA' and 
BB^. Hence the figures will be in perspective in any position 
obtained by rotating one figure about the axis of perspective. 

To find the locus of F. Take any position of F, and 
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through F draw a plane T*LP at right angles to the planes 
of the figures, cutting them in XP' and XP. 

Let a parallel to XP' through F cut XP in J, and a parallel 
to XP through Y cut XP' in J'. Let the point at infinity 
on XP be called 7, and the point at infinity on XP' be 
called J'. 




Then, since 7'Fand LJBire parallel, we see that 7'F passes 
through 7, ie. 7' is the projection of 7 for this position of F; 
and so J is the projection of J\ 

Now rotate the moving plane about the axis of perspective 
into any other position. The new position of the centre of 
perspective (or vertex of projection) is got by joining any 
two pairs AA', BB' of corresponding points. Hence in the 
new position 77' and JJ' will cut in F. Also LJ is still 
parallel to 7'F, for 7 is at infinity; so JV is parallel to X7'. 
Also if LJ is the trace on the fixed plane, then LJ is con- 
stant in magnitude and position. Also X7' is constant in 
magnitude, although it changes its position by rotation about 
the axis of perspective. It follows that XJF7' is a parallel- 
ogram, in which J is fixed, and JY is given in magnitude. 
Hence the locus of F is a circle in a plane perpendicular to 
the planes of the figures, with centre J and radius X7'. 

To form a clear conception of figures in homology, imagine 
that they are the projections, each of the other, the vertex of 
projection very nearly coinciding with the centre of homo- 
logy, and the planes of the figures very nearly coinciding 
with one another. 
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5. Coaxal figures are copolary and copolar figures are coaxal ; 
that is to say, if two figures, {in the same plane or not, ) correspond, 
point to point, line to line, meet ofttoo lines to meet 0/ correspond- 
ing lines, and join of two points to join of corresponding points ; 
then, if corresponding lines cut on a fixed line, the joins of cor- 
responding points wUlpass through a fixed point, and if the joins 
of corresponding points pass through a fixed point, corresponding 
lines will cut on a fixed line. 

Coaxal figures are copolar. Take two fixed points A, B in 
one figure, and let A\ ff be the corresponding points in the 
other figure. Take any variable point P in one figure, and 
let P' be the corresponding point in the other figure. Then, 
by definition, AP, A^P' are corresponding lines, for they join 
corresponding points ; hence AP and A'P^ meet on the axis. 
Similarly BP, BfP' meet on the axis ; and AB, A'B^ meet on 
the axis. Hence the triangles ABP, A'B^P' are coaxal, and 
therefore copolar. Hence AA', BBf, PP' meet in a point, 
i.e. PP' passes through a fixed point, viz. the meet of AA' 
and B:^. 

Copolar figures are coaxol. Take two fixed lines, viz. AP 
and AQ, and a variable line PQ in one figure, and let A'P', 
A^Q^, P'(^ be the corresponding lines in the other figure. 
Then the points A, P, Q correspond to A', P', Q[. Hence 
the triangles APQ^, A'P'(^ are copolar, and therefore coaxal. 
Hence PQ, P^(^ meet on a fixed line, viz. the join of the 
meets of AP, A'P' and of J.Q, A'(^\ Hence the figures are 
coaxal. 

Sx. 1. If one of two figures in homoiogy be turned Vtrough tioo right angles 
about the axis of homoiogy, the figures wiJl again be in homology, 

Sz. 2. If one of two figures in homology be turned through two right angles 
about an axis which passes through the centre of homology and is perpendicular to 
the plane of the figures, the figwres unU again be in homology. 

Ex. 3. Given two homologous figures ABC,,., A^B^Cf...; let A''B"0'... be 
a prq^'Ction of ABC. . . on any plane through the axis of homology ; then uHU 
A'^Bf'Cf' .,. be also a projection of A'BfCf... , and the vertices of projection and 
the centre qf homology unU be coUin^ar. 

For VO is one of the lines A'A^% kc 

This constmction enables us to place any two homologous figHres in 
projection with the same figure. 
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SiX. 4. BhmjD ^hat the ttoo complete quadrangles determined by ASCD and 
A'B^C/iy win he homologous provided the five points of intersection of AB u:ith 
A'B^, qf BC with B^Cf^qfCA with (fA\ of AD with A'lf, and of BD with Bfl/ 
are dllinear, 

Sx. 6. SAofO that the iux) oowpiUie quadrUatercds wJiose vertices are ABCDEF 
and A'Bf(fJf:EfF' wiU be homdogms if AA% BBf, CCf, Dlf, EI/ meet in 
a point, 

Ex. 6. The sides PQ, QRy RP of a variable triangle pa^ through fixed points 
CAB in a Une. Q moves on a fixed line. Show t?Mt P and B describe homologous 
curves. 

For PR and P'Rf pass through B, and 22i2', PP^ meet on Q</j 
P'tfBf being a second position oiPQR. 

Ex. 7, If the axis of homology be at infinity^ show (i) thai corresponding 
lines are paraUely (ii) ^uU corresponding sides of the figures are proportional^ 
(iii) that corresp<mding angles of the figures are equal, 

Snch figures are called homothetic figures, and the centre of homology 
- in this case is called Uie centre qf similiiude, and the constant ratio 
of corresponding sides is called t?ie ratio qf similitude, 

Ex. 8. If, with any vertex qf projection, we project homologous figures (m to 
any planet we obtain homologous figures ; and if the plane of projection be taken 
parallel to the plane containing the vertex qf projection and the axis of homology, 
we obtain homothetic figures. 

Hence homologous figures might have been defined as the projections 
of homothetic figures. 

Ex. 9. If the centre of homology be at infinity, show that the joins qf corre- 
sponding points are all parallel ; and that if one figure be rotated about the axis of 
homology, the vertex of projection uHU always be at infinity. 

This may be called parallel homology, 

Ex. 10. In parallel homology, show that to a point at ii^ftnity corresponds 
a point at infinity, and that the line at infinity corresponds to itself. 

Ex. 11. In parcUlel Jiomdogy, show that a parallelogram corresponds to 
a parallelogram, 

Ex. 12. In parallel homology, show that, when rotated about the axis of 
homology into different planes, the figures have the same orthogonal projection ; 
and that the ratios of tu)o areas is the same as that of the corresponding areas, 

6. The abbreviation c. of h. will be used for centre of 
homology, and a. of h. for axis of homology. 

Criven the c. ofh. <md the a, ofh, and a pair of corresponding 
points, constntct the homohgue of a given point. 

Let be the c. of h., and let A^ be the given homologue 
of A, To find the homologue of X ; let AX cut the a. of h. 
in L, then LA' cuts OX in the required point X'. 

With the same data, construct the homoJogtte of a given line. 

Draw through any transversal cutting the given line in 
X ; construct the homologue X^ of X, then the join of X' to 
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the point Jf, where the given line cuts the a. of h., is the 
homologue of the given line. 

Giwn the c, ofh. and the a. ofh. and a pair of cotresponding 
lines, construct the homologue (i) of a given point, (ii) of a given 
line. 

.0 




Let any transversal through cut the given lines in A 
and A\ Then A, A' are corresponding points, and we 
may proceed as ahove. 

Given the c, ofh. ami the a. ofh. and a pair of corresponding 
points, one of which is at infinity, construct the homologue of a 
given point. 

LX! is parallel to AA\ if A' is at infinity. 

7. The Jiomohgue of the c. ofh. is the c. ofh. ; the homologue 
ofwnypoivd on the a. ofh, is the point itself; if the homologue of 
a/ny other point he itself, then the homologue of every point is 
itself. 

For let us construct the homologue of 0. We draw AO 
cutting the a. of h. in ^ ; we draw NA' cutting 00 in the 
required point. Now 00 is indeterminate, but NA' cuts 
every line through in 0, and hence cuts 00 in 0. Hence 
the homologue of is 0. 

Next, let us construct the homologue of any point L on the 
a. of h. We draw AL cutting the a. of h. in 2^ ; we draw 
A'L cutting OL in the required point. Hence the homologue 
of L is L. 

Lastly, suppose a point (which is not at the c. of h. nor on 
the a. of h.) to coincide with its homologue. Take these as 
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the points A^ A' in the above construction* To construct 
the homologue of X, we draw J.X cutting the a. of h. in X ; 
then A'L cuts OX in the required point X'* Hence X' 
coincides with X, for A'L coincides with AL^ i.e. with -4X. 

£x. L Slum thoA the only lines which coincide with their homologues are the 
a.ofh, and lines through the c. qfh. 

Ex. 2. Given the homologites -4', B^, Cf of three points A, B, C; construct the 
homologue qf a given point D. 

The triangles give the centre and axis of homology. 

8. The homologue of a point at infinity of one figure is 
called a vanishing point of the homologous figure. 

The homologue of the line at infinity considered as belong- 
ing to one of the figures is called the vcmishing line of the 
homologous figure. 

All the vanishing points of either figure lie on the vanishing 
line of that figure. ] 

For a vanishing point is the homologue of a point on the 
line at infinity of the other figure, and henCe lies on the 
homologue of the line at infinity. 

j^oc^ va/nishing line is parallel to the a. ofh. 

For corresponding lines meet on the a. of h. Hence a 
vanishing line meets the a. of h. at a point on the line at 
infinity,. Le. a vanishing line is parallel to the a. of h. 

Ex. 1. Ifanytranswersal through cwt the axis in N, and the vanishing lines 
inland J^, thm 01 = J'N, and 01. OJf = J^N.IK 

For (Ni, on) = (JVn', OJ^). 

Ex. 2. The product of the perpendiculars from any ttoo homologous points, 
each on the vanishing line (^ its figure, is constantt 

For (PQ, in) = (P'g', n'j'). 

Ex. 3. Given a parallelogram ABCB, prove the fdUounTig cortstruction for 
dratoing through a given point E a parallel to a given line I — Let AB, CD, AC, 
BC, AD cut I in Ky i, M, N, B. Through M draw any line cutting EK, EL in 
A', (/. Let BA' and NC^ cut in F. Then EF isparaUel to I. 

For EF is the vanishing line. 

9. Criven the c, ofh., the a. ofh., and a pair of correspondrng 
pomts ; construct the vanishing lines. 

Let AA^ be the pair of corresponding points. Let us first 
construct the homologue of the line at infinity, considered 
to belong to the same figure as A. In the construction of 
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§ 6, X and M are both at infinity. Hence the construction 
is — Through the c of h. 0, draw any line OX. (X being at 
infinity)* Through A draw AL parallel to OX, cutting the 
a of h. in i ; then LA' cuts OX in X' ; arid the required 
line is X^ilf, i.e. a parallel through X' to the a. of h. 

Similarly we construct the vanishing line of the other 
figure. 

Given the 0. ofh., the a. o/h,, cmd one vanishing line, to con* 
struct the homologue of a given point. 

Let any transversal through the c. of h. cut the vanishing 
line in A» Then the homologue of the point A is the point 
at infinity A' on OA, 

Two cases arise, (i) The given point X belongs to the 
dame figure as the finite point A. Let AX cut the a. of h. 
in L ; draw through L a parallel to OA to cut OX in X\ 
Then X' is the homologue of X. (ii) The given point X' 
belongs to the same figure as the point at infinity A\ 
Through X' draw a parallel to OA cutting the a. of h. in L. 
Then AL cuts OX' in the required point X. 

Sx. Given the c. ^h. and the a, qfh. and one vamehing line, construct 
the other vanishing line, 

10. The angle between two lines in one figure is equal to the 
angle subtended at the c. of h. by the vanishing points of the 
homologous lines. 

Let AP and J.Q be the given lines, P and Q being at 
infinity. Then P' and Qf are the vanishing points of the 
homologous lines A'P' and A'i^. Also OP' is parallel to 
AP, and OCg to Ai^. Hence the angles P'0(^ and PAQ are 
equaL 

11. Construct the homologue of a given conic, so that the 
homologue of a given point S shall be a focus. 

Take any line as a. of h., and any parallel line as vanish* 
ing line ; and let two conjugate lines at jSmeet the vanishing 
line in P and Q, and let two other conjugate lines at S meet 
it in U and F. On PQ and UV as diameteis desciribe 

V 
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circles, and take either of the intersections of these circles 
as c. of h. 

Then since the vanishing points P and Q of the lines SB 
and S'Q suhtend a right angle at the c. of h., the homologues 
iSf'P', S'q will be at right angles. So S'W, S'V wiU be at 
right angles. Hence at 8^ we shall have two pairs of con- 
jugate lines at right angles. Hence S' is a focus of the 
homologous conic. 

12. The homdhgue of a coniCy taking a focus as c, of h. and 
the corresponding directrix as vanishing line and any paraUel as 
a. ofh.y is a circle^ of which the focus is the centre. 

Let 8 be the given focus and XM the corresponding 
directrix. With /Sf as c. of h. and XM as vanishing line, 
and any parallel line as a. of h., describe a homologue of the 
given conic. The homologue of 8 is 8, and of XJIf is the 
line at infinity ; hence in the homologous conic, 8 is the pole 
of the line at infinity, i.e. 8 is the centre of the homologous i 
conic. I 

Let 8Pf 8P^ be a pair of conjugate diameters of the homo- 
logons conic. The homologue of 8P is 8Pj the homologue ' 
of /SlP' is 8P'; and the homologues of conjugate lines are 
conjugate lines. Hence in the given figure, 8P and 8P^ are 
conjugate lines ; and 8 is the focus, hence 8P and 8P^ are 
perpendicular. Hence every pair 8P, /SP' of conjugate 
diameters of the homologous conic is orthogonal. Hence 
the homologous conic is a circle. And we have already 
proved that the focus is the centre of the circle. 

Note that the homologue of an angle at iS is an equal (in 
fact, coincident) angle at 8. I 

This case of homology is the limit of Focal Projection | 
when the two figures are in the same plane. 

"Ex.. 1. Any homologue of a conic, taking a focus S as cqfh.,i8 a conictoiih S 
as focus ; and the homologue is a circle only if the vanishing line is the corre- 
sponding directrix. 

"Ex., 2. Any homologue of a conic, taking the polar of a given point P as 
vanishing line, is a conic with P as centre ; and the homologue is a circle only ifP 
is a focus of the given conic. 
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13. If two curves he in homohgp, the c. ofh. must he a meet 
of common tangents, and the a. of h. must he a join of common 
points. 

For let OT be a tangent from the c. of h. to one of the 
curves. Let OPQ be a chord of the curve very near OT. 
Then OPQ meets the homologous curve in the homologous 
points P', ^, Now let P and Q coincide in T; then P' and 
Q^ also coincide, in T' the homologue of T, Hence OT 
touches the homologous curve. 

Again, let L be one of the points where one of the curves 
cuts the a. of h. Then L, being on the a. of h., is its own 
homologue. Hence the homologous curve passes through L. 

Hence if two curves are in homology, the c. of h. must be 
looked for among the meets of common tangents ; and the 
a. of h. must be looked for among the joins of common 
points. 

14. Any two circles are hymohgous in four real ways. 




Let 8 be either of the centres of similitude of the two 
circles. Take any point P on one circle, and let 8P cut the 
other circle in P' and P'\ Then one of these points, and 
only one (viz. P' in the figure), possesses the property that 
SP : SP' is the ratio of the radii. We may call P, P* similar 
points, and P, P'' non-similar points. 

If we take either centre ofsimi^Uttde as centre of homology and 
the straight line at infinity as axis of homology, then the circles 
are homologous^ each point heing homologous to its similar 
poinU 

u 2 
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For take any two pairs of similar points, viz. P, P^ and Q, 
<2'. Then SP : 5P': : SQ : iS^; hence PQ is parallel to P'Q', 
i.e. every chord joining two points on one circle is parallel 
to the chord joining the similar points on the other circle. 
Hence the two circles are homologous, the straight line at 
infinity being the axis of homology, and similar points being 
homologous points. 

If we take either centre of similitude as centre of homology and 
the radical axis as the axis of homology, then the circles are 
homoU>gouSj each point being homologous to its non-similar 
point 

For take any two pairs of non-similar points, viz. P, P'' 
and Qy ^'. Then 8F : SP': : 8Q : S(^y and 

Hence SP. /SP"= SQ . S(^\ Hence PP''QQf" are concyclic ; 
hence, if PQ, P''Ql' meet in Z, we have 

XP.Z^ = ZP'^Z(2", 

ie. X has the same power for both circles, Le. X is on the 
radical axis of the circles. Hence we have proved that the 
chord joining any two points on one circle and the chord 
joining the non-similar points on the other circle meet on 
the radical axis of the circles, which is therefore the axis of 
homology. 

Hence, since with either centre of similitude we may take 
the straight line at infinity or the radical axis, the circles are 
in homology in four real ways. 

15. Two conies which have double contact are homologous in 
ttoo ways, the c ofh, being the commonpole and the a. ofh. the 
common polar in both cases. 

Let be the common pole and MN the common polar, 
the points M and N being on both conies. Let any line 
through cut one conic a in A, D and the other conic jS in 
B, C Then a is determined by the five points AMMNN, the 
points MM being on OM and the points NN being on ON. 
Now form the homologue of a, taking as c. of h., MN as 
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a. of h., and £ as the homologue of A, The homologue of a 

conic is a conic. The homologues of the points AMMNN&ri 

the points BMMNK 

Hence the homologue 

of a is the conic through 

BMMNN, ie. is the 

conic p. 

Again, with the same 
C of h. and a. of h., but 
with Cas the homologue 
of Af form the homo- 
logue of a. The homologue is now the conic through 
CMMNN, i.e. is the conic ^. 

Now in the first case C and D are homologous, and in the 
second case B and 2> are homologous. So there are not four 
ways, but two ways, in which the conies are homologous. 

In the first way, every point P on a is homologous with 
the point P' in which OP cuts 13 on the same side of MN as 
P ; and in the second way, every point P on a is homologous 
with the point P'' in which OP cuts ^ on the opposite side 
of MN to P. 

Sx. 1. Prove ihe theorem direcdy by showittg that the ftgures are cocucaL 

"Ex.. 2. In the abofoe figurej show that (OD, AB) is a constant cross ratio <u 
the chord OABD mows round 0. 

For taking another chord OA'B'l/, then AA\ BB^, DI/ meet on MN. 

XaZ. 3. Through 0, the common pole qf two conies having double contcuity 
are drawn four chords cutting one conic in ABCD and the other in A'Bf(fjy ; 
show that {ABCD) » {A'BfCl/), i/aU the points lie on the same side qf the 
common pdar, 

"Ex, 4. A conic is its own homologue, any point and its polar being c. ofh. 
and a. ofh. 

SjX. 6. Oive a direct proof of Ex, 4 by means qf the quadrangle constrMtion 
for the polar qf a given point. 

Sx. 6. If a conic be its own homologue, show that if thee. ofh. be given, the 
a. ofh, must be the polar qfthe c. qfh, 

XSx. 7. Through any point are draum the four chords OAA', OBB^, OCCf, 
GDI/ qfa conic ; show that the eonics OABCD and OA'BfCflf ttmch at 0. 

The given conic is its own homologue, being the c of h. ; also is 
its own homologue. Hence the five points 0, A, B, C, D are homolo* 
gous to the five points 0, A\ B^^Cf, 1/ ; hence the conies through them 
are homologous. 
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Take a chord of these conies through 0, viz. OW^ Then when 
P coincides with 0, so does P^. Hence OFV* ultimately touches both 
conies at 0, i.e. the conies touch at 0. 

Ex. 8. Tangents f^^^^ P to a c<mic meet any line I in L, li, and the other 
tangents from L, M meet in P'; show that P, P^ generate Jwmciogous figures, 
I being the a. qfh. 

16. An^ two conies are in homology. 

Take any meet of common tangents TT\ TTU' as c. of h. 

Let TU and TU', the 
polars of 0, cut in L. 
Let A be one of the four 
common points of the 
two conies. Take LA as 
a. of h. Also take UW 
as a pair of corresponding 
points. 

The homologue of the 
conic TUA can now be 
found. Suppose the conic 
TUA to be given by the 
five points TTUUA, 
where TT are the coin- 
cident points in which 
OT touches the conic, and UU are the coincident points in 
which OU touches the conic. The homologue of ul is ^^ for 
A is on the a. of h. The homologues of TIU are U'U' by 
hypothesis. Again, since TT' passes through 0, and TU, 
T'U' meet on the a. of h., hence T' is the homologue of T, 
i.e. T'T' are the homologues of TT. Hence the homologues 
of TTUUA are T'T'U'U'A. Hence the homologue of the 
conic TUA is a conic passing through A and touching OT' 
at T' and touching OU' at U'\ i.e. the homologue of one 
given conic is the other given conic. 

Hence two conies are homohgotts in twelve ways. 

For we may take as c. of h. any one of the six meets 

of common tangents of the two conies. We may then take 

as A any one of the four common points of the two conies. 

But this will only give us two possible axes of h. For the 
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point where LA^ the a, of h., meets either conic again will 
be another common point. Hence there are only two 
positions of LA^ when the position of has been chosen. 



:. 1. Shonjo by using the reciprocal solution to the aibove that we may take 
any common chord of the conies as a, ofh. 

Sz. 2. Two conies in different planes may be placed in prc^jedion by two 
rotations^ viz. (i) aibout the meet qf the planes until the planes coincide^ and 
(ii) about any commjon chord (^ the conies {when placed in one plane), 

Sx. 3. Show that ttoo homoffuMc conies have two centres o/simiUtude, 
Viz. the common apexes belonging to the line at infinity. 

Ex. 4. Show by using the circular points thai any two conies which have 
a common focus are in homology, the common focus being the c, qfh. 

Sz. 5. Any conic is homologous ujith any cirde whose centre is at a focus qf 
ihe conic, the focus being the c. qfh. 

17. If two conies touch, tkey are homologous, taking the point 
qf contact as c. ofh. 

This follows as a limiting case of the general theorem ; or 
thus directly. Through 0, the point of contact, draw any 
chord cutting one conic in F and the other in F\ Take 
as c. of h., and the common chord AB, which does not pass 
through 0, as a, of h. Also take P, P^as homologous points. 
Consider the homologue of the conic determined by OOPAB, 
It is a conic through OOF^AB, i.e. it is the other conic. 

Sx. 1. Find the envelope of a chord of a conic subtending a given angle 
at a given point on ihe conic. 

Draw any circle touching the given conic at the given point and 
passing through any other point on the conic. This circle is homolo- 
gous to the given conic ; and the homologous chord clearly envelopes 
a concentric circle. Hence the given chord envelopes the homologue 
of a concentric circle, i.e. a conic having imaginary double contact 
with the given conic. 

SjX. 2. Obtain by homology the theorem : — The envelope of a chord qf a conic 
which mbtends a right angle at a given point on the conic is a point on ike normal 
at the given point, 

18. If the join XX' ofa/ny two homologous points cut the a. 
ofh, in U, then {OXUX') is constant, being the c, ofh. 

For take any fixed pair of homologous points AA\ Then 
AX, A'X* meet on the a. of L, say at L. Hence if AA! cut 
the a, of h. in N, we have 

(OXZZZO = {OANA') = constant. 
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Thk proof fails if AA'XX! all lie on the same line through 
0. In this case take any pair of homologous points B^ 
which do not lie on AA'XX'^ and let OBK cut the a. of h. 
in i2. 

Then (fiXTTK!) = (OBRB') = {OANA") = constant. 

Conversely, if a point X' he taken such that (OXUX^) is 
constant, being a fixed point and U the meet of OX vMh a 
faced line, then the figures generated hy X a/nd X' tvill he homo- 
logous, heing tJie c. ofh. and the fixed line the a, ofh. 

For if AA', XX' be two pairs of points thus obtained, 
since (OANA') = {OXUT), ft follows that AX, NU, A'X' 
meet in a point. Hence the join of any two points meets 
the join of the corresponding points on a fixed line. Hence 
the figures are homologoua 

{OU, XX') is called the parameter of the homology. 

XiX. 1. If two homologoiLs line^i LJT and LX' ciUihe a, qfh. in L, show that 
L {OXUX') is constant, M heing any other poifU on the a. qfh,; and conversely ^ 
if LA' he determined as the corresponding line to LA hy this definition, show thcU 
the figures generated hy LA and LA' are homologous, 

Ex. 2. Jf {OU, XX'^ '^ —h <^<^ '^^ ^ figure made tq> qf a figure and 
its homdogue is its oum ?iomologue. 

This is called harmonic homology. 

Notice that harmonic homology bears the same relation to ordinary 
homology as an inyolution range bears to two homographic ranges on 
the same line. In fact the figure {ABC.A'BfCf,,.) is homologous to 
the figure {A'B^Cf ...ABC ...), if the two figures {ABC.) and {A'B'C...) 
are in harmonic homology. 

SaZ 3. In harmonic homology, if the c, of h. he at infinity in a direction 
perpendicular to the a.ofh,f then each figure is the reflexion qf the other in 
the a. qfh. 

'EOL. 4. In harmonic homology^ if the a, of h. he at infinity^ then each figure 
is the reflexion of the other in thee, qfh, 

XiX. B.Ifa conic he its own homoiogvie, show that the homology is harmoniCf 
arul that the homologue of the line at ir^ity is halfway hetween thee of h, and 
its polar. Also show that a conic is an dLipse, parabolok, or hyperhcita, according as 
the line halfway hetween any point and its polar cuts the. conic in imaginary, 
coincident, or real points. 

XiX. 6. AA', BB'y CCf are the three pairs oftpposite vertices of a quadrHaieraL 
Through any point D on CCf are drawn DA meeting BA'C in If, and DA' 
meeting ABfCf in E. Show that Elf, AA', BW are concurrent, and also B^E', 
BE and CC^, 

By harmonic homology, taking the meet of AA^, BB* as c. of h. and 
CX/ as a. of h. 
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Sx. 7. BhxM that hix> figures in homology reciprocate into ttco figures in 
homology J and that ihe parameters o/fumtology are numericdUy equal, 

XjX. 8. The parameter qf homciogy qf two homotheiic figures is the reciprocal 
of the r€^ qf similitude. 

!Bz. 9. The parameter of homology of two figures in parallel homology is the 
constant ratio qf the ordinates, 

"Ex. 10. Keqting the same c. qfh., show thcU the two parameters qf homology 
of thoo circles are equal but qf opposite signs. 

XjX. U. Keeping the radical axis as a. qfh., show that the two parameters of 
homology of tvx> circles are equcd hut qf opposite signs. 

"Ex. 12. The poles of the radical axis qf two circles divide ^ Join of the two 
centres qf similitude harmenicaUy. 

For the poles X and JT' are homologous if the radical axis be the 
a. of h., whicheyer centre of similitiide we take as the c. of h. Hence 
(S-Y, JTJr') = - {S'N, XX'). 

IiX. 18. If ihe radical aods of two circles he taken as the a. ofh., and if the 
vani^ing lii%es and the radical axis cut the line qf centres in IJ'N ; show thai 

SIxINiirir*, and SJ^iJ^Niir'-^r. 

"Ex.. 14. OX is the perpendicular to the line I from 0, and A is any point on 
OX. From a variable point P the perpendicular PM is draum to l, and MA, PO 
meet in P^. Show thai P and P' generate fiomologous figures. 

"Ex. 16, If A,B,C he fixed points and P, P' variable points such thai 
B {APP^C) = A (BPP^C) »s constant ; show thai P and P* generate homologous 
figwreSy of which C is ihe c. qfh. and AB is the a. qfh. 

19. If PP' he any homologous points, and PM the perpen- 
dicular from P on the vanishing line of the figwre generated hy 
P, then OP/PM oc 0P\ being the c ofh. 
- Let OP cut the vanish- 
ing line in I and the a. of 
h. in L. Then^ since I 
corresponds to the point 
iV at infinity upon OP, 
we have 

{01, PL) ;= (012', P'i). 
Hence 

OP OL_op^^ OL^ _ qp^ 

PI '^LI " P'12' "*" La' " OL ' 

La OP:OP'::PI:LI:iPM:h, 

where h is the perpendicular distance between the vanishing 
line and the a. of h. 
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^ Hence OP: PM:: OP'ih. 



Prove the SP : PM property of a focus. 

Form a homologue of the conic, taking S as the c. of h. and the cor- 
responding directrix as vanishing line. Then SP -r PM oc SP', But 
hj § 12 the locus of P' is a circle with centre S. Hence SP -i- PM 
is constant. 

20. In two Jwmologous figures, if (X, p) and (X, q) denote 
the perpendiculars from the variable point X on two given lines 
p and Qj and if (X', p') and (X', ^ denote the perpendiculars 
from the corresponding point X' in the homologous figure on the 

corresponding lines p' and rf, then \ ' ^^ i -*- 7 ^/ / is constant. 

(X, g) ' (X', q ) 

For take another point T, and let XY cut the lines p and 
qiix A and B, Then X'iT' will cut p' and ^^ in the homo- 
logous points A' and B', Hence, since homologous figures 
are projective, we have 

{AB, XY) = {A'B", XT'), 

Le. AX/AY -r- XB/YB = A^X'/A'T-^ X'B'/TB", 

ie. (x,i?)/(r,i?)^(x,(z)/(r,^) 

= (x; /)/(r, p') ^ (x; q:)/{Y\ q^. 

Hence (X, p)/(X, q) -r- (X', py{X\ q") is constant. 

Sx. 1. IfJT and Y he fixed and p vary, then 

(X, i>)/(r, p) H- (X', y)/(^', 3/) w constant, 
Sx. 2. If % he the vanishing line of the unaccented fi^re, then 

(X, p)/iXy i) -f {X\ pf) is constant. 
Take q^ at infinity ; then (-T, 3^) « (r, g'). 

£iX. 3. Jf i and f he the vanishing lines, then 

(X, i) . (X',/) is constant. 
Take p and g' at infinity* 
Ex. 4. OX/(X, p) -i- OX^liT^ pT) is cwistant. 

Take g and g' as the axis of homology a, and notice that 

OX/CJTf a) -T- OX* l{X*y a) is constant, 
since (017, XX') is constant. 

Ex. 6. OX/(X, 0-rOX' is iSfynsUxnt. 



MISCELLANEOUS EXAMPLES. 



1. Qenebalise by projection and reciprocation the theorems — (i) * The 
director circles of all conies inscribed in the same quadrilateral are 
coaxal/ (a) ' The locus of the centre of an equilateral hyperbola which 
passes through three. given points is a circle.' 

a. The portion of a common tangent to two circles a and /3 between 
the points of contact is the diameter of the circle 7. If the common 
chord of 7 and a meets that of 7 and fi in R, show that B is the pole 
for 7 of the line of centres of a and fi, 

3. Generalise by projection the theorem — *The straight lines which 
connect either directly or transversely the extremities of parallel 
diameters of two circles intersect on their line of centres.' 

4. A pair of right lines through a fixed point meet a conic in PQ, 
P'tf ; show that if PP' passes through a fixed point, then Q(f also passes 
through a fixed point. 

5. Generalise by projection and reciprocation the theorem — ^ A dia- 
meter of a rectangular hyperbola and the tangent at either of its ex- 
tremities are equally inclined to either asymptote.' 

6. If P, Q denote any pair of diametrically opposite points on the 
circumference of a given circle, and QT the perpendicular from Q upon 
the polar of P with respect to another given circle whose centre is C, 
show that QT. CPis constant. 

What does the theorem become when the circles are orthogonal ? 

7. Through a given point draw a line cutting the sides BC, CA, AB 
of a triangle ABC in points A\ Bf, C, such that (OJ.', BfC) shall be 
harmonic 

8. Given the centre of a conic and three tangents, fijid the point of 
contact of any one of them. 

9. Two similar and similarly situated conies have a common focus 
which is not a centre of similitude. Prove that a parabola can be 
described touching the common chord and the common tangents of 
the conies, and having its focus at their common focus. 
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10. Generalise by projection the theorem — ' One circle can be de- 
scribed 80 as to pass through the four vertices of a square and another 
so as to touch its four sides, the centre of each circle being the inter- 
section of diagonals.' 

1 1. Two conies touch at A^ and intersect at B and C. Through 0, 
the point where BC meets the tangent at A^ is drawn a chord OFF' of 
the one conic, and AP^ AP' produced if necessary meet the second 
conic in Q and tf. ProTe that Q, Q'.and are coUinear. 

la. ABCD is a rectangle, and {AC, PQ\ {BD, XY) are harmonic 
ranges ; show that the points P, Q, X, Y lie on a circle. 

13. Through 0, one of the points of intersection of two circles, the 
chords BQ(^ and 0P'(^ are drawn (P and B' being on one circle and Q 
and qf on the other). Show that if PO : Og :: OP' : Og', then OB and 
OB* generate a pencil in inyolution. 

14. is the orthocentre of the acute-angled triangle ABC, Prove 
that the polar circles of the triangles OPC, OCA, OAB are orthogonal, 
each to each. 

15. A number of conies are inscribed in a given triangle so as to 
touch one of its sides at a given point. Show that their points of con- 
tact with the other two sides form two homographic divisions which 
are in perspective. 

16. AC, BD are conjugate diameters of a central conic, and P is any 
point on the arc AB. PA, FB meet CD in Q, R respectively. Prove 
that the range (QC, DR) is harmonic. 

17. Generalise by projection and reciprocation the proposition — * The 
locus of the foot of the perpendicular upon any tangent to an ellipse 
from a focus is a circle.' j 

18. P is the pole of a chord which sAbtends a constant angle at the 
focus S of & conic, and SP intersects the chord in Q ; find the locus of 
the point R such that {SR, PQ) is harmonic. 

19. A straight line AD is trisected in P, C ; the connectors of A, B, 
C, Dy and the point at infinity on AD with any point S meet another 
straight line in A^, Bf, C, Z/, E^ respectively ; show that 

ao. From any point Q on a fixed tangent PQ to a circle AA'B, straight 
lines are drawn to A, A', the extremities of a fixed diameter parallel 
to PQ, meeting the circle again in P, P* respectively ; show that the 
locus of the intersection of A*P, AP' is a parabola of which B is the 
vertex. 

a I. Two conies a and fi intersect in the points A, B,C,D; show that 
if the pole of AB with regard to a lies on fi, then the pole of CD with 
regard to a lies on fi. 

If the vertex of a parabola is the pole of one of its chords of inter- 
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section with a circle, then another common chord is a diameter of the 
circle. 

aa. 'If a circle be drawn through the foci B^ K of two confocal 
ellipses, cutting the ellipses in P and Q, the tangents to the ellipses 
at P and Q will intersect on the circumference of the circle/ 

Generalise this theorem (i) by projection, (a) by reciprocation with 
respect to the point S, (3) by reciprocation with respect to any point 
in the plane. 

a3. ' If two circles of varying ma^itude intersect on the side BC of 
a given triangle ABC and touch AB^ AC at B and C respectively ; then 
the locus of 0, their other point of intersection, is the circum-cirele of 
the triangle ; and the circle on which their centres and the point 
lie, always passes through a fixed point.' 

Obtain by projection the corresponding theorem when the two 
circles are replaced (i) by conies, (a) by similar and similarly situated 
conies. 

34. Two ranges are in perspective, and the centre of perspective B is 
equidistant from the axes of the ranges. The axes are turned about 
their meet until they coincide. Show that if B does not coincide 
with 0, an involution is produced ; and find the centre and double 
points. 

35. ^ If a circle touches two given circles, the connector of its points 
of contact passes through a centre of similitude of the given circles.' 

Reciprocate this proi>osition with respect to a limiting point. 

a6. The pairs of points AB^ CD form a harmonic range. Prove that, 
if JT is any other point on the same axis, then the anharmonic ratios 
{ABy CX) and {AB^ DX) are equal and of opposite sign. 

a^, The connectors of a point D in the plane of the triangle ABC 
with By C meet the opposite sides in Ej F respectively ; show that the 
triangles BDCy EDT have the same ratio as the triangles ABC, AEF. 

a8. A, B, C are three points on a straight line ; Ai is the harmonic 
conjugate of A with respoct to BC, B^ oi B with respect to CA, and (^ 
of C with respect to AB ; show that AAi, BBi, CQ are three pairs of a 
range in involution. 

a9. A conic is reciprocated into a circle. Find the reciprocals of a 
pair of conjugate diameters. 

30. Generalise by projection the theor«n — ' If a straight line touch 
a circle and from the point of contact a straight line be drawn cutting 
the circle, the angles which this line makes with the line touching the 
circle shall be equal to the angles which are in the alternate segments 
of the circle.' 

31. The locus of the pole of a chord of a conic which subtends a right 
angle at a fixed point is a conic. 
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3a. A quadrilateral ABCD is circumscribed to a conic, and a fifth 
tangent is drawn at the point P; the diagonals ACjBD meet the 
tangent at P in a and /9, and the points a^, fi' are taken the harmonic 
conjugates of a and fi with respect to A, C and By D respectiyely ; show 
that a' fi', P are on a straight line. 

33. Through the vertex ^ of a square ABCD a straight line is drawn 
meeting the sides BCj CD in By F. If ED, FB intersect at G, show that 
CO is at right angles to EF. 

34. Determine the envelope of a straight line which meets the sides 
of a triangle in A, B, Cy so that the ratio AB lACiB constant. 

35. Generalise by projection the theorem — * If OPy OQ, tangents to 
a parabola whose focus is Sy are cut by the circle on OS as diameter 
in M and Ny then MN will be perpendicular to the axis.' 

36. Beciprocate with regard to the focus of the parabola the theorem 
— ' The circle described on a focal radius of a parabola as diameter 
touches the tangent at the vertex.' 

37. Two given straight lines AB and CD intersect in D, and a variable 
point P on CD is joined to the fixed points A, B on AB. If a point Q be 
taken such that the angles between AP and AQy and between BQ and 
PB produced are each equal to CDAy show that the locus of Q is a 
straight line. 

38. M and N are a pair of inverse points with regard to a given circle 
whose centre is C. Prove that (i) if P is any point on the circle 

PM^iPN^ ::CM: CN ; 

(2) if any chord of the circle is drawn through M or N, the product 
of the distances of its extremities from the straight line bisecting MN 
at right angles is constant. 

39. Points Py Q are taken on the sides ABy AC of & triangle respectively, 
such that .^iPs OQ ; show that the line joining PQ will envelope a 
parabola. 

Through a given point draw a straight line to cut the equal sides AB, 
AC of an isosceles triangle BAG in P, Q respectively, so that AP is equal 
toCQ. 

40. Given the proposition ' any point P of an ellipse, the two foci, and 
the points of intersection of the tangent and normal at P with the 
minor axis are concyclic,' (i) generalise it by projection, (2) recipro- 
cate it with regard to one of the foci. 

41. Generalise the following proposition (i) by reciprocating it with 
respect to Ay and (2) by projection — * A fixed circle whose centre is 
touches a given straight line at a point A ; the locus of the centre 
of a circle which moves so that it always touches the fixed circle 
and the fixed straight line is a parabola whose focus is 0, and whose 
vertex is A.' 
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42. Two circles a and jS intersect a conic 7 ; show that the chords of 
Intersection of a and 7 meet the chords of intersection of ^ and 7 
in four points which lie on a circle having the same radical axis with 
a and i9. 

43. Through any point in the plane of a triangle ABC are drawn 
OA', OBf, OCf bisecting the supplements of the angles BOG^ COA, AOB 
and meeting BO, CA, AB in A', B^, (f respectively ; show that the six 
lines 0-4, OJB, OC, 0-4', OB', OCy form a pencil in involution. 

44. Two conies a and )9 have double contact at B and C, A being the 
pole of BQ, Tangents from a point X upon AB are drawn to a and ^ 
meeting AC va.Y and r'. Show that Y and F' generate homographie 
ranges, the double points of which are A and C. 

• 45. A quadrangle ABCB is inscribed in a parabola ; through two of 
its vertices C and D straight lines are drawn parallel to the axis, meeting 
DA, BC in P and Q ; show that PQ is parallel to AB. 

46. Prove that the polar reciprocal with regard to a parabola of the 
circle of curvature at its vertex is a rectangular hyperbola of which the 
circle is also the circle of curvature at a vertex. 

47. The opposite vertices AA'^ BB^, CCf of a quadrilateral circumscrib- 
ing a conic are joined to a given point ; OA cuts the polar of ^ in a, 
OB cuts the polar of jB in &, and so on ; show that a conic can be drawn 
through the seven points Oaa'56'cc'. 

48. A range on a line is projected from two different vertices on to 
another line. Find the double points of the projected ranges. 

49. If four points A^ B, C, D be taken on the circumference of a circle, 
prove that the centres of the nine-point circles of the four triangles 
ABC, BCD, CDAj DAB will lie on the circumference of another circle, 
whose radius is one-half that of the first. 

50. If the orthocentre of a triangle inscribed in a parabola be on 
the directrix, then the polar circle of the triangle passes through the 
focus. 

51. -4 and BC are a given pole and polar with regard to a conic ; DE 
is a given chord through -4 ; P, Q, JB, .. . are any nmnber of points on the 
conic, and P', Q', i?',... are the points where EP, EQ, ER, ... meet BC. 
Prove that D {PP^, Q(/, RB^, ...) is an involution ; and determine its 
double lines. 

52. ABCD is a quadrilateral circumscribing a conic o. AB, DC meet 
in E, and BC, AD in F, and a conic fi is drawn through the points B, D, 
F, E, Prove that the four tangents to o at the points where the conies 
intersect pass two and two through the pair of points where AC cuts iS. 

53. Two conies a, j8 intersect in the points A, jB, C, D, If the pole of 
AB with respect to o coincides with the pole of CD with respect to /5, 
prove that the pole of CD with respect to o will coincide with the pole 
of AB with respect to /?• 
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54. Three conies all pass through the same two points Ay B. The 
first and second conies intersect one another in two other points (7, D ; 
and the pole of AB with regard to the second conic lies on the first 
conic. The third conic touches the line joining (7, D ; and the pole of 
^£ with regard to it lies on the second conic. Show that the tangents^ 
other than CB^ drawn from the points C^ Bio the thii*d conic meet on 
the circumference of the fitst conic. 

55. Given the asymptotes of a conic and another tangent, show how 
to construct the pair of tangents from a given point to the conic. 

Given the three middle points of the sides of a given triangle, draw 
a straight line through a given point to bisect the triangle* 

56. A conic cuts the «ides of a triangle ABC in the pairs of points 
ai Oa, &x ^ii Ci <^ respectively ; if Bb^f -Cc^ intersect in a,, and Bb^, Cc^ in a^ 
and so on, and if fii fi^ $3 fii, 71 7, 73 74 be similarly constructed ; show 
that the straight lines obtained by putting in various suffixes in Aa^ 
Bfi, Of meet, three by three, in eight points. 

57. Reciprocate the proposition that the nine-point circle of a triangle 
touches the inscribed circle (i) with regard to one of the angular 
I>oints of the triangle, (a) with regard to the middle point of one of its 
sides. 

58. ' If, from a point withiA a circle, more than two equal straight 
lines can be drawn to the circumference, that point is the centre of 
the circle.' 

Generalise the above proposition (i) by reciprocation, (a) by pro- 
jection. 

59. TP and TQ are tangents of a conic and PQ is bisected in V; also 
TV is bisected by the curve. Show that the conic is a parabola. 

6ow A conic of constant eccentricity is drawn with one focus at 
the centre of a. given circle and circumscribing a triangle self-conjugate 
with respect to the given circle ; show that the corresponding directrices 
for different positions of the triangle will envelope a circle. 

61. A straight line moves «o as to make upon two fixed straight 
lines intercepts whose difference is constant .; prove that it will always 
touch a fixed parabola, and determine the focus and directrix of the 
parabola. 

6a. By reciprocation deduce a proposition relating to the circle from 
the following— ' The locus of a point dividing in a given ratio the 
ordinate PN of a parabola is another parabolli having the same vertex 
and axis.* 

63. The envelope of a straight line which moves so that two fixed 
circles intercept on it chords of equal length is a parabola. 

64. Given a conic and a pair of straight lines conjugate with regard 
to it, project the conic into a parabola of which the projections of the 
given lines shall be latus rectum and directriXr 
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65. An ellipse has the focus of a parabola for centre and has with it 
contact of the third order at its vertex. Tangents are drawn to the 
two conies from any point on their common tangent, and the harmonic 
conjugate of this latter with regard to them is taken. Prove that its 
envelope is the common circle of curvature of the two conies at the 
common vertex. 

66. ABC^ DBF are two truHsgies inscribed in a conic. BCy CA, AB 
are parallel respectively to EF, FD, DE, Prove that AB, BE, CF are 
diameters of the conic. 

67. Find the double rays of the pencils 0(^5C...) and O^AfB^Cf,..), 
each of which is in perspective with the pencil y{A"Bff0',..\ 

68. BIf is a fixed diameter of a conic and FT* is a double ordinate of 
this diameter. A parallel through 2/ to DP meets DP' in X Find the 
locus of X. 

69. Through a point is drawn a straight line cutting a conic in AB, 
and on AB are taken points CB, such that 

(i ^ 0C5 + (l -r OB) « (i -^ 0^) + (I H- 0B\ 
Then if MN be the points of contact of tangents from B, and LB, those 
of tangents from C, show that either LM. and JRiV, or LN and BM, meet 
in 0. 

70. Construct the conic which passes through the four points ABCB 
and is such that AB and CB are conjugate lines with regard to it. 

71. AOB and COB are two diameters of a circle and QR is a chord 
parallel to AB ; if P be the intersection of CQ and BR, or of BQ and 
CM, and if from P be drawn P3f parallel to AB to meet CD. in M, 
then 0M:^ = 0B^ + PM\ 

7a. AB, AC are two chords of an ellipse equally inclined to the 
tangent at A ; show that the ratio of the chords is the duplicate of the 
ratio of the diameters x>arallel to them. 

73. Construct, by means of the ruler only, a conic which shall pass 
through two given points and have a given self-conjugate triangle. 

Also construct the pole of the connector of the given points with 
respect to the conic. 

74. Through a fixed point A any two straight lines are drawn meet- 
ing a conic in B, & and C, Cf respectively ; parallels through A to BCt, 
B^C meet BfC, BC^ respectively in B, E ] find the locus of B and of E. 

75. Two equal tangents TP and 2^ of a parabola are cut in M and N 
by a third tangent ; show that TM=^QN, 

76. The tangents at two points of an ellipse, whose foci are S, H, meet 
in T, and the normals at the same points meet in ; prove that the 
perpendiculars through S, H to ST, HT respectively divide OT har- 
monically. 

Deduce a construction for the centre of curvature at any point of the 
ellipse. 

X 
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77. An ellipse may be regarded as the polar reciprocal of the 
auxiliary circle with respect to an imaginary circle of which a focus is 
centre. Prove this, and find the lines which correspond to the centre 
and the other focus of the ellipse. 

78. Two conies u^ v intersect in A^ B, C^^ D ; E^ F are the poles of CD 
with regard to the conies u, v respectively, and AEy AF meet CD in 
G, H respectively ; a straight line is drawn through A meeting t^ v in 
P, Q respectively ; show that the locus of the intersection of PH, QOi^ a 
straight line passing through B and through the intersection of EF, CD, 

79. Two triangles, one inscribed in and the other escribed to a given 
triangle, and both in perspective with it, are in perspective. 

Each of the triangles determined by the conmion tangents of two 
conies is in perspective with each of the triangles determined by the 
common points of the conies. 

80. Two circles cut each other orthogonally ; show that the distances 
of any point from their centres are in the same ratio as the distances of 
the centre of each circle from the polar of the point with respect to the 
other. 

The directrix of a fixed conic is the polar of the corresponding focus 
with respect to a fixed circle ; with any point on the conic as centre a 
variable circle is described cutting the fixed circle orthogonally ; find 
the envelope of the polar of the focus with respect to the variable 
circle. 

81. Obtain a construction for projecting a conic and a point within 
it into a parabola and its focus. 

8a. A conic circumscribes a triangle ABCj the tangents at the angular 
points meeting the opposite sides on the straight line DEF. The lines 
joining any point P on DEF to A, B,C meet the conic again in A^y B^, (/. 
Show that the triangle A'Bf(f envelopes a fixed conic inscribed in ABC^ 
and having double contact with the given conic at the points where 
it is met by DEF. Show also that the tangents at A% B^, C^ to the 
original conic meet B'C/, C^A% A'B^ in points lying on DEF, 

83. ABCD is a quadrilateral whose sides AB, CD meet in E, and AD, 
BCinF; .^ is a fixed point, EF a fixed straight line, and £, C lie each 
upon one of two fixed straight lines concurrent with EF; find the 
locus of D, 

84. All the tangents of a conic are inverted from any point. Show 
that the locus of the centres of all the circles into which they invert is 
a conic. 

85. If Af B, Cf D be four ooUinear points, and any point whatever, 

prove that , . 

5 {0^« ^ (AB , AC , AD)} = o. 

Also show that if A', B^, C^, D^ he four coney clic points, then 
26 { I -r- (A'Bf . A^C^ . A^D^) } = o, the sign of any rectilinear segment 
being the same as in the preceding identity. 
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86. If be the intersection of the common tangents to two conies 
having double contact, and if a straight line through meet the two 
conies in P, P' and Q, Q' respectiyely, prove that 

Fq,T*qi , (po+p'o) ^ pc^ . p'Of +p^o^ . PQ, 

and that PQ,P(/ xP'Q. P'Q^iiPO^ : P'O^ 

87. Describe a conic to touch a given straight line at a given point 
and to osculate a given circle at a given point. 

88. If a system of conies have a conmion self-conjugate triangle, any 
line through one of the vertices of this triangle is cut by the system in 
involution. 

Two conies, U and U^, touch their common tangents in ABCD and 
A'PfCfT/ ; show that AB cuts 17, Tf and the other sides of the quadri- 
lateral of tangents in six points in involution. 

89. Four points Ay B, C, D are taken on a conic such that AB^ BC, CD 
touch a conic having double contact with it; show that A Bud. D 
generate homographic ranges on the conic, and find the common 
points of the ranges. 

90. The angfular points ABC of a triangle are joined to a point 
and the bisectors of the angles BOC, COA, AOB meet the corresponding 
sides of the triangle in c^ og, /Sj ^2, 7i 73 ; show that these points lie 
three by three on four straight lines ; and that if lie on the circle 
circumscribing the triangle, each of the lines a^ 0^ y^, &c. passes 
through the centre of a circle touching the three sides of the triangle. 

91. 'If from a point T on the directrix of a parabola whose vertex is 
A tangents TP, TQ are drawn to the curve, and PA, QA joined and pro- 
duced to cut the directrix in Jf, JV, then will T be the middle point 
of MN/ 

Obtain firom the above theorem by reciprocation a property of (i) a 
circle, (a) a rectangular hyperbola. 

9a. In two figures in homology M and Mf are homologous points and 
is the centre of perspective. Show that OM is to MM^ as the per- 
pendicular from M on its vanishing line is to the perpendicular from M 
on the axis of perspective. 

93. Given two points ^, jB on a rectangular hyperbola and the polar 
of a given point in the line AB ; determine the points of intersection 
of the curve with the straight line drawn through perpendicular 
to AB. 

94. Show how to project a given quadrilateral into a quadi'ilateral 
ABCD such that AB is equal to AC, and that D is the centre of gravity 
of the triangle ABC, 

95. A circle has double contact with an ellipse, and lies within it. 
A chord of the ellipse is drawn touching the circle, and through its 
middle point is drawn a chord of the ellipse parallel to the minor axis. 
Show that the rectangle contained by the segments of this chord is 

X 2 
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equal to the rectangle contained by the segments into which the first 
is divided by the point of contact. 

96. ABCDEF is a hexagon inscribed in one conic and circumscribing 
another. The connectors of its vertices with any point in its 
plane meet the former conic again in the vertices of a second hexagon 
A^B^CI/E^F^. Prove that it is possible in this to inscribe another 
conic. 

97. ABCDj AJB'Cfl/ are two parallelograms having a common vertex 
A and the sides AB^ AD of the one along the same straight lines as the 
sides AB^, Alf respectively of the other. Show that the lines BI/^ 
IfJ>^ C(f are concurrent. 

98. Three conies a, fif y are inscribed in the same quadrilateral. 
From any point, tangents a, b are drawn to a, and tangents a^, V to 3> 
Show that if a, a' are conjugate lines with respect to 7, so are &, I/. 

99. If three tangents to a conic can be found such that the circle 
circumscribing the triangle formed by them passes through a focus, 
the conic must be a parabola. 

100. From each point on a straight line parallel to an axis of a conic 
is drawn a straight line perpendicular to the polar of the point ; show 
that the locus of the foot of the perpendicular is a circle. 

loi. AB is a diameter of a circle, and C and B are points on the 
circle. AC^ BD meet in E. Show that the circle about CDE is ortho* 
gonal to the given circle. 

102. Find the locus of the centre of a circle which divides two given 
segments of lines harmonically. 

103. The sides ABj AB of a parallelogram ABCB are fixed in posi- 
tion, and C moves on a fixed line ; show that the diagonal BD envelopes 
a parabola. 

104. A tangent of a hyi)erbola whose centre is C meets the asymp- 
totes in P and Q ; show that the locus of the orthocentre of the triangle 
CPQ is another hyperbola. 

105. Through fixed points A and B are drawn conjugate lines for a 
given conic. Show that the locus of their meet is the conic through 
Af B and the points of contact of tangents from A and B. 

106. A, B, Cf D are four points on a conic, and is the pole of AB. 
Show that {AB, CD) is the square of {AB, CD), 

107. A, B, C, D are four points on a conic. The tangent at A meets 
BC, CD in tti, Oa ; the tangent at B meets CD, DA in b^, b, ; ^^^ so on. 
Show that the eight points a| , a^, b^, b^, c^, c^, d^ d^ lie on a conic. 

108. The centre of a conic lies on the directrix of a parabola, and 
a triangle can be drawn circumscribed to the parabola and self-conju- 
gate for the conic. Show that the tangents from to the parabola are 
the axes of the conic. 
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109. Two sides A(^^ AB of a triangle AQR circumscribed to a given 
circle are given in position ; the circles escribed to AQ and AR touch 
AQ and AB in V and U ; show that the locus of the meet of QU and BV 
is a hyperbola with AQ and AB as asymptotes. 

no. If the chords OPj OQ of a conic are equally inclined to a fixed 
line ; then, if be a fixed point, PQ passes through a fixed point. 

III. A fixed line I meets one of the system of conies through the 
four points Ay B, C, DinP and Q ; show that the conic touching AB, 
CD, PQ and the tangents at P and Q touches a fourth fixed line. 

iia. Triangles can be inscribed in a which are self-conjugate for fi ; 
ABC is a triangle inscribed in a and A'BfC is its reciprocal for ^ ; show 
that the centre of homology of ABC and A'BfC* is on a. 

113. Six circles of a coaxal system touch the sides of a triangle ABC 
inscribed in any coaxal in the points oat, W , ocf ; show that these 
points are the opposite vertices of a quadrilateral. 

114. -4, By C, D are four points on a circle, and .4', B^, C^, iX are the 
orthocentres of the triangles BCDy CDAj DAB, ABC, Show that the 
figures ABCB, A'BfC^Bf are superposable. 

115. Any conic a which divides harmonically two of the diagonals 
of a quadrilateral is related to any conic /3 inscribed in the quadri- 
lateral in such a way that triangles can be inscribed in a which are 
self-conjugate for /3. 

116. The envelope of the axes of all conies touching four tangents of 
a circle is a parabola. 

117. If {AA'y BBf) = - I = {AA'y PQ) = (BJB', P^f) ; show that 
{AA% BBfy QQf) 4s an involution. 

118. If two conies can be drawn to divide four given segments har- 
monically, then an infinite number of such conies can be drawn. 

119. If {AA'y BB^j CC^) be an involution, show that 

{A'A, BC') + {BTBy CA') + {C'C, AB') - i. 

ISO. T is a point on the directors of the conies a and 0, The reci- 
procal of a for fi meets the polar of T for fi in Q, B. Show that the 
angle QTR is right. 

121. Through the centre of a circle is drawn a conic, and A and A' 
are a pair of opposite meets of common tangents of the circle and conic ; 
show that the bisectors of the angle ADA' are the tangent and the 
normal at 0. 

122. A given line meets one of a series of coaxal circles in P, Q. The 
parabola which touches the line, the tangents at P, Q, and the radical 
axis has a third fixed tangent. 

123. If a series of conies be inscribed in the same quadrilateral of 
which A, A' is a pair of opposite vertices, and if from a fixed point 
tangents OP, OQ be drawn to one of the conies, the conic through 
OPQAAf will pass through a fourth fixed point. 
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124. On a tangent to a circle inscribed in a triangle ABC are taken 
points a, b, c, such that the angles subtended by Aa^ Bb, Cc at the 
centre are equal ; show that Aa, Bb, Cc are concurrent. 

135. Through two given points, four conies can be drawn for which 
three given pairs of lines are conjugate ; and the common chord is 
divided harmonicaUj by every conic through its four poles for the 
conies. 

196. The locus of the pole of a common chord of two conies for 
a variable conic having double contact with the two given conies 
consists of a conic through the two common points on the given chord 
together with the join of the poles of the chord for the two conies. 

137. Find the locus of the centre of a conic which passes through 
two given points and divides two given segments harmonically. 

ia8. A variable conic passes through three fixed points and is such 
that triangles can be inscribed in it which are self-polar for a given 
conic. Show that it passes through a fourth fixed point. 

129. If a variable conic touch three fixed lines, and be such that 
triangles can be drawn circumscribing it which are self-polar for a 
given conic, then the variable conic will have a fourth fixed tangent, 
and the chords of contact of the variable conic with the fixed lines 
pass through fixed points. 

130. The directrix of a parabola which has a fixed focus and is such 
that triangles can be described about it which are self-polar for a given 
conic, passes through a fixed point. 

131. A conic U passes through two given points and is such that two 
sets of triangles can be inscribed in it, one self-polar for a fixed conic 
V and the other self-polar for a fixed conic W, Show that U has a 
fixed self-polar triangle. 

133. A variable conic U cuts a given conic V in two given points 
and also touches it and is such that triangles can be inscribed in it 
self-polar for a given conic W. Show that U touches another fixed 
conic. 

133. Three parabolas are drawn, two of which pass through the 
four points common to two conies and the third touches their common 
tangents. Show that their directrices are concurrent. 

134. If a system of rectangular hyperbolas have two points common, 
any line perpendicular to the common chord meets them in an invo- 
lution. 

135. The reciprocal of a circle through the centre of a rectangular 
hyperbola, taking the r. h. itself as base conic, is a parabola whose 
focus is at the centre of the r. h. 

136. The reciprocal of any circle, taking any r.h. as base conic, is a 
conic, one of whose foci is at the centre of the r. h. ; and the centre of 
the circle reciprocates into the corresponding directrix. 
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137. The chords AB and A'^ of a conic a meet in F. /3 is the conic 
touching AB^ A':Bf and the tangents at Ay B, A'^ ff, VL and VU 
divide AVA' harmonically and cut the conic a in LM and L'W, Show 
that the other joins of the points L, My J/^ M' touch fi. Also any 
tangent of /3 meets AB and A'Bf in points which are conjugate for a. 

138. The director circle of a conic is the conic through the circular 
points and the points of contact of tangents from these points to the 
conic. 

139. Tangents to a circle at P and Q meet another circle in AB and 
CD ; show that a conic can be drawn with a focus at either limiting 
point of the two circles and with FQ as corresponding directrix which 
shall pass through ABCD. 

140. Tangents to a conic from two points PP' on a confocal meet 
again in the opposite points Q(/ and RBf. Show that Q(/ lie on one 
confocal and RBf on another ; and that the tangents to the confocals at 
ppfQqfRPt are concurrent. 

141. The centroid of the meets of a parabola and a circle is on the 
axis of the parabola. 

14a. A variable tangent of a circle meets two fixed parallel tangents 
in P and Q, and a fixed line through the centre in.R. X is taken so 
that (PQ, jR-T) = — I. Show that the locus of X is a concentric circle. 

143. A triangle is reciprocated for its polar circle. Show that the 
reciprocal of the centroid is the radical axis of the circum-circle and 
the nine-point circle. 

144. The reciprocal of a triangle for its centroid is a triangle having 
the same centroid. 

145. Triangles can be circumscribed to a which are self-conjugate 
for /3. A tangent of a cuts /3 in P and Q ; and a conic 7 is drawn 
touching /3 at P and at Q, Show that triangles can be circiunscribed to 
a which are self-conjugate for 7. 

146. PP' is a chord of a parabola. Any tangent of the parabola cuts 
the tangent parallel to PP^ in X and the tangents at P and P' in R and 
Bf ; show that RX « ZRf, 

147. If the conic a be its own reciprocal for the conic fi, then /S is its 
own reciprocal for a. 

148. Given a conic a and a chord ^C of a, a conic fi can be found 
having double contact with a at £ and Cy such that a is its own reci- 
procal for 3. 

149. A conic cannot be its own reciprocal for a conic having four- 
point contact with it. 

150. If the conic a be its own reciprocal for the conic /?, then a and 
/3 can be projected into concentric circles, the squares of whose radii 
are numerically equal. 
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T51. Any point P on a conic and the pole of the normal at P are 
conjugate points for the director circle. 

15a. The pole of the normal at any point P of a conic is the centre 
of curvature of P for the confocal through P. 

153. ABG is a triangle, and AL^ BMj CN meet in a point, LMN being 
points on BCy CA, AB. Three conies are described, one touching 
BM, CN at Mf N and passing through A ; so the others. Prove that at 
Aj By C respectively they are touched by the same conic. 

154. The lines joining four fixed points in a plane intersect in pairs 
in points OiP^Ozy and P is a variable point. Prove that the harmonic 
conjugates of O^P, O^P, OsP for the pairs of lines meeting in OiOiO^ 
respectively, intersect in a point. 

155. If a parabola touch the sides of a fixed triangle, the chords of 
contact will each pass through a fixed point. 

156. The six intersections of the sides of two similar and similarly 
situated triangles lie on a conic, which is a circle if the perpendicular 
distances between the pairs of parallel sides are proportional to the 
sides of the triangle. 

157. Two conies have double contact, being the intersection of the 
common tangents. From P and Q on the outer conic pairs of tangents 
are drawn to the inner, forming a quadrilateral, and R is the pole of 
PQ with respect to the inner conic. Prove that two diagonals of the 
quadrilateral pass through E, and that one of these diagonals passes 
through 0. 

158. A conic is drawn through the middle points of the lines 
joining the vertices of a fixed triangle to a variable point in its plane, 
and through the points in which these joining lines cut, the sides of 
the triangle. Determine the locus of the variable point when the 
conic is a rectangular hyperbola ; and prove that the locus of the 
centre of the rectangular hyperbola is a circle. 

159. The feet of the normals from any point to a rectangular h^er- 
bola form a triangle and its orthooentre. 

160. ABC is a triangle and A'B'Cf are the middle points of its sides. 
is the orthocentre. AOj BOj CO meet the opposite sides in DEF. 
EFf FB, BE meet the sides in LMN, Prove that OL is perpendicular to 
AA', OM to BB', and ON to C(f. 

161. A variable conic touches the sides AB, AC of a triangle ABCsX 
B and C. Prove that the points of contact of tangents from a fixed 
point P to the conic lie on a fixed conic though PABC, 

i6a. Given two tangents to a parabola and a fixed point on the chord 
of contact, show that a third tangent is known. 

163. Tangents to a conic from two points on a confocal form a quad- 
rilateral in which a circle can be inscribed. 
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164. AA'^ BBf, (Xf are opposite vertices of a quadrilateral formed by 
four tangents to a conic. Three conies pass respectively through 
AA'j BSf, CCf and have three-point contact with the given conic at the 
same point P. Show that the poles of AA'^ BJBf, CCf with respect to 
the conies through AA!^ BBf, CC^ respectively coincide, and the four 
conies have another common tangent. 

165. If two conies, one inscribed in and the other circumscribed to 
a triangle, have the orthocentre as their common centre, they are 
similar, and their corresponding axes are at light angles. 

166. A fixed tangent is drawn to an ellipse meeting the major axis 
in T. Qtf are two points on the tangent equidistant from T, Show 
that the other tangents from Q and tf to the ellipse meet on a fixed 
straight line parallel to the major axis. 

167. With a fixed point P as focus a parabola is drawn touching a 
variable pair of conjugate diameters of a fixed conic. Prove that it has 
a fixed tangent parallel to the polar of P. 

168. A conic is described having one side of a triangle for directrix, 
the opposite vertex for centre, and the orthocentre for focus ; prove 
that the sides of the triangle which meet in the centre are conjugate 
diameters. 

169. The radius of curvature in a rectangular hyperbola is equal to 
half the normal chord. 

17a The radius of curvature in a parabola is equal to twice the in- 
tercept on the normal between the directrix and the point of inter- 
section of the normal and the parabola. 

171. Two ellipses touch at A and cut at B and C. Their common 
tangents, not at A, meet that at ^ in Q and R and intersect in P. 
Prove that BQ and CR meet on AP, and so do BR and CQ. 

17a. A transversal is drawn across a quadrangle so that the locus 
of one double point of the involution determined on it is a straight 
line. Show that the locus of the other is a conic circumscribing the 
harmonic triangle of the quadrangle. 

173. PQ is a chord of one conic a and touches another conic fi. 
Prove that P, Q are conjugate for a third conic 7. 

1 74. J^YZ is a triangle self-conjugate for a circle. The lines joining 
J[TZ to a point D on the circle meet the circle again in Aj £, C 
respectively. Show that as D varies, the centre of mean position of 
ABCD describes the nine-point circle of ZTZ, 

175. Two conies are described touching a pair of opposite sides of a 
quadrilateral, having the remaining sides as chords of contact and 
passing through the intersection of its diagonals ; show that they 
touch at this point. 
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176. With a giyen point as focus, four conies can be drawn having 
three giyen pairs of points coigugate ; and the directrices of these 
conies form a quadrilateral such that the director circles of all the 
inscribed conies pass through 0. 

177. The line joining two points A and B meets two lines OQ, OP in 
Q and P. A conic is described so that OP and OQ are the polars of A 
and B with regard to it. Show that the locus of its centre is the line 
OR where R divides AB so that ARiRBwQRi RP. 

178. A chord of a conic passes through a fixed point. Prove that 
the other chord of intersection of the conic and the circle on this 
chord as diameter passes through a fixed point. 

179. One of the chords of intersection of a circle and a r. h. is a 
diameter of the circle. Prove that the opposite chord is a diameter of 
the r. h. 

180. Tangents are drawn to a conic a parallel to conjuga)» 
diameters of ^ conic fi. Prove that they will cut on a conic 7, con- 
centric with a and homothetic with fi. Also 7 will meet a in points 
at which the tangents to a are parallel to the asymptotes of fi. 

181. Four concyclic points are taken on a parabola. Prove that its 
axis bisects the diagonals of the quadrilateral formed by the tangents 
to the parabola at these points. 

1 8a. If four points be taken on a circle, the axes of the two parabolas 
through them are the asymptotes of the centre-locus of conies through 
them. 

183. The locus of the middle point of the intercept on a variable 
tangent to a conic by two fixed tangents is a conic having double con- 
tact with the given one where it is met by the diameter through the 
intersection of the fixed tangents. 

184. On two parallel straight lines fixed points Ay B are taken and 
lengths APy BQ are measured along the lines, such that AP + BQ is 
constant. Show that AQ and BP cut on a fixed parabola. 

185. Chords APy AQ of a conic are drawn through the fixed point A 
on the conic, such that their intercept on a fixed line is bisected by a 
fixed point. Show that PQ passes through a fixed point. 

186. Three tangents are drawn to a fixed conic, so that the ortho- 
centre of the triangle formed by them is at one of the fpci ; prove 
that the polar circle and circum-circle are fixed. 

187. Given four straight lines, show that two conies can be con- 
structed such that an assigned straight line of the four is directrix 
and the other three form a self-polar triangle ; and that, whichever 
straight line be taken as directrix, the corresponding focus, is one of 
two fixed points. 

188. Parallel tangents are drawn to a given conic, and the point 
where one meets a given tangent is joined to the point where the 
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other meets another given tangent. Prove that the envelope of the 
joining line is a conic to which the two tangents are asymptotes. 

189. With a point on the circum-circle of a triangle as focus^ four 
conies are described circumscribing the triangle : prove that the corre- 
sponding directrices will pass each through a centre of one of the four 
circles touching the sides. 

190. Three conies are drawn touching each pair of the sides of a 
triangle at the angular points where they meet the third side and 
passing through a common point. Show that the tangents at this 
common point meet the corresponding sides in three points on a 
straight line, and the other common tangents to each pair of conies 
pass resi)ectively through these three points. 

191. ABCD is a quadrilateral circumscribing a conic, and through the 
pole of ^C a line is drawn meeting CDy DA, DB, BC, and CA in PQRST 
respectively. Show that PQ, R8 subtend equal angles at any point on 
the circle whose diameter is OT. 

19a. The normal at a fixed point P of an ellipse meets the curve again 
in Q, and any other chord PP^ is drawn ; QP^ and the straight line 
through P perpendicular to PP^ meet in R ; prove that the locus of R is 
a straight line parallel to the chord of curvature of P and passing 
through the pole of the normal at P. 

193. Two tangents of a hyperbola a are asymptotes of another conic /3. 
Prove that if touch one asymptote of a, it touches both. 

194. A conic is drawn through four fixed points ABCD, BC, AD 
meet in A' ; CA, BDinB' ; AB, CD in (f; and is the centre of the conic. 
Prove that ^ABCD} on the conic = {A^B^C^O} on the conic which is 
the locus of 0. 

195. Tangents drawn to a conic at the four points ABCD form a 
quadrilateral whose diagonals are <ia% W, (xf (the tangents at ABC 
forming the triangle aJbc and being met by the tangent at D in a'l/cf). 
The middle points of the diagonals are A'BfCf and the centre is 0. 
Prove that {-4'^(/0} = {ABCD} at any point of the conic. 

196. If a right line move in a plane in any manner, the centres of 
curvature at any instant of the paths of all the points on it lie on a 
conic. 

197. Defining a bicircular quartic as the envelope of a circle which 
moves with its centre on a fixed conic so as to cut orthogonally a fixed 
circle, show that it is its own inverse with respect to any one of the 
vertices of the common self-conjugate triangle of the fixed circle and 
conic, if the radius of inversion be so chosen that the fixed circle 
inverts into itself. 

198. A quadrilateral is formed by the tangents drawn from two 
fixed points on the radical axis of a system of coaxal circles to any 
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circle of the system. Prove that the locus of one pair of opposite 
yertioes is one conic, and of the remaining pair is another conic, and 
the two fixed points are the foci of both these conies. 

199. Two fixed straight lines through one of the foci of a system of 
confocal conies meet any one of the conies in PV^ Q(y, "Prove that the 
enyelope of PQ and P'if is one parabola, and of Ptf, P^Q is another 
parabola. Also the points of contact of PQ, P'Q\ FQ, PQf with their 
respective envelopes lie on a straight line parallel to the conjugate 
axis of the system, which axis touches both parabolas. 

SCO. A parallelogram with its sides in fixed directions circumscribes 
a circle of a coaxal system. Prove that the locus of one pair of 
opposite vertices is one conic and of the remaining pair is another 
conic, and the common tangents of these two conies are the parallels 
through the common i)oints of the system to the sides of the parallelo- 
gram. Prove also that the tangents at the vertices of any such 
parallelogram to their respective loci meet in a point on the line of 
centres of the system. 

90I. is the centre of a conic circumscribing a triangle, and (/ is 
the pole of the triangle for this conic. Show that is the pole of the 
triangle for that conic which circumscribes the triangle and has its 
centre at (/. 

9oa. AA', BPf, C(T are the three pairs of opposite vertices of a quadri- 
lateral. A conic through £J^, (Kf and any fifth point P meets AA' in 
X and F. Prove that PX, PY are the double lines of j}he involution 
P{AA',BPf, CCf], 

303. If tangents be drawn to a system of conies having four common 
tangents, from a fixed point {X) on a side {AA'^ of the self-conjugate 
triangle of the system, the points of contact will lie on a conic (viz. 
XBPfCCT), 

204. AAf BBff CCf are the three pairs of opposite vertices of a quadri- 
lateral. A straight line meets AA', BB', CCf in LMN. Prove that the 
cxmic&LBBfCC, liCCfAA', NAA'BB'y and the conic touching the sides of 
the quadrilateral and also LMN, have a common point. 

205. Three conies have double contact at the same two points, and 
A, By C are their centres. A straight line parallel to ABC meets them 
in PP'y Q(/y RBf respectively, and is any point on this straight line. 
Prove that OP. OP'. J5C+ OQ.OQ' .CA + OR.OBf ,AB => o, 

206. In XXYIII. § 10. Ex. 4, prove that if 0^ be this fixed point, then 
COy CC are equally inclined to the axes, and CCCC *= CS\ 

207. If triangles can be inscribed in a conic a and circumscribed to 
a conic 0, the locus of the centroid of such a triangle is a conic homo- 
thetic with a. 

208. If the conic iS be a parabola, this locus is a straight line. 
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209. This straight line is parallel to the line joining points on the 
parabola where the tangents are parallel to the asymptotes of a. 

aio. The tangents at three points of a rectangular hyperbola form a 
triangle, of which the circum-circle has its centre at a vertex and passes 
through the centre of the hyperbola. Show that the centroid of the 
three points lies on the conjugate axis. 

an. Show that the orthocentre of the three points in Ex. 210 is the 
vertex which is the centre of the circle. 

912. If in Ex. 207 the conies a and iS are homothetic, the centroid of 
the three points of contact with ^ of such a triangle is a fixed point. 

213. If the conies a and jS are coaxial, then the normals to a at the 
vertices of any such triangle are concurrent and also the normals to /3 
at the points of contact of the sides ; and conversely, if Fi^B, be three 
points on a conic such that the normals there are concurrent, a coaxial 
conic can be inscribed in the triangle T(^R, 

214. If the conies a and jS are both parabolas, the locus of the 
centroid is parallel to the axis of a. 

215. If a and /3 are parabolas with the same axis, whose latera recta 
are I and 2^, then V =^l. 

216. Given a triangle self-conjugate for a conic, if a directrix touch 
a conic iS inscribed in the triangle, then the corresponding focus lies 
on the director circle of &, 

217. A conic is inscribed in a triangle self-conjugate for a rectangular 
hyperbola, with one focus on the hyperbola. Show that its major axis 
touches the hyx>erbola. 

218. A triangle is inscribed in a conic and circumscribed to a para- 
bola. Prove that the locus of the centre of its circumscribing circle 
is a straight line. 

219. The following pairs of conies are related to one another as in 
XIV. § 2. Ex. 14— 

(i) A rectangular hyperbola, and a parabola whose focus is at the 
centre of the r. h. and whose directrix touches the r. h. 

(ii) Two rectangular hyperbolas, each passing through the centre of 
the other and having the asymptotes of one parallel to the axes of the 
other. 

220. If the polar circle of three tangents to a conic passes through a 
focus, the orthocentre lies on the corresponding directiix. 

221. If a triangle inscribed in a parabola has its orthocentre on the 
directrix, its polar circle passes through the focus. 

222. A circle has its centre on the directrix and touches the sides of 
a triangle self-conjugate for a parabola. Show that it passes through 
the focus. 
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aas. Triangles can be inscribed in a conic a so as to be self-conjugate 
for a conic fi. A circle has double contact with a along a tangent 
to fi. Show that it cuts orthogonally the director of fi, 

334. Two conies, in either of which triangles can be inscribed self- 
conjugate for a third conic, have double contact. Show that their 
chord of contact touches this conic. 

335. From any point P two tangents PQ, PR are drawn to an ellipse : 
if C is the centre of the ellipse, then all hyperbolas drawn through 
P and C and having their asymptotes parallel to the axes of the ellipse 
cut QR harmonically. 

336. A conic circumscribes a triangle self-conjugate for a parabola 
and has its centre on the parabola. Show that an asymptote touches 
the parabola. 

337. A circle through the centre of a rectangular hyperbola cuts it 
in ABCD. Show that the circle circumscribing the triangle formed 
by the tangents to the r. h. at ABC passes through the centre of the 
hyperbola, and has its centre on the hyperbola at the extremity 2/ of 
the ctiameter through D ; and 1/ is the orthocentre of ABC. 

338. Show that if D be the pole of the triangle ABC for a conic, then 
Af Bf C are the poles of the triangles BCD, ACD, ABB respectively. 
Such a quadrangle may te said to he seLf-com^ugate for the conic. 

339. If triangles can be inscribed in which are self-conjugate for a, 
then quadrangles can be inscribed in fi which are self-conjugate for a ; 
and conversely. 

330. If triangles can be circumscribed to fi which are self-conjugate 
for a, then quadrilaterals can be circumscribed to fi which are self- 
conjugate for a ; and conversely. 

331. If we can describe triangles to touch a conic a and to be self- 
polar for each of two conies /3 and 7, then the four intersections of fi 
and 7 form a self -polar quadrangle for a. 

333. If triangles can be inscribed in each of two conies /3, 7 so as 
to be self-polar for a conic a, then triangles self-polar for a can be 
inscribed in any conic through the intersections of fi and 7. 

333. If triangles can be circumscribed to each of two conies fi, 7 
self-polar for a conic a, then triangles self-polar for a can be circum- 
scribed to any conic touching the common tangents of fi and 7. 

334. The polars of a fixed triangle for a system of four-point conies 
envelope a conic touching the sides of the triangle. 

335. The poles of a fixed triangle for a system of conies having four 
common tangents lie on a conic circumscribing the triangle. 

336. If the system of four-tangent conies is a system of confooals, 
the locus of the poles is a rectangular hyperbola. 
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337. If two conies are related as in XIY. § a. Ex. 14, and the first 
passes through the centre of the second, then the second passes through 
the centre of the first. 

238. Three tangents to a conic a form a triangle. A conic & circum- 
scribes the triangle and passes through the centre of a and the pole of 
the triangle with respect to a. Prove that its centre lies on a. 

039. A rectangular hyperbola circumscribes a triangle and passes 
through the centre of one of the circles touching the sides. Show that 
its centre lies on this circle. 

340. Hence prove Feuerbach's theorem, viz.— the nine-point circle 
of any triangle touches the inscribed and escribed cirdes. 

341. Show that in Ex. 339 the poles of the triangle for these circles 
lie on the respective hyperbolas ; and the polars of the triangle for the 
hyperbolas are tangents to the respective circles. 

342. The nine-point circle of a triangle inscribed in a rectangular 
hyperbola touches the polar-circle of the triangle formed by the 
tangents at the vertices, at the centre of the conic. 

343. The pole with respect to a parabola of the triangle formed by 
three tangents to it lies on the minimum ellipse circumscribing the 
triangle. 

344. The polar in this case passes through the centre of gravity of 
the triangle. 

345. The pole with respect to a parabola of an inscribed triangle 
lies on the maximum ellipse inscribed in the triangle. 

346. The two conies in the last example are reciprocal with respect 
to a conic with its centre at this pole and having the triangle as a 
self-conjugate triangle. 

347. Show that the polar of a triangle for a rectangular hyperbola* 
which circumscribes it, touches the conic which touches the three 
sides at the vertices of the pedal triangle ; and the pole of the triangle 
lies on the radical axis of the circum-circle and nine-point circle of 
the triangle. 

348. A conic passes through the vertices and centroid of a fixed 
triangle. Show that the pole of the triangle for the conic lies on the 
line at infinity, and the polar touches the maximum inscribed ellipse. 

349. A conic touches the sides of a triangle and passes through its 
centroid. Show that the polar of the triangle for this conic is a 
tangent to the minimum ellipse circumscribing the triangle. 

350. The foci of a conic inscribed in a triangle self-coigugate for a 
rectangular hyperbola are conjugate points for the r. h. 

351. A parabola touches the sides of a triangle ABC, and 8 is its 
focus. The axis meets the circum-circle again in 0. With as centre 
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the rectangular hyperbola is described for which the triangle is self- 
conjugate. Show that the axis of the parabola is an asymptote of 
the r. h. 

253. Two parabolas touch the sides of a triangle and have their foci 
at the extremities of a diameter of its circum-circle. Show that their 
axes are the asymptotes of a rectangular hyperbola for which the 
triangle is self-conjugate. 

353. Triangles can be inscribed in a parabola (whose latus-rectum 
is V) so as to be self-conjugate for a coaxial parabola (whose latus-rectimi 
is V), Prove that V = a^. 

254. The locus of the centre of a circle of constant radius circum- 
scribed to a triangle self-conjugate for a fixed conic is a circle con- 
centric with the conic. 

355. Given three tangents and the sum of the squares of the axes, 
the locus of the centre of a conic is a circle. 

256. A circle of given radius is inscribed in a triangle self-conjugate 
for a fixed conic. Prove that the locus of its centre is a concentric 
homothetic conic 

257. A circle a touches the sides of a triangle self-conjugate for a 
conic iS. Show that a rectangular hyperbola having double contact 
with ^ along a tangent to a passes through the centre of the circle. 

258. A circle touches a fixed straight line, and triangles can be cir- 
cumscribed to it which are self-conjugate for a fixed conic. Prove that 
the locus of its centre is a rectangular hyperbola. 

259. The orthocentre of a triangle of tangents to a rectangular 
hyperbola and the centre of the circle through the points of contact 
are conjugate points for the r. h. ^ 

260. If the centroid of a triangle inscribed in a conic lies on a 
concentric homothetic conic, prove that the nine-point circle cuts 
orthogonally a fixed circle. 

261. If two circles touch respectively the sides of two triangles self- 
conjugate for a conic, then their centres of similitude are conjugate 
points for the conic. 

262. If a rectangular hyperbola has double contact with a conic a, 
its centre and the pole of the chord of contact are inverse points for 
the director circle of a, 

263. A circle circimiscribes triangles self-conjugate for a given conic 
and passes through a fixed point. Prove that its centre lies on the 
directrix of the parabola which has double contact with the conic at 
the points of contact of tangents from the fixed point. 

264. Triangles are circumscribed to a central conic so as to have the 
same orthocentre. Prove that they have the same polar circle. 
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265. Two triangles are inscribed in a eonio (which is not a rectangular 
hyperbola) so as to have the same orthocentre. Prove that they have 
the same polar circle. 

a66. Two triangles are inscribed in a conic (which is not a circle) 
so that their circum-circles are concentric. Prove that they are self- 
conjugate for a parabola. 

267. Two triangles are circumscribed to a conic^ so that their circum- 
circles are concentric. Prove that they either have the same circum- 
circle or are self-conjugate for a parabola. 

a68. A conic which is inscribed in a triangle self-conjugate for a 
rectangular hyperbola and has a focus at the centre of the r. h. is 
a parabola. 

969. A conic with a focus at the centre of a rectangular hyper- 
bola circumscribes triangles self-conjugate for the r. h. Prove that 
the corresponding directrix touches the r. h. 

270. Triangles can be inscribed in each of two conies a and /9, self- 
conjugate for the other. Prove that the reciprocal of a for /3 and of 
3 for a is the same conic 7 ; and o^ 0y y are so related that each is the 
enveloi)e of lines divided harmonically by the other two and also the 
locus of points from which tangents to the other two form a harmonic 
pencil. Also any two of these conies are reciprocals for the third. 

271. Two hyperbolas pass each through the centre of the other and 
determine a harmonic range on the line at infinity. Prove that the 
reciprocal of either for the other is the parabola inscribed in the 
quadrilateral formed by parallels through each centre to the asymp- 
totes of the hyperbola passing through it. 

272. A conic is inscribed in a given triangle and passes through its 
circum-centre. Show that its director circle touches the circum-circle 
and the nine-point circle of the triangle. 

273. Find the locus of the centre of the conic in the last example. 

274. The locus of the centre of a conic touching three given straight 
lines and passing through a given point is the conic touching the 
triangle formed by the middle points of the sides of the fixed triangle 
and such that if D be the fixed point, G the centroid of the triangle and 
the centre of the locus, then OBG are collinear, and DO = ^ DG. 

275. If the fixed point be the centroid of the triangle, the locus is 
the maximimi ellipse inscribed in the triangle formed by joining the 
middle points of the sides. 

276. A circle inscribed in a triangle self-conjugate for a hyperbola 
cuts the hyperbola orthogonally at a point P. Show that the normal 
at P is parallel to an asymptote. 

277. A circle is inscribed in a triangle self-conjugate for a conic 
and has its centre on its director circle. Prove that it touches the 
reciprocal of the director circle for the conic. 

Y 
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278. A circle a with centre is inscribed in a triangle self-conjugate 
for a conic ^. If P and Q be the points of contact of tangents to ^ from 
0, then the tangents from P and Q to the conic which is the reciprocal 
for /3 of its director, are also tangents to the circle a. 

279. The six tangents to a conic from the vertices of a triangle cut 
again in twelve points which lie by sixes on four conies. 

280. The six points in which a conic cuts the sides of a triangle can 
be joined in pairs by twelve other lines which are tangents by sizes 
to four conies. 

2Q1. If tangents are drawn to a parabola from two points A and B^ 
the asymptotes of the conic through AB and the points of contact of 
the tangents from A and B^ are parallel to the tangents to the para- 
bola from the middle point of AB, 

282. If tangents are drawn to a parabola from A and B^ the conic 
through AB and the points of contact will be a circle, rectangular 
hyperbola or parabola as AB is bisected by the focus, directrix, or 
parabola respectively. 

283. Tangents are drawn to a circle from two points on a diameter. 
Show that the foci of the conic touching the tangents and their chords 
of contact lie on the circle. 

284. If tangents are drawn to a central conic from P and Q, and C 
be the centre and & a focus, then the conic through P, Q, and the 
points of contact of tangents from P, Q will be a circle if the angle TC^ 
is bisected internally by CB^ and if CP . CQ = GS». 

285. The conic in the previous example will be a rectang^ar hyper- 
bola if P and Q are conjugate for the director circle. 

286. A point and the orthocentre of the triangle formed by tangents 
from it to a conic and their chord of contact are conjugate points for 
the director circle of the conic. 

287. If a conic a pass through two points A^ B and the points of 
contact of tangents from them to a given conic, and if /3 be the 
similarly constructed conic for two points -4', B^ ; then if AB are con- 
jugate for /3, A'B^ are conjugate for a. 

a88. The. reciprocal of the director circle of a conic a for a is 
confocal with a. 

289. Along the normal to a conic at a point are taken pairs of 
points PQ such that OP, OQ is equal to the square of the semi-diameter 
parallel to the tangent at 0. Show that tangents to the conic from 
P and Q intersect on the circle of which a diameter is the intercept on 
the tangent at by the director circle. 

290. The orthocentre of a triangle formed by two tangents to a 
conic and their chord of contact lies on the conic. Prove that the 
locus of the vertex of the triangle is the reciprocal of the conic for 
its director circle or the reciprocal for the conic of its evolute. 
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991. The centre of the circle inscribed in a triangle formed by two 
tangents to an ellipse and their chord of contact lies on the conic. 
ProTe that the locus of the vertex of the triangle is a hyperbola con- 
focal with the ellipse, and having the equi*conjugate diameters of the 
ellipse for its asymptotes. 

aga. The centre of gravity of a triangle formed by two tangents to 
a conic and their chord of contact lies on the conic. Prove that the 
locus of the vertex of the triangle is a concentric homothetic conic. 

993. From two points BC, tangents are drawn to a fixed conic, and 
the sides of the two triangles formed by these two pairs of tangents 
and their chords of contact touch the conic a. Similarly the pairs of 
points CA, AB determine the conies /3 and 7 respectively. Prove that 
if A lies on a, then B lies on fi, and C on 7. 

294. A'Bf(f are the middle points of the sides of a triangle ABO. 
Prove that the conic which is concentric with the nine-point circle of 
A'B^CfKrA inscribed in A'Bf(f has double contact with the polar circle 
of ABC at the points where the circum-circle of ABC meets the polar 
circle, and also has double contact with the nine-point circle of A^B^Cf* 

295. A triangle is self-conjugate for a conic. Prove that the sides of 
the pedal triangle touch a confocal. 

396. A triangle is self-polar for a conic ; show that an infinite 
number of triangles can be at once inscribed in the conic and circum- 
scribed to the triangle, and vice vers&. 

297. If two conios a and /3 are related so that the poles for a of two 
opposite common chords lie on ^, then the polars for & of two opposite 
common apexes touch a. 

298. Of all conies inscribed in a given trian*gle, that for which the 
sum of the squares of the axes is least has its centre at the orthocentre 
of the triangle. 

299. Ey F are a pair of inverse points with respect to a circle 
whose centre is J. ; B is the harmonic conjugate of A with respect 
to E, F; APf BP and the tangent at P, any point on the circle, meet 
the polar of E in L, If, T respectively ; show that LT, TM subtend equal 
angles at A, 

300. The connector of a pair of conjugate points with respect to 
a given conic passes through a fixed point and one of the pair lies 
on a given straight line ; show that the locus of the other is a conic, 
and determine six points upon the locus. 
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